Chapter 3

Fourier Series

3.1 Introduction

Fourier series provide a way of representing periodic functions f : R — R as infinite
sums of trigonometric functions, in the form

D
f(t) = % + Z (a, cosrt 4+ b, sinrt) .
r=1

For example, let f(t) = t? for —7 < t < 7, and extend f(t) periodically to all values
of t (Figure 3.1). We shall show that

2 = A1)
ft) = 3 —i—; 2 cosrt.

ED a & 1 2 L 2 ] [ [] 10
Figure 3.1: The periodic extension of 2

This is a very important technique in a wide range of applications in physics and
engineering, where a periodic signal (e.g. an acoustic wave) can be broken down into
its constituent frequencies. (It is because of this that the variable used in Fourier series

expansions is traditionally ¢, representing time, rather than z.) Fourier series also
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have applications in many branches of mathematics, notably in number theory and the
theory of differential equations. Indeed, it was in his attempt to solve the heat equation
(a partial differential equation) that Fourier introduced these series in the early 19"
century.

Since trigonometric functions are periodic, they can only be used to represent peri-
odic functions: that is, ones whose graphs repeat themselves over and over. A function
is said to be T-periodic if the period of repetition is 7T": that is, shifting the graph of

the function T units to the right leaves it unchanged.

Definitions 3.1 (Periodic function, Periodic extension)
Let f: R — R and T > 0. The function f is said to be T-periodic if f(t +T) = f(t)

for all t € R.

If F: [a,b) — R is a function defined on an interval of length T (i.e. b—a =T), its
T-periodic extension is the unique T-periodic function f : R — R which agrees with F’
on the interval [a,b). (That is, f is obtained by repeating the graph of F' in [a,b) over

and over.)

In almost all of this chapter we restrict to the case T'= 27 (the period of cos and
sin), though we will briefly consider functions with other periods in Section 3.6.

A remarkable feature of Fourier series is the wide range of periodic functions f
which have Fourier series expansions: even many discontinuous functions can be so

represented. This should be contrasted with Maclaurin series expansions

flx) = Z ayz”,
r=0

which only exist for analytic functions f(z). The main theoretical part of this chapter
is Section 3.4, in which we discuss what properties a function needs to have in order
to be represented by a Fourier series, and exactly what it means for the Fourier series
to “represent” the function.

3.2 Revision of trigonometric functions and integration
by parts

This section provides a brief review of some trigonometric identities which will be
needed, and of the technique of integration by parts which is essential for the calculation
of Fourier series expansions.
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3.2.1 Trigonometric identities and orthogonality relations

Recall the trigonometric identities:

sinasinb =
sinacosb =

cosacosb =

sina =

COS2 a =

sinacosb + cosasinb

sina cosb — cosasinb
cosacosb —sinasinb
cosacosb+sinasind
(cos(a — b) — cos(a +b))/2
(sin(a +b) + sin(a — b))/2
(cos(a + b) + cos(a — b))/2
(1 —cos(2a))/2

(14 cos(2a))/2.

Recall also that, for any integer n,

sin(nm
cos(nm

Of course (—1)" is equal to +1 if n is even, and to —1 if n is odd.

These can be used to prove Theorem 3.1 below, which will be very important in

) = 0 and
) = o

this chapter. We use the following notation:

Definition 3.2 (Kronecker delta)

Given two integers ¢ and r, define o4, the Kronecker delta by

5qT:{ 1 ?fq:r

Theorem 3.1 (Orthogonality relations) Let g and r be positive integers. Then

0 ifg#r

1 ™
— / cosqgtcosrtdt = g,
7r

—T

1 ™
— / singtsinrtdt = &g,
i

—T

1 ™
/ singtcosrtdt = 0,
T

/ 1-cosrtdt = 0,

/ 1-sinrtdt = 0, and

1 ™
78

1-1dt = 2.

o8
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This result should be interpreted as follows: we regard the functions

1, cost, cos2t, cos 3t, ..., sint, sin2t, sin 3¢, ...

as basis functions for the space of (suitable) 27-periodic functions, just as i, j, and k

are basis vectors for R?. The equivalent for 27-periodic functions of the scalar (dot)

product of two vectors is

<fg>=— [ g

Then Theorem 3.1 says that our basis functions are all orthogonal (integrating the

product of two different ones gives zero), just as i, j, and k are orthogonal in R3 (the

dot product of any two of them is zero).

3.2.2 Integration by parts

Recall the method of integration by parts. If u and v are functions of ¢, then

dv du
/udt dt—uv/dtvdt.

We usually use this technique for integration of a product

/ f(D)g(t) dt.

where the derivative of f(t) is “simpler” than f(t), while the integral of g(¢) is “no

more complicated” than ¢(t). Then setting u = f(t) and %’ = ¢(t), we can evaluate

the original integral provided we can integrate

du
— v dt
/ dt ’
which is a “simpler” integral than the one we started with.

Example 3.3 (Integration by parts)

Evaluate

/ t* cosrt dt (reZ).

—T

3.3 The Fourier coefficients of a 27-periodic function

In this section we consider a 2m-periodic function f(t), and assume that we can write

it in the form

[e.e]
flt) = % + Z(GT cosrt + by sinrt)
r=1
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(we will see the conditions under which this is possible in Section 3.4 below).

The following theorem provides a recipe for calculating the coefficients a, and b,.

Theorem 3.2 (Fourier coefficients theorem) Suppose that

a | .
ft) = 5+ Zl(aT cosrt + by sinrt).
Then
1 ™
w@ = & / F(1) dt.
™ —T
1 ™
a, = / f(t)cosrtdt (r>1).
™ —T
1 (7 )
b, = / f(t)sinrt dt.
™ —T
+50
Remark 3.4

In the proof of Theorem 3.2 we assumed that we could swap the order of summation

and integration.

Definition 3.5 (Fourier series expansion)
If f is a 2w-periodic function, then we say that

oo
% + Z;(ar cosrt + by sinrt)
r=

is the Fourier series expansion of f, where the coefficients a, and b, are as given by

Theorem 3.2 (provided the integrals in question exist). We write

f(t) ~ % + Z(ar cosrt + by sinrt).

r=1

(We use the symbol ~ rather than = unless we are certain that f(t) is actually equal

to its Fourier series expansion for all ¢ € R.)

Example 3.6 (Fourier coefficients)
Let f be the 2m-periodic extension of t? (—m < ¢t < 7). Show that its Fourier series

expansion is given by

2 = 4(=1)"
f(t) ~ 3 —i—; 3 cos rt.

60



Show that, if ~ can be replaced by = (which we will see later that it can), then
putting ¢ =0 and t = 7w give

2 1 1 1 1
- et opt
| PSS S S
6 12 22 32 42
respectively. 151

Example 3.7 (Fourier coefficients)

Let f be the 2m-periodic extension of the function F' : [—7,7) — R defined by

1 if t >0,
F(t)_{o if t <0.
Calculate the Fourier series expansion of f. What is its value when ¢ = 07 152

3.4 The Fourier series theorem

In this section, we investigate the conditions on the periodic function f under which
the Fourier series expansion

[ee]
f(t) ~ % + Z(ar cosrt + by sinrt)
r=1

“makes sense”, and the (stronger) conditions under which the ~ can be replaced with =.
A summary of the results is:

e We will require f to be piecewise differentiable. This term is defined precisely
below, but roughly speaking it means that the derivative f’(¢) exists except at
finitely many points in [—m, 7], and at those points it doesn’t behave too badly.
In particular, this means that f is continuous except at finitely many points

in [—m, 7.

e Under these conditions, the Fourier series expansion of f converges, for each fixed

value t* where f is continuous, to f(¢*): that is

oo
a
@) = 50 + Z(ar cosrt* + by sinrt*) if f is continuous at t*.
r=1

e In particular, if f is a continuous function, then the ~ can be replaced with =.
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e If f is not continuous at t*, then the Fourier series expansion converges to the

average of the limits of f(¢) as t approaches t* from above and below:

t*— t* S
fE =)+ f(E"+) :@+Z(arcosrt*+brsin7’t*)-
r=1

2 2

For example, if f is the 2m-periodic extension of ¢t (—7 < ¢t < 7) (Figure 3.2),
then f is not continuous at t* = 7, and f(7—) = m, f(7+) = —m. Hence the

Fourier series expansion converges to w =5t =0att=m.

/ 3

Figure 3.2: The periodic extension of ¢

e On any interval [a, b] where f is continuous, the Fourier series expansion converges
uniformly to f. This means that when n is large, the whole graph of f is close to
the whole graph of

ao

n
5 + Z(GT cosrt + by sinrt)

r=1

in the range a <t <b.

e On the other hand, if f is mot continuous at t*, then the closer ¢ is to t*, the
larger n needs to be in order for

n
% + Z(ar cosrt + by sinrt)

r=1

to be within some prescribed error € > 0 of f(¢). That is, there is no n for which
it is within € of f(¢) for all t.
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3.4.1 Piecewise continuous and piecewise differentiable functions

A function f : [a,b] — R is piecewise continuous if, roughly speaking, it is made up of

a finite number of continuous pieces.

Definition 3.8 (Piecewise continuous)
A function f : [a,b] — R is piecewise continuous if there are numbers tg, t1, ..., t, with

a=tyg<t; <---<ty,=">,such that f is continuous on each of the intervals (¢;,t;11),
and tends to a finite value at each endpoint of these intervals. That is, the limits

flti+) = tli\frtlif(t) and
fltiyi—) = t}itiﬂilf(t)

exist (and are finite).
A function f: R — R is piecewise continuous if it is piecewise continuous on every
closed interval [a,b]. Thus it can have infinitely many discontinuities, but only finitely

many on any finite interval.

Examples 3.9 (Piecewise continuous)

a) The function f : R — R given by the 27-periodic extension of ¢t (—7 < ¢t < 7)
(Figure 3.2) is piecewise continuous. We have f(r—) = 7 and f(7+) = —n (and
similarly f((2n+ 1)7—) =, f((2n + 1)7+) = 7 for all integers n).

b) The function f: R — R given by f(t) = tant (and f(¢t) = 0 if ¢ is an odd multiple
of 7/2) is not piecewise continuous. Although it has only finitely many discontinu-
ities on any finite interval, the function “blows up” at these discontinuities, so that
(for example) the limits f(5—) and f(5+) do not exist.

Similarly, a function f : [a,b] — R is piecewise differentiable if it is made up of a

finite number of differentiable pieces.

Definition 3.10 (Piecewise differentiable)

A function f : [a,b] — R is piecewise differentiable if there are numbers tg,t1,...,t,
with a = tg < t1 < -+ < t, = b, such that f is differentiable on each of the inter-
vals (t;,t;+1), and both f(¢) and f’(¢) tend to a finite value at each endpoint of these

tl i t I

ftisi—) = t}igﬂ f(@t),

() = Jm f(t) and

ftipi—) = t}itiﬂil f(t)
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exist (and are finite).
A function f : R — R is piecewise differentiable if it is piecewise differentiable on

every closed interval [a, b].

Notice that a piecewise differentiable function is necessarily piecewise continuous.
Example 3.11 (Piecewise differentiable)
The function f : [—7, 7] — R given by f(t) = |t| (Figure 3.3) is piecewise differentiable.
Although it doesn’t have a derivative at ¢ = 0, we can take —m =ty < t;1 =0 < to =
7, and f is differentiable on (tg,t1) = (—m,0), and on (t1,t2) = (0,7). We have
f(0—=)=—1and f'(0+) = +1.

25

05

Figure 3.3: f(t) = |t| is piecewise differentiable on [—, 7]

3.4.2 Pointwise and uniform convergence

Recall (Section 1.5) what it means for a series ) ., z, of numbers to converge: we

define partial sums S, = >, 2, for each n, and say that the series converges (to a
limit ¢) if S,, — £ as n — oc.

Similarly, given a Fourier series expansion
a oo
0 .
) + E (ay cosrt 4 b, sinrt),
r=1

we can define partial sums

n
Sp(t) = % + Z(ar cosrt + by sinrt),

r=1

and say that the Fourier series expansion converges to f(¢) if S, (¢) converges to f(t)
as n — 00.
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However there are two distinct concepts, depending on whether this convergence
takes place over the whole range of ¢ simultaneously, or only at each fixed value t*
separately.

Definitions 3.12 (Pointwise and uniform convergence)

Let f, : [a,b] — R be a sequence of functions, and f : [a,b] — R.

a) We say that f, — f pointwise if, for each fixed t* € [a, b], the sequence of numbers
(fn(t*)) converges to the number f(t*).

b) We say that f,, — f uniformly if for any € > 0 there is some N such that, if n > N,
|fn(t) — f(t)] <€  forallt € [a,b].

A good way to think about uniform convergence is this: if f,, — f uniformly
and € > 0, then from some point onwards in the sequence, the graphs of all of the f,

are contained in an e-snake about the graph of f (Figure 3.4).

Figure 3.4: When n is large, all of the f,, are in an e-snake about f

Example 3.13 (Limitations of pointwise convergence)
Let f,, : [0,1] — R be given by f,(t) =t", and f : [0,1] — R be given by

0 ift<l,
f(t)_{ 1oift=1.
Then f, — f pointwise. For if we fix any t* € [0, 1], then
o If t* < 1, then f,(t*) = (t*)" — 0 = f(t*) as n — oc.

o Ift* =1, then f,(t*) =1"=1— 1= f(t*) as n — oc.

Clearly, however, none of the functions f, looks anything like f. In particular, f isn’t
even continuous, although all of the f,, are.

These sorts of problems don’t arise with uniform convergence, which requires the
whole graphs of the f, to get closer and closer to the whole graph of f. It can be
proved, for example, that if f,, — f uniformly, and all of the f,, are continuous, then f

is also continuous.
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3.4.3 The Fourier theorem

Theorem 3.3 (Fourier series theorem) Let f : R — R be 2w-periodic and piece-

wise differentiable. Then

a) The Fourier series expansion of f converges pointwise to

flt=)+ f(t+
gt = LI
b) On any interval [a,b] on which f is continuous, the Fourier series expansion of f

converges uniformly to f.

Remark 3.14
With regard to a), notice that at any point ¢* where f is continuous, f(t*—) = f(t*+) =

f(t*), and hence g(t*) = f(t*). Thus the Fourier series expansion of f converges to

f{).

Example 3.15 (Fourier series theorem)
Calculate the Fourier series expansion of the 27m-periodic extension of ¢ (—m <t < ),

and check statement a) at t = 7.

Figures 3.5 to 3.8 show the graph of f(t), the periodic extension of ¢, together with
the graph of the first 5, 20, 50, and 200 terms of its Fourier series expansion. You
can see that away from the discontinuities of f, the Fourier series expansion with 200
terms is indistinguishable from f itself. However, near the discontinuities there is a

definite error which does not decrease as we increase the number of terms: what does
happen as the number of terms increases is that the region in which this error occurs

gets squashed into a smaller and smaller neighbourhood of the discontinuities.

Figure 3.5: 5 terms of the Fourier series expansion of ¢

3.4.4 Proof of pointwise convergence (non-examinable)

The proof of the Fourier series theorem is hard, and is not part of the examinable
material for this module. However, it is also instructive, and in this section the proof
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Figure 3.6: 20 terms of the Fourier series expansion of ¢

Figure 3.7: 50 terms of the Fourier series expansion of ¢

of part a) of the theorem, that the Fourier series expansion of a piecewise differentiable

o . C F—)+f(t+)
periodic function f converges pointwise to ——5——~=

, is given.
In fact the proof depends on one result that we will not be able to prove, since it

depends on some more advanced properties of integration. It is:

Theorem 3.4 (Riemann-Lebesgue lemma) Let g : [a,b] — R be piecewise contin-
uous. Then

b
/ g(u)sin(Au) du — 0 as A — 0o.

You can see intuitively why this result should be true, though. Figure 3.9 shows
the graph of a function g : [0,1] — R (with a dashed line), the graph of —g (also with
a dashed line), and the graph of g(u)sin(100u) (with a solid line). You can see that
when you integrate g(u)sin(100u) the areas above and below the axis nearly cancel
out, and the result is close to 0. As you increase 100 to larger and larger numbers, the
graph oscillates faster and faster, and the areas cancel more and more closely.

Before embarking on the proof of pointwise convergence, let’s recap what it is
that we're trying to prove. We have a piecewise differentiable 2m-periodic function
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Figure 3.8: 200 terms of the Fourier series expansion of ¢

Figure 3.9: Idea of the Riemann-Lebesgue lemma

f:R — R, and have defined its Fourier coefficients a, (r > 0) and b, (r > 1) by

1 ™
= - t)dt

ao ). f( ) )
1 ™

a, = — f(t)cos rtdt for r > 1, and
™ —T
1 [ .

by = — f(t)sin rtdt.
™ —T

Let S,,(t) be the n'!' partial sum of the Fourier series expansion of f(t), i.e.

Sp(t) = a720 + Z(GT cos 1t + by sin 1t).

r=1
We would like to show:

For each fixed value of t, we have

f+) + f(t-)
2

as n — oQ.

Sp(t) —
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It is also true that the convergence is uniform away from the discontinuities of f(t),
but we shall not prove this.

The first step of the proof is to write Sy, (¢) in terms of another function o, (t), which
we can regard as the nth partial sum of a Fourier series expansion in which all of the
a, are equal to 1, and all of the b, are zero. That is,

1 n
on(t) = B + ZCOS rt.
r=1

Notice that this is a 2m-periodic function; that o,(t) = o,(—t) for all ¢ (since

/:ron(t):w

(since the integral of each cos rt from —m to 7 is zero).

cos(—rt) = cos rt), and that

In fact, we can write down an explicit expression for oy, (t):

Lemma 3.5

Proof.
on(t) = 1/24 cost+ cos2t+ cos3t + --- + cosnt
= RA/2+e+ 2 43 4. 4 e (since e = cos @ + isin )

1 ) 1— eint
= R <2 + e ( o >> (sum of a geometric progression)
—e

1 i1 — et (] — eint |
= R < + € ( e )( € )) (multiplying top and bottom by 1 — e—zt)

2 2 —eit —eit
1 (ez‘t o 1)(1 o eint)
= —R(1
2 ( + 1—cost

1 <1 N —1+ cost + cosnt — cos((n + 1)t)>

2 1 —cost

1
2

" —QSiDQ%—i—Qsin%
2 sin?

imm+;m>

¢
sin((n + %)t)

- ¢
2sm§

Now let us see how S, (t) can be written in terms of oy, (¢):

Lemma 3.6 For each fized value of t, we have

LT fi+w) + f(t—u)
2

Sp(t) = on(u) du.

™J—x
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Proof. Substituting the formulae for the Fourier coefficients into the expression for

Sn(t) gives:

1

wSp(t) = 3 ) f(u) du+ Zn: (( i f(u) cos rudu) cos 1t + ( i f(u)sin rudu) sin rt)
- —1 —m -7

du

— /7r [f(u) (; + Z(cos ru cos rt + sin rusin rt))

- r=1

- /_if(u)

We now carry out the change of variable v =t — u in this integral, to give

1 n
3 + Z:lcos r(t — u)] du.

N (Y

—+7

1 n
B + z; Cos rv] dv
r=

_ /tm F(t = v)on(v) dv

—T

K

= f(t —v)op(v)dv
—Tr
(since the functions are 2m-periodic, so it doesn’t matter which interval of length 27
we integrate over).
Making the change of variable w = —v in this integral gives us

™

—T
(since op(w) = op(—w)). Changing the dummy integration variable to u in both of
these expressions for 75, (t), adding them, and dividing by 2, gives

1 [ f(t+u)+ f(t—u)

Sp(t) = - 5 on(u) du

as required. 1

Now we can substitute in the expression obtained for o, (u) in Lemma 3.5 to give:

su = [ 1¢ Zﬂ“ﬁi;( 5/(;)_ " gin <<n + ;) u) du.

—T

Recall that our aim is to show that S,(¢) tends to the average of f(t+) and f(t—)

as n — oco. Equivalently, if we subtract this average from S,,(t), we would like to show
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g - 2

L [ 1)

. 47 sin(u/2)

tends to 0 as n — oo.

Lemma 3.7 For each fized value of t, the function

flt+u) + [t —u) = ft+) = f(E-)

9(u) = 47 sin(u/2)

is piecewise continuous on [—, 7]

Proof.

1
2

)u) du

Since f(t+) and f(t—) are just numbers, and f(u) is itself piecewise continuous, it

is clear that the numerator is piecewise continuous. The same is therefore true for the

whole of g(u) except possibly at points where the denominator vanishes: the only such

point in [—m, 7] is u = 0. We therefore only have to check that the left and right limits

of g(u) exist at u = 0. Now

lim g(u)

u—0+

Similarly,

lim g(u)

u—0—

St +u) = ) + [t —u) = f(E-)

ulir(l)l—s— 47 sin(u/2)
o f ) D W - )
u—0+ u u—0+ 47 SIH(U/Q)

(f(t+) + f'(t=)) /2.

ft+u) = ft=) + [t —u) = f(t+)

uli%l— 47 sin(u/2)
LW f) + fE—w - f)
u—0— u u—0— 47 sin(u/2)

(f'(t=) + f'(t+)) /2.

This completes the proof of the theorem. For by the Riemann-Lebesgue lemma, it

follows

Sn(t)_

that

2

fA)+ =) [T fl4u) + f(E—u) = f{t+) - f(E-)

-/ SEoryed sin ((n + ;) u> du

tends to zero as n — 00, so that

Sp(t) » ——"——= as n — 0o.

71



3.5 Fourier series of even and odd functions

Recall that a function f : R — R is even if f(t) = f(—t) for all ¢t € R; and is odd if

f(t)=—f(—t) for all t € R.

These definitions reflect symmetries of the graph of f. If f is even, then its graph
in t < 0 can be obtained from the graph in ¢ > 0 by reflecting in the z-axis; and
if f is odd, then its graph in ¢ < 0 can be obtained from the graph in ¢ > 0 by
rotating through 180 degrees in the origin (see Figure 3.10). (In particular, if f is odd,

then f(0) =0.)
N AN

| S

Figure 3.10: Graphs of even and odd functions

Even functions include polynomials with only even powers and cosrt for all r; odd
functions include polynomials with only odd powers and sinrt for all 7.
If f is either even or odd, then the process of computing its Fourier coefficients is

simplified.

Theorem 3.8 (Fourier coefficients of even and odd functions) Let f : R — R

be a 2m-periodic piecewise differentiable function.

a) If f is even then b, =0 for all v, and

1 (7 2 [T
- = dt =2 d
w = [ rwa==[ roa
ap = L f(t)cosrtdt = 2/ﬂf(t)cosrtdt (r>1).
™ J)_n ™ Jo

b) If f is odd then a, =0 for all r, and

1 s 2 K
by = — f(t)sinrtdt = / f(t)sinrt dt.
- ™ Jo

™

+54

Remark 3.16
The fact that all of the coefficients a, or b, vanish clearly reduces the number of

calculations which have to be carried out. In some cases, the alternative forms of the

non-vanishing coefficients may also be easier to work with.
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Example 3.17 (Fourier coefficients of odd function)

Let f be the periodic extension of the function F' : [-m,7) — R given by

-1 ift<O,
F(t>_{ 1 ift>0.

Compute the Fourier series expansion of f. 155

Remark 3.18
Let f : R — R be any function. Then g(t) = w is an even function, h(t) = M

is an odd function, and f(t) = g(t) + h(t).

That is, any function can be written as the sum of an even function and an odd

t

function. For example, the function e’ is neither even nor odd, but we can write

¢ —t t_ —t
et:ez€ +e 26 = cosht + sinht,

where cosht is an even function and sinh ¢ is an odd function.

3.6 Periodicity other than 27

If f:R — R is a periodic function of period T # 27 (that is, if f(t +T) = f(¢) for
all t), then it can be expanded as a Fourier series in a manner exactly analogous to the

2m-periodic case. The basic T-periodic functions are sin (QTﬂ t) and cos (QLTT t), since

2 2 2
sin <;T (t+ T)) = sin <;T t+ 27rr> = sin (;T t> )

and similarly for the cosine case.

Theorem 3.9 (Fourier expansion of general periodic function) Let f: R — R

be piecewise differentiable and T -periodic for some T > 0. Then f has Fourier expan-

ag = 2mr . 2mr
f(t) ~ 35 + ; <arcos (T) t + by sin (T) t> ,

sion

where

T/2
w = 3 [ fod

T J 7/
Q/T/2 (2m~>

ar = = f(t)cos | — | tdt r>1), and
7]l O (7 (r>1)

2 (T2 2y
b, = / f(t)sin ()tdt.
T ) 7 ®) T
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Example 3.19 (Periodicity other than 27)
Express the logistic map f : [0,1] — [0, 1], given by f(t) = 4¢(1 —t) as a sum of sines;

and as a sum of cosines.

In the remainder of these notes, we return to the case of 2w-periodicity.

3.7 Integration and differentiation of Fourier series ex-
pansions

The techniques described in this section provide further short cuts for computing
Fourier series expansions.

3.7.1 Integration of Fourier series expansions

Suppose we want to calculate the Fourier series expansion of (the periodic extension

of) t3. Since this is an odd function the coefficients a, are all zero, and the coefficients b,
are given by

1 ™
b, = / 3 sin rt dt.

T J-m

Evaluating this integral requires integrating by parts three times, and is a fairly lengthy
process.

An easier approach is to integrate the Fourier series expansion

oo
4(-1)"
t2wl+§ (2> cosrt (—7m <t<m)
T
r=1

term by term:

u u 2 P 4(—=1)" [u
/tzdtw/ Tat+ Y (2) / cosrtdt (- <u <),
0 0o 3 = 0

or
3 2 = 4(=1)"
%Ngqu;_l (=1 sinru (—m <u<m).

r3

Substituting the known Fourier series expansion of w,

o
2(_1)r+1 )
~ —_m < u<
U 221 . sin ru (—m <u<m)

gives
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or

oo 'r’+1 2 12(_1)'r
Z ( + 3 ) sinrt

r=1

(=1 (2n2%r2 — 12
Z ( )

3 sinrt (—m <t <m).

<
—

Term by term integration of Fourier series is generally valid: when we integrate sin rt
or cosrt, we bring an extra factor of r into the denominator, which makes the coeffi-

cients in the series decrease more rapidly and improves convergence of the series.

Example 3.20 (Integration of Fourier series expansion)
Determine the Fourier series expansion of the periodic extension of #*, by integrating

the expansion of ¢ term by term.

3.7.2 Differentiation of Fourier series expansions

Term by term integration of Fourier series expansions is successful because integrating
sinrt and cosrt brings an extra factor of r into the denominator, which improves
convergence. On the other hand, differentiating sinrt and cosrt brings an extra factor
of r into the denominator, which inhibits convergence. For example, if we try to
differentiate the Fourier series expansion of the periodic extension of ¢,

r+1
th sinrt (—m <t<m),
we get
oo
1~ Z 2(—1)"" cosrt (—m <t <m),
r=1
which is nonsense: the series on the right hand side doesn’t converge, since its terms

are not decreasing to zero.
On the other hand, differentiating

2 o0
9 4(—
gt
r=1
gives

2t~z sinrt (—w <t <),

or
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in agreement with the known Fourier series expansion of t.
The difference between these two cases is that the periodic extension of ¢? is con-

tinuous, whereas that of ¢ is not (it is discontinuous, for example, at ¢t = 7).

Theorem 3.10 (Differentiation of Fourier series expansions) Let f : R — R
be a continuous and piecewise differentiable 2m-periodic function with Fourier series
expansion

oo
f(t) ~ % + Z(ar cosrt + by sinrt).
r=1

Then f'(t) has Fourier series expansion

(e @]
() ~ Z(rbr cosrt — ra, sinrt).
r=1
59
Example 3.21 (Differentiation of Fourier series expansion)
Calculate the Fourier series expansion of [t| (—7 < ¢t < ). Differentiate it term-by-
term. What function is this the Fourier series expansion of? 160
3.8 Complex version of the Fourier series
Recall that e = cost + isint, so that e”* = cosrt + isinrt.
In this section we first use this fact to show how the Fourier coefficients a, and b, can
be obtained with a single integration, and then go on to do something more substantial:
we will see how it is possible to write the Fourier series expansion of a function f as
o0
f(t) ~ Z Crezrt7
r=—00
where the ¢, are complex numbers.
3.8.1 Computing Fourier series expansions using ¢ = cosrt + isinrt
Theorem 3.11 (Computing Fourier series expansions the complex way) Let
f:R =R be a piecewise differentiable 2m-periodic function. For r > 0, let
1 /7 ,
A== [ ft)e" dt.
™ —Tr
Then the Fourier coefficients of f are given by
ap = Ao,
o = R(A,)  (r=1), and
by = S(A4y)
761
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Example 3.22 (Computing Fourier series expansions the complex way)

Show that the Fourier series expansion of the periodic extension of e’ is

, sinhw 2(—-1)" 2(—=1) 1y
e ~ - <1+ E <T2+1COSTt+MSIHTt .

r=1

3.8.2 The complex Fourier series expansion

Let f : R — R be a piecewise differentiable periodic function, with Fourier series

expansion

oo
f(t) ~ % + Z(ar cosrt + by sinrt).
r=1

Recall that

eirt + e—irt
cosrt = —— and
2
) eirt _ efirt _Z'(eirt _ efirt)
sinrt = - =
21 2

Substituting these into the Fourier series expansion of f gives

> irt —irt irt —irt
ag e’ +e . e’ —e
t ~ — E r R _ bT‘

oo . .
Ao ot ar —iby sy Gr by iy
= ?e + Z (26 + Te

r=1
o
— Z Crezrt’
r=—o0
where
ao
o = ?7
a 1)
G = ——7T for r > 1, and
2
a, + b
c_p = % for r > 1.

Notice that c_, = ¢, the complex conjugate of c,.

Inverting these formulae to find the coefficients a, and b, in terms of ¢, gives

apg = 200,
ar = 2R(cr) (r>1), and
by = —23(cp).
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Finally, the coefficients ¢, can be calculated directly from f (rather than via a,

and b,) by

1 [7 .
= — te "t dt.
¢ ZW/ﬂf()e

(Notice that the normalization is achieved by dividing by the full length of the range

of integration.) To see this, observe that

and

™

_aw_ 17 I
=12 —27r/wf(t)dt—2ﬂ ¢ (1) db,

—T

_ib
ar 2ZT (case r > 1)
1 s
Gy (f(t)cosrt —if(t)sinrt) dt
—T
1 & .
P f(t)e—zrt dt,
2r )
cr = ¢ (case r > 1)

_ (1 Wf(t)e_mdt>*

2 J_,

1 7r .
- = —i(—r)t
5. /_7T f(te dt.

In summary, the complex version of the Fourier series expansion of f is given by

where

e -
f(t) ~ Z crezrt7
r=—00
1 [" it
= — t)e " dt.
=9 ] f(t)e

Example 3.23 (Complex Fourier series expansion)

Let f:R — R be the 2r-periodic extension of the function F': [—m,m) — R given by

0 if —7w<t<0,

F(t):{ 1 if 0<t<m

Compute the complex Fourier series expansion of f.
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3.9 Parseval’s theorem

Suppose that f : R — R and g : R — R are both piecewise differentiable 2m-periodic

functions, with (complex) Fourier series expansions

Then

—T —T

% " pwgtydt - % / ﬂ(Z ) g(t) dt

In particular, if f = g then we get:

Theorem 3.12 (Parseval) Let f : R — R be piecewise differentiable and 27 -periodic,

with Fourier series expansion

f(t) ~ Z crem,
Write
PN =5 [ 102

Then
P(f)y= > lel.

r=—00
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We can rewrite this using the real version of the Fourier series expansion as follows:

Theorem 3.13 (Parseval — real version) Let f : R — R be piecewise differentiable

and 2m-periodic, with Fourier series expansion

oo
flt) ~ % + Z(ar cosrt + by sinrt).
r=1

Write
PP =5 [ spa
27 J_,
Then
@, I~ a 4o
P(f)zi_'_ﬁZ(ar—i_br)
r=1
164
Example 3.24 (Parseval’s theorem)
Apply Parseval’s theorem to the Fourier series expansion of the periodic extension of ¢
to show that
— =
—r 90
165

80



