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Abstract

Symmetry sets and medial axes of curves in the plane or of surfaces in three-
space have been extensively investigated and used in a wide variety of ap-
plications. There are different types of symmetry set and medial axis; this
thesis examines two of these. Firstly, planar affine-invariant symmetry sets
and medial axes are considered, in particular in relation to a query posed by
W. Thurston: do the existing affine-invariant symmetry sets preserve their ‘es-
sential structures’ under projective transformations? This question is answered
negatively in the case of two types of affine-invariant symmetry sets and me-
dial axes. Secondly, we consider the Euclidean medial axis in three-space. The
major part of the investigation is the derivation of conditions on the medial
axis, imposed by the requirement of a smooth boundary, for the various local
forms of the medial axis. Used in this derivation was Damon’s work on the
radial shape operator. Finally, we study transitions on a one-parameter family
of symmetry sets in three-space using methods of Bruce and Giblin and using
and verifying the work of Bogaevsky. We obtain conditions for realizing certain
of the expected transitions on the symmetry set and on the medial axis. This
is the beginning of a larger study of the conditions for realization of all the
possible transitions on one-parameter families of symmetry sets and of medial
axes in three-space and includes a procedure for deciding which abstract forms

occur in the considered geometrical setting.
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Chapter 1
Introduction

The medial axis of a curve in the plane or surface in 3-space has been the
subject of extensive investigation since it was introduced by Blum (see [Blu02])
to describe the symmetry of a plane curve. The medial axis is contained in
another set, the symmetry set of the curve or surface. Other types of symmetry
set have also been studied, such as the various affine-invariant ones. These
symmetry sets are used in a wide variety of applications, all coming under the
umbrella term of computer vision. For example, object recognition, stochastic
shape [M03], industrial design [CP89] and medical imaging [GreMil98], among
many others.

Now follows an introduction to the subject of symmetry sets.

1.1 Euclidean Symmetry Sets

Definition 1.1.1 ([BGGS85]) The Euclidean symmetry set (SS) of a smooth,
simple, closed plane curve is the closure of the locus of centres of circles bitan-

gent to the curve.

Bitangent circles are circles tangent to a curve in at least two distinct points.

Alternatively, we have the following, which is equivalent to Definition 1.1.1.



Definition 1.1.2 The Fuclidean symmetry set (SS) of a smooth, simple, closed
plane curve is the closure of the locus of points on at least two FEuclidean nor-

mals and equidistant from the corresponding points on the curve.

The Euclidean symmetry set can be interpreted as follows. Consider two
smooth segments of curve, 7,1, 72. Let there be a circle tangent to these curve
segments respectively at 71(¢1), 71(t2). Let m be the midpoint of the chord
joining v1(¢1), 71(f2) and let p be the intersection of the tangent lines to vy, ¥o
at v1(t1), 71(t2). Then the line L through m and p is tangent to the Euclidean
symmetry set at the corresponding point. There exists a reflexion in L taking
71 (t1) and its tangent line to ~,(t2) and its tangent line. Hence the Euclidean
symmetry set is a measurement of the local reflexional symmetry of a plane

curve. See Figure 1.1.

Figure 1.1: The line L, tangent to the SS, passes through the midpoint m of the line
which passes through the two points of contact 1 (t1), v2(t2) with the circle. Hence

the line L is an infinitesimal axis of symmetry for ~; U 2.

The Euclidean symmetry set is invariant under the Euclidean group of trans-
formations of R?, which preserve contact between curves and take centres of

circles to centres of circles.



Definition 1.1.3 The Euclidean medial axis of a simple, smooth, closed plane
curve is the points of the corresponding Fuclidean symmetry set for which the
radii of the bitangent circles are mazimal. (A mazimal circle is a circle whose

radius is equal to the least distance from its centre to the curve.)

Now we consider the analogous definitions of the Euclidean symmetry set

and Euclidean medial axis in R3.

Definition 1.1.4 The Fuclidean symmetry set (SS) of a smooth, simple, closed
surface in R? is the closure of the locus of centres of spheres bitangent to the

surface.

As in R? there is an alternative definition for the Euclidean symmetry set

in R?, which is equivalent to Definition 1.1.4.

Definition 1.1.5 The Fuclidean symmetry set (SS) of a smooth, simple, closed
surface in R? is the closure of the locus of points on at least two Euclidean

normals and equidistant from the corresponding points on the surface.

Definition 1.1.6 The Fuclidean medial axis of a simple, smooth, closed sur-
face in R? is the points of the corresponding Euclidean symmetry set for which
the radii of the bitangent spheres are mazimal. (A mazimal sphere is a sphere

whose radius is equal to the least distance from its centre to the surface.)

Note. In Chapter 2, we respectively refer to the Euclidean symmetry set, Fu-
clidean medial axis as SS, MA. This is because we also consider some other
types of symmetry sets which have long names which require the use of abbre-

viations. In Chapters 3, 4 we refer to the symmetry set and medial axis.

1.2 Overview of Thesis

In Chapter 1 there is an introduction to symmetry sets (above) and then we
introduce some definitions and results about planar affine differential geometry

to be used in Chapter 2.



Chapter 2 is concerned with affine-invariant symmetry sets and medial axes
in the plane, namely the affine distance symmetry set (ADSS), affine distance
medial azis (ADMA) and affine envelope symmetry set (AESS), which are de-
fined here. The question posed by W. Thurston is investigated: do any of
the affine-invariant symmetry sets preserve their ‘essential structures’ under
projective transformations? We answer Thurston’s question negatively for the
ADSS and ADMA by example and also show that the ADMA cannot have
cusps. In order to answer Thurston’s question for the AESS we examine how
cusps and swallowtail points can occur on the AESS and the connection with
another affine-invariant set, the MPTL, at some of these cusps and swallowtail
points. Again the question is answered negatively, by showing that swallowtail
points can be created or destroyed on the AESS and on the MPTL by a family
of projective transformations.

Chapter 3 deals with the Euclidean medial axis in three-space and lists the
local forms it can take. We introduce some quantities defined on the medial
axis involving the associated radius function and also introduce Damon’s radial
shape operator [D03, D04, D05] and some results which connect the differential
geometry of a boundary surface and its medial axis. These results are then used
to obtain consistency conditions on the medial axis, imposed by the requirement
of a smooth boundary, in the major case of the local form of the medial axis
as three sheets meeting along a curve, called a triple junction. The limiting
forms of these conditions are then obtained in the two degenerate cases of a
triple junction. Also studied is the remaining local form, where two points of
tangency between a sphere and a surface coincide; we obtain conditions for
smoothness and connections between the geometry of the surface and of its
medial axis.

In Chapter 4 we examine transitions on a one-parameter family of symmetry
sets in three-space. Using the methods of [BG86] and using and verifying
some of the work by Bogaevsky [Bog02b] about the possible singularities on
the symmetry set, we obtain conditions for realizing certain of the expected

transitions on the symmetry set and on the medial axis. This is a beginning of



a larger study of the conditions for realization of all the possible transitions on
one-parameter families of symmetry sets and of medial axes in three-space and
includes a procedure for deciding which abstract forms occur in our geometrical

setting.

1.3 Affine Transformations and Planar Affine

Differential Geometry

For the following, see Chapter 1 of [Su83]. For x = (x,72)" a point in a

two-dimensional affine space, a non-singular affine transformation is
Xx— Ax+ b,

where A is a non-singular (2 x 2) matrix and b is a (2 x 1) matrix. Non-
singular affine transformations with det(A) = 1 are area-preserving, and so are
called equi-affine transformations, and those with det(A) = d multiply areas
by d. Non-singular affine transformations preserve the degree of a curve, par-
allelness, contact between curves and ratios of Euclidean distance. In general
these transformations do not preserve Euclidean lengths, distances or angles
and do not map circles to circles. For example, an ellipse is the same as a circle
under an affine transformation. Contrast this with Euclidean transformations
— these are given by letting x € R? and only allowing A to be an orthogonal
(2 x 2) matrix. These transformations preserve all of the properties that an
affine transformation does, but also preserve Euclidean lengths, distances and
angles and also map circles to circles. Considering these differences and sim-
ilarities, the analogue of Euclidean distance in an affine space will be based
on area, since Euclidean transformations preserve Euclidean distance, whereas
equi-affine transformations preserve areas (or multiply areas by a constant for
non-equi-affine transformations). Hence we introduce the ideas of affine ar-
clength and the affine distance from a fixed point to a point of a curve, which
are both based on area.

Now we introduce some definitions and results from Chapter 1 of [Su83]

9



and [GS98, pp.241-244] about affine differential geometry in R?, to be used in
Chapter 2 of this thesis. For ~ : [0, 1] — R? a smooth planar curve parametrized
by ¢, and considering equi-affine transformations only, a simple affine-invariant

parametrization s is given by requiring that

[V (s),7"(s)] = 1 (1.1)
holds for every point ~y(s), where [a, b] is the determinant of the 2 x 2 matrix

with a, b as its columns.

Convention. When considering the affine-invariant parametrization in this
section (§1.3) and in Chapter 2, we will denote differentiation with respect to
the affine-invariant parameter s by ’ (prime), and * (dot) will denote differenti-

ation with respect to t.

Since (1.1) cannot hold at points of inflexion of v, affine differential geometry
is not defined at inflexions. One can get round this problem by dividing ~
into segments, each of which has no inflexions (which are affinely invariant).
However, Chapter 2 will only deal with curves without inflexions, so we do not
need to carry out this segmentation of curves. From (1.1), it follows that for

an arbitrary parametrization ¢,

ds = [%,5]Y3dt . (1.2)

/I/]

Differentiating (1.1) with respect to s gives [y/,7"”] = 0 for all s. Hence

nmn

V' =0 (1.3)

for some p(s) € R. This function p is the affine curvature, and it is easy to see

that
lu/ — I:f)/l/’ fyl/ljl . (14)

Definition 1.3.1 The vector v/'(s) is called the affine tangent to v at v(s) and
the vector v"(s) is called the affine normal to v at v(s). It can be shown that

/_y/ — k71/3;}/
1.
and " = k‘2/3f'y—§k:k;‘5/3fy,

where k = [, 7].

10



Now we consider the idea of affine distance, from [IS98] and [GS98].
Definition 1.3.2 The affine distance function d(x, s) is

d(x,5) = [x —(s),7(s)] , (1.5)

which is the affine distance between a point x € R? and a non-inflexional point

v(s) of the strictly convex curve 7.

Note. In [GS98] it is noted that in order to be consistent with the Euclidean
case and the geometric interpretation of affine arclength, d(x,s) should be
defined as the 1/3 power of [x — ~y(s),~/(s)]. This is resisted in order to avoid
introducing further notation. In [IS98] the function d(x, s) is called the affine

distance-cubed function.

Lemma 1.3.3 ([GS98, from Proposition 1])

The curve 7y is a conic and x its centre if and only if d(x, s) is constant.
Consider the case of v as an ellipse:
~(t) = (acost,bsint) ,

where a, b are constants and so the centre x is the origin. Then using Def-
inition 1.3.1 and (1.5) it is easy to show that d(0,s) = —(ab)??3, which is a

constant.

11



Chapter 2

Affine-Invariant Symmetry Sets

and Projective Transformations

2.1 Introduction

As mentioned at the start of Chapter 1, one of the applications of symmetry sets
is in computer vision and there has been interest in symmetry sets or medial
axes which give affine-invariant information, for example the detection of affine
symmetry. However, the transformations actually occurring in computer vision
are projective, but a projective-invariant symmetry set would depend on very
high derivatives and so would be too sensitive for curves given by data sets.
Thus it would be useful to have an affine-invariant symmetry set, or better an
affine-invariant medial axis, which under projective transformations preserved
its ‘essential structure’. W. Thurston posed the question: do the existing affine-

invariant symmetry sets have this property?

2.1.1 Digression on Linear Fractional Transformations

An analogy with the question of whether the affine-invariant symmetry sets pre-
serve their structures under projective transformations is the Euclidean sym-
metry set (SS) and the Euclidean medial axis (MA) under linear fractional

transformations. The SS and MA were introduced in §1.1. The MA of a generic

12



curve has two features: its endpoints and ‘Y-junctions’, or triple points.

Definition 2.1.1.1 A linear fractional transformation is given by

nz +
Z = p’ where nr —pq # 0, for z,n,p,q,r € C . (2.1)
gz +r
Its inverse is given by
w u, where nr —pq # 0, for w,n,p,q,r e C. (2.2)
—quw +n

So, for a point on a curve given by (R(z + iy), S(x + iy)), the transformed

point of the curve is given by

M : RESR?
(z,y) — (é)% (W)%(W)) (2.3)

q(x +1y) +r q(x +1y) +r
The map M takes circles and lines to circles or lines and preserves contact
between curves. However, the centres of circles are not preserved by linear
fractional transformations.

Consider the part of the MA corresponding to maximal bitangent circles
which are completely inside the curve. Suppose this ‘interior’ MA is finite.
Can we guarantee that the interior MA of the image of the curve under a linear
fractional transformation is also finite? In other words, can any of the points
on the inner bitangent circles to the original curve be taken to infinity by a
linear fractional transformation? Consider the point z = o + (e lying on the

circle centre «, radius 4. This point is taken to infinity if and only if

gla+pey+r = 0

= l<_—r—a) = ¢
B\ q N

—r — aq
= |75 -
— |=-a] = 5,
q
that is if and only if z = —r/q lies on the circle centre «, radius (3. A bitangent
circle might pass through z = —r/qif z = —r/q were inside the curve. Then this

13



circle would pass through the point at infinity and so there would be a crossing
on the MA at infinity. If we ensure z = —r/q is outside the curve then z = —r/q
will not lie on any of the interior bitangent circles contributing to the MA.
Therefore the MA will not gain a self-crossing at infinity. Another possibility
is a point of the MA at infinity becoming finite. However, we assumed that the
MA of the original curve is finite so this cannot happen. Hence we have the

following.

Lemma 2.1.1.2 For a simple, smooth, closed curve v with a finite MA, the
structure of the interior MA of the curve given by a linear fractional transfor-

mation of v is unchanged if z = —r/q is outside the original curve.
Now follows the SS condition.

Lemma 2.1.1.3 For ~(t) : [0,1] — R? a smooth planar curve parametrized by
t, the necessary and sufficient condition for there to be a circle tangent to v at

v(t1) and at y(t3) (for tq, to distinct) is
(Y(t1) = (t2)).(T'(t1) = T'(t2)) = 0, (2.4)
where T'(t1), T(to) are respectively the unit tangents to v at y(t1), v(t2).

(See [GB85, p.693].) So two distinct parameter values correspond to one
point of the SS.

Definition 2.1.1.4 The pre-SS is the set of parameter pairs (ti,t3) (t1, to
distinct) which satisfy the SS condition (2.4) and the limit of such points. The
pre-MA is the set of parameter pairs (t1,t3) in the pre-SS which correspond to

maximal circles.

2.1.2 Example

Consider the curve given by

(x(t),y(t)) = ((e + asint + beos 2t) cost, (f + csint + d cost) sint) (2.5)
where a = —0.34, b= —0.15, c = —0.17, d = 0.2, e = 1.7, f = 1. '

14



Figure 2.1 has pictures of this curve and its SS and MA. The picture at the top
of the figure contains the pre-SS, the pre-MA, and the original curve and its SS
and MA. The pre-SS is the box on the far left of the picture at the top and the
pre-MA is the box to the right of the pre-SS box. The pre-SS is represented as
a curve on the torus, which means that the left and right edges of the pre-SS
box are identified, as are the edges at the top and the bottom.

Figure 2.2 is of the curve after a linear fractional transformation as in (2.1)
where n =1, p =1, ¢ = 0.3, 7 =1 (so nr — pg # 0). The criterion for the
MA of the transformed curve to be finite given that the original MA is finite

was for z = —r/q to be outside the original curve (see Lemma 2.1.1.2). For the

1
37

is that the point (—3%,0) is outside the curve. It is easy to check that the

transformation in this example —r/q = —1 + 0.3 = —3z, so the requirement
x-values of the curve are between —1.55 and 1.55, so the condition is satisfied.
By (2.3) a point (z(t),y(t)) on the curve is sent to (X(t),Y(¢)), where
(z(t)* + (y(£))* + 1.3z(t) + 1
0.9((x(t))? + (y(¢))?) + 0.6z(t) +1°
0.7y(t)
0.9((x(t))? + (y(¢))?) + 0.62(t) + 1
As before, the picture at the top has the pre-SS and pre-MA of the transformed

curve and its SS and MA. The figures were drawn using the graphics package
LSMP (see [LSMP]).

As can be seen from Figures 2.1 and 2.2, the structure of the SS and of
the MA has remained the same. The pre-SS is the same in both figures, which
means the number of endpoints and branches of the SS is the same for both
curves. Also, the number of cusps of the SS is the same in both cases. The
pre-MA also is unaltered, so the number of endpoints and branches of the MA
is the same for both curves. There is only one triple point in the MA of each
figure. Triple points can be recognized on the pre-SS by there being four points
on the pre-SS which are corners of a rectangle, one of the points being on the
diagonal and the other three points being on the same side of the diagonal
(see Figure 2.3). Since the pre-SS and the pre-MA are unchanged by linear

fractional transformations, the rectangle of points on the original pre-SS will

15
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Figure 2.1: This figure and the following are concerned with linear fractional trans-
formations of plane curves and how this type of transformation preserves the SS and
the MA of the curve. This figure is of the curve given by (2.5) and its SS and MA.
Top: the curve, its pre-SS, its pre-MA, its SS and its MA are shown (see Defini-
tion 2.1.1.4) Bottom left: zoom on the picture at the top. Bottom right: zoomed
further and the MA has been shifted up so that the structure of the SS can be seen.



Figure 2.2: This figure is of the curve resulting from a linear fractional transfor-
mation acting on (2.5) and the SS and MA of the new curve. Top: the new curve,
its pre-SS, its pre-MA, its SS and its MA are shown. Note the pre-SS and pre-MA
are unaltered by the transformation. Bottom left: zoom on the picture at the top.
Bottom right: zoomed further and the MA has been shifted up so that the structure

of the SS can be seen.



Figure 2.3: The pre-SS in the case of a triple point on the SS, where three branches
of the SS intersect. (The pre-SS is represented as a curve on the torus, which means
that the left and right edges of the pre-SS box are identified, as are the edges at the
top and the bottom.) Hence there is a branch of the SS corresponding to parameter
values t; and ty, and similarly for ¢; and t3, and for t5 and t3. So we get two
rectangles of points on the pre-SS. The corners of the rectangles which lie on the
diagonal correspond to an endpoint of the SS. Given a rectangle of points on the
pre-SS it is not certain that it corresponds to a triple point on the SS, but searching

for such rectangles yields all of the triple points.

also be there on the pre-SS of the transformed curve.

2.1.3 The Affine-Invariant Symmetry Sets

The affine-invariant symmetry sets which we consider in this chapter are the
affine distance symmetry set (ADSS), affine distance medial axis (ADMA) and
affine envelope symmetry set (AESS). These will be defined in §2.2. In order
to answer Thurston’s question at the start of §2.1 for these affine-invariant
symmetry sets, we need to state what we mean by ‘essential structure’ in each
case. The essential structure for the ADSS is the number of cusps, smooth
branches, endpoints of branches, triple crossings and the pre-ADSS. For the
ADMA it refers to the number of smooth branches, endpoints of branches,
triple crossings and the pre-ADMA. For the AESS it means the number of
cusps, branches, endpoints of branches and the pre-AESS. Also, for each of

18



these, the essential structure includes the graph defined by cusps, endpoints,
triple crossings as its vertices and smooth branches as its edges. The pre-
ADSS, pre-ADMA, pre-AESS contain respectively the parameter pairs which
contribute to the ADSS, ADMA, AESS — compare with Definition 2.1.1.4, the
definition of the pre-SS.

The aim of this chapter is to decide whether or not these affine-invariant
symmetry sets do have the property of preserving their structures under pro-
jective transformations. In order to decide whether or not the structure of an
affine-invariant symmetry set of a curve has changed, it has to be compared
with the corresponding affine-invariant symmetry set of the curve given after a

projective transformation has acted on the original curve.

Note: in this chapter the abbreviations SS and MA are used respectively for
the Euclidean symmetry set and medial axis. We do this because the affine-
invariant symmetry sets have very long names and so we refer to the ADSS,
ADMA and AESS. In Chapters 3 and 4, the abbreviations SS and MA are not
used respectively for the Euclidean symmetry set and medial axis; they are
written in full as ‘symmetry set’ and ‘medial axis’.

Here is a summary of what follows in this chapter.

§2.2: Preliminary Definitions and Results. This includes definitions of the
ADSS, ADMA, AESS; conditions for points to be in the ADSS, ADMA,

AESS; and a definition of a projective transformation.

§2.3: Affine Distance Symmetry Set and Affine Distance Medial Axis.
We show by an example that the structure of the ADSS and of the ADMA

can be altered by projective transformations. Also it is shown that cusps
of the ADSS cannot lie on the ADMA.

§2.4: Affine Envelope Symmetry Set. Proceeding by arbitrary example
as in §2.3 does not work in this case. Hence, using results about how
cusps arise in the AESS, we obtain a family of projective transforma-
tions which can make cusps arising in certain situations appear or dis-

appear. This approach involves another affine-invariant set, the MPTL
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(the mid-parallel-tangents locus, also called the anti-symmetry set), and
the conditions for cusps to appear in the MPTL. The obtained family
of projective transformations is illustrated by an example in which cusps
are destroyed in pairs in the AESS — a so-called swallowtail transition.
The method used is checked to ensure it yields the standard pictures of

the swallowtail transition.

§2.5: Further Research. This section considers the possibility of an affine

envelope medial axis.

2.2 Preliminary Definitions and Results

In this section we use the definitions about affine geometry from §1.3 to in-
troduce some affine-invariant symmetry sets (see [GS98, pp.241-244]). Note
that a natural definition of an affine-invariant symmetry set has not yet been
proposed, but rather there are a number of different ones. This is an area for

further research (see §2.5).

Definition 2.2.1 The affine distance symmetry set (ADSS) of a simple, smooth
plane curve is the closure of the locus of points x € R? on two affine normals

and affine-equidistant from the corresponding points on the curve.

As mentioned in §1.3, in this chapter we only consider curves without in-
flexions in the above definition. Compare this definition of the ADSS with the
definition of the SS in Definition 1.1.2.

Lemma 2.2.2 Given a simple, smooth curve ~y(s), the necessary and sufficient

condition for distinct si, sy to give a point of the ADSS is

[v(51) = 7(52),7"(51) =7"(52)] =0 . (2.6)

Therefore, the pre-ADSS is the parameter pairs (s1,s2) which are solutions of
(2.6) and the limit of such points. (Note : affine arclength parametrization is

assumed, so condition (1.1) holds).
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An alternative form of the ADSS condition involves the affine distance func-

tion, which was defined in Definition 1.3.2:

Lemma 2.2.3 A point x € R? is on the ADSS if and only if there are two
distinct points vy(s1),7(s2) such that

d(x,s1) = d(x,s2) and d'(x,s1) =d(x,s2) =0

or if X is the limit of such points.
Then, given a pair of points v(s1),v(s2) which satisfy the ADSS condition

(2.6) (so sy, 82 are in the pre-ADSS), the corresponding ADSS point is given by
s1) — v(s2),v"(s

[7( 1)// 7( 23 Y ( 1)]’)/”(81) ) (27)
[v"(s2), 7" (s1)]

Geometrically, x being on the ADSS is equivalent to x being at the common

v(s1) +

centre of two distinct conics having 4-point contact with the curve and sharing
the same affine radius (defined to be 1/p, where p is given by (1.4)). Contrast
this with the Euclidean SS: a point of the SS is the centre of a single circle

which is tangent to the curve in two places. Then

Lemma 2.2.4 A point x on the ADSS is an ordinary cusp when one of the
conics has 5-point contact with ~v. This is equivalent to there being a horizontal

or vertical tangent to the pre-ADSS at some sy, sy pair.

Definition 2.2.5 The affine distance medial axis (ADMA) of a simple, smooth

plane curve is

{x € R*: 3 distinct s1,5,:
d(x,s1) =d(x,s2) and d(x,s1)=d(x,8) =0

where d(x, s) has an absolute minimum at sy (or s3)} .

In Definition 2.2.5, minimum could be replaced by maximum, since there is
no convincing argument yet for having minimum rather than mazimum. The
ADMA is part of the ADSS, which is analogous to the MA being part of the
SS.

For the following definitions and results about the AESS see [GS00, pp.174,
180].
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Figure 2.4: The line L, tangent to the AESS, passes through the midpoint m of
the line which passes through the two points of contact 71 (s1), v2(s2) with the conic
C. Hence an alternative to Definition 2.2.6 is that the AESS is the envelope of lines
halfway between points of a curve with at least 3-point contact with a conic. See

[GS00]. Compare this with Figure 1.1.

Definition 2.2.6 The affine envelope symmetry set (AESS) of a simple, closed,
smooth plane curve is the closure of the locus of centres of conics with (at least)

3-point contact with the curve in at least two distinct points.

Alternatively, the AESS can be interpreted as the envelope of infinitesimal
axes of affine reflexional symmetry of a curve. This is what will be used later
when finding examining swallowtail transitions on the AESS (see §2.4.7). The
AESS will be calculated as an envelope of ‘midlines’ since an infinitesimal axis
of affine reflexional symmetry of a curve is a line tangent to the AESS and which
passes through the midpoint of the chord which passes through the points of
contact between the curve and the corresponding conic (see Figure 2.4 and

compare with Figure 1.1).
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Lemma 2.2.7 There is a non-degenerate conic with (at least) 3-point contact
with ~y at two distinct points v(s1),7(s2), neither of which is an inflexion, if
and only if

[v(s1) = 7(s2),7(s1) +7(s2)] =0 . (2.8)

There is an alternative condition for when v is not an oval, but since this
chapter does not deal with such curves, it has been omitted. Then, given a pair
of points y(s1),7(s2) which satisfy the AESS condition (2.8) (so s1,$2 are in
the pre-AESS), the corresponding AESS point is given by

1
5(’714‘72—1-

1 = 72, 7l o %)), (2.9)

2lm — 2] — D2 P

writing 1, Y2, Y1, Vo for v(s1) , v(s2), V' (s1), V' (s2).

Definition 2.2.8 A non-singular projective transformation is a map ¢ from

the projective plane to the projective plane, such that

(x:y:z) — ox:y:2)
= (Az+By+Cz:Dx+FEy+Fz:Gex+ Hy+ Kz)

A B C
where | D E F |#0.
G H K

(See [Gibs98].) In our case we are dealing with the affine plane, so after
taking a projective transformation we specialize to the affine plane by letting

X =x/z, Y = y/z and then setting z = 1, so in the affine plane

(2.10)

(X.Y) (AX+BY+C DX+EY+F)

GX+HY+K GX+HY+K

and GX + HY + K = 0 is taken to the line at infinity.
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2.3 Affine Distance Symmetry Set and Affine
Distance Medial Axis

2.3.1 Altering the Structure of the ADSS and of the
ADMA by Projective Transformations

The ADSS differs from the SS in that a point x being on the ADSS is equiv-
alent to x being at the common centre of two distinct conics having 4-point
contact with the curve and sharing the same affine radius (see immediately
after Lemma 2.2.3), whereas a point of the SS is the centre of a single circle
which is tangent to the curve in two places.

An experimental approach was enough to decide whether the structure of
the ADSS and of the ADMA remained the same after a projective transforma-
tion. In the following example the graphics package LSMP was used to draw

the curve given by

(X,Y) = ((e+asint + bcos 2t) cost, (f + csint + dcost) sint) (2.11)
for a = —0.34, b= —0.15, c = —0.17, d = 0.2, e = 1.7, f = 1, '

and also its pre-ADSS, pre-ADMA, its ADSS and its ADMA. Then LSMP was
used to draw the curve given by (2.10), that is after a projective transformation,
for chosen values of constants A,..., K with its pre-ADSS, its pre-sADMA,
ADSS and ADMA. Then the method was to compare the original ADSS with
the new ADSS to see whether or not the structure had changed. Taking A = 1,
B=0,C=0,D=0,FE=1,F=0,G=0, K =1, H close to 0 and then
increasing H in each example was enough to decide this. These values give a
non-singular projective transformation. Hence a point of the transformed curve

for a chosen value of H is

X Y
(HY 1 AV 1) , where (X,Y) is given by (2.11). (2.12)

Figures 2.5 to 2.11 show how the ADSS and the ADMA of the transformed
curve change as we take various values for H, corresponding to taking a family

of projective transformations. As in the case of the pre-SS, the pre-ADSS is
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Figure 2.5: Figures 2.5 to 2.11 show the altering of the combinatorial structure of
the ADSS and of the ADMA by a family of projective transformations. In each of
these figures, the curve is drawn with its ADSS and ADMA. The pre-ADSS and
pre-ADMA are in boxes below the curve. Top: the curve given by (2.11), its ADSS
and ADMA are shown. Bottom: a closer look at its ADSS and ADMA.
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Figure 2.6: The curve given by (2.11) has now undergone a projective transformation
to give (2.12). This figure, and Figures 2.7 to 2.11, are of the transformed curve for
various values of H. This one is for H = 0.11. In this picture the structure of the
pre-ADSS is about to change in the top left corner of the pre-ADSS box; there is

going to be a crossing as H increases.
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Figure 2.7: Here H = 0.12. The crossing has now occurred in the pre-ADSS, so a
‘nib’ transition has happened on the ADSS (see Figure 2.12 for an explanation of a
nib transition). In this picture it is clear that one of the branches of the ADMA is

shorter than before.
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Figure 2.8: Now H = 0.2. There has been another crossing in the pre-ADSS, so
there has been another nib transition in the ADSS. The same branch of the ADMA
is shrinking and near to this branch there is a swallowtail of the ADSS which is
also shrinking. On the pre-ADMA this corresponds to the gap between two pieces
becoming smaller — see the second piece from the left which intersects with the

diagonal. (The diagonal is not drawn in the pre-ADMA.)
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Figure 2.9: This figure is for H = 0.54. The structure of the ADMA is about to
change, as the branch that is shrinking will disappear, as will the swallowtail of the
ADSS. Also, the third piece along the bottom side of the pre-ADSS box starting from
the right is about to have a vertical inflexion — this corresponds to the swallowtail
collapsing to a swallowtail point. Also it corresponds to two branches of the pre-
ADMA being joined up (the picture shows the two branches joined up, but this is

just a numerical error; there should be a tiny gap).
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Figure 2.10: Here H = 0.56. This is the moment of transition; the branch of
the ADMA is disappearing. The ADMA is changing from five branches, two triple
crossings to three branches, one triple crossing. Also the ADSS has a swallowtail

point and the pre-ADSS has a vertical inflexion at the corresponding (¢1,¢2) pair.



Figure 2.11: Now H = 0.61: there is no longer an inflexion on the pre-ADSS. Now
there is a gap between an endpoint of the ADSS and a branch of the ADMA, and
two cusps of the ADSS in the swallowtail have disappeared. In the first figure there
were 16 cusps, now there are 14 cusps (one is off the bottom of the picture — see

previous figures to follow its progress).
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S

Figure 2.12: A nib transition: the cusps come into coincidence and then the branches

pair off differently from before.

represented as a curve in the torus, so the left and right edges of the pre-ADSS
boxes in the figures are identified, as are the top and bottom edges. The figures
do not show all of the ADSS; it is truncated to show the interesting features,
so not all of the endpoints of the ADSS are displayed in the pictures.

In this example it was possible to alter the pre-ADSS and the pre-ADMA
and so make nib transitions occur on the ADSS. This also meant that the
structure of the ADMA changed, as the ADMA of the original curve had five
smooth branches and two triple points (a triple point is a point at which three
smooth branches meet) and the final curve’s ADMA (when H = 0.61) had
three smooth branches and one triple point. Thus one branch of the ADMA
was destroyed and two branches joined to become one smooth branch.

When this transition occurred on the ADMA, a swallowtail transition hap-
pened on the ADSS — a swallowtail collapsed to a swallowtail point and after
this the ADSS became a smooth curve at this point. See Figure 2.13. When
there is a swallowtail point on the ADSS, there is an inflexion at the correspond-
ing point (¢1,%2) on the pre-ADSS. Figures 2.9 to 2.11 show this transition: in
Figure 2.9 there are two vertical tangents to the pre-ADSS nearby, in Fig-
ure 2.10 at the inflexion there is one vertical tangent to the pre-ADSS, and in
Figure 2.11 there are no vertical tangents to the pre-ADSS. As this happened,
two branches of the pre-ADMA joined up at the exact moment of the inflexion
on the pre-ADSS. The affect on the ADMA was that two branches became
smoothly joined after another branch of the ADMA had disappeared.
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The result of all of this is that two cusps were destroyed, as there were
sixteen cusps in the ADSS of the original curve, but there were only fourteen

cusps in the ADSS of the final curve. Hence we have the following.

Proposition 2.3.1.1 A projective transformation can make self-crossings oc-
cur on the pre-ADSS. Also, the number of cusps of the ADSS and the number
of branches and triple points of the ADMA can be altered by a projective trans-

formation.

Remark 2.3.1.2 Projective transformations preserve contact between curves,
but they do not send centres of conics to centres. Since a point x being on
the ADSS is equivalent to x being at the common centre of two distinct conics
having 4-point contact with the curve and sharing the same affine radius (see
just after Lemma 2.2.3), it was not likely that the structure of the ADSS and
ADMA would remain the same after projective transformations. Triple points
of the MA can be detected on the pre-MA (see Figure 2.3), but a similar way
of detecting triple points of the pre-ADMA is not known.

The moment of transition of the ADMA when one branch disappears and
two others become one smooth branch corresponds to an A; A3 transition. The
Az singularity means that the corresponding point of the curve is a sextactic
point, so the centre of affine curvature at a sextactic point in this case is also
the centre of an A; conic with the same affine radius. It is interesting that this

can happen under a projective transformation.

2.3.2 Cusps and the ADMA

From Lemma 2.2.4 it is known how cusps arise on the ADSS, but can there
be cusps on the ADMA? For a cusp of the ADSS to be a cusp of the ADMA,
it would need to satisfy the conditions for it to be in the ADMA. In other
words, from Definition 2.2.5, the affine distance function from the ADSS point
to one of the corresponding points of the curve would need to have an absolute
minimum. In order to prove that this cannot happen, it will be necessary to

prove another result from which this automatically follows.
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Consider two curves v and ¢ given by v(t) = (¢, f(¢)) and 6(¢) = (¢, g(¢)))
which are tangent to each other at t = 0, so f(0) = g(0) = 0 and f(0) = g(0) =
0, and a point x = (a,b). Assume b # 0 so that x is not on the tangent to 7 at
7(0) = (0,0), which is also the tangent to § at §(0) = (0,0). Then, by taking
affine transformations, it can be assumed that x = (0,1). We require (0, 0) not

to be an inflexion (so the affine tangent and affine normal exist), so we need

f(0) # 0, §(0) # 0. We shall establish a relationship between the number of
points of contact between v and § at (0,0) and the vanishing of derivatives
of the affine distance function with respect to an arbitrary parameter (not
necessarily the affine arclength parameter).

The curves v and § have at least k-point contact at (0,0) <= the (k—1)-

jets of f and ¢ are equal at t = 0. Using (1.5), the affine distance from x to
(0,0) on 7 is

dy(x,1) = [x—=~(t),7 ()]

Here, k. (t) is given by

So

dy = (=tf+f=1(H",

dropping the dependence on t. For the affine distance from x to (0,0) on §,
replace f by g in the above:

ds = (—tg+g—1)(5) """ .
Then
d,(x,0) = ds(x,0) <=
(0)77 = (=(0)g(0) + (0) — )(5(0)) """
(0)% = (=1)(g(0))"*
= f(0) = §(0).



Now d, and d; can be regarded as functions of ¢ and so for the purposes of
this section it will not be necessary to differentiate with respect to the affine

arclength parameter. Hence all the following derivatives are with respect to t.
So

b = B =T (5) (s -t -0,

3
s = @)= (5) @ o -tg-1),
Then
dy(x,0) = ds(x,0)
= 0= 70 (3) Fo) ey = 0-50) (5) @O)-D,

and if d,(x,0) = ds(x,0) is assumed, so f(0) = §(0), then

d,(x,0) = dg(X, 0)
1

= Fo)(3) don ey = 70(3) Foy ey
= Fo) = i),
since f(0)#£0 .

These calculations point towards the following.

Lemma 2.3.2.1 Consider two curves v and § given respectively by ~(t) =
(t, f(t)) and 6(t) = (t, g(t)), where £(0) = g(0) = 0 and f(0) = §(0) = 0. Then
the affine distance functions d.,, ds of 7y, ¢ satisfy

{d,y(i)(x, 0) = ds(x,0) fori=0,... ,n}
— {f(i+2)(0) = ¢"2(0) fori=0,... ,n} )

Proof. This can be proved by induction. This relies on the fact that dﬁf ) =
A; + Bf@2 where 4; is in terms of ¢, f, f,..., f@), and

B - (%) By Bf+1-f)
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Also, B(0) # 0 since B(0) = (1/3)(f(0))~*3(1), and f(0) # 0 since (0,0) is
not an inflexion (see the second paragraph of §2.3.2). Also dgi) — A; + Bgt?),
where A4; is A; with f, f,..., f0tD replaced respectively by g, g,..., gD,
and B is B with f, f, f replaced respectively by ¢, g, g. This means that
A;(0) = A;(0) and B(0) = B(0). These can also be proved by induction. Then

at each step of the induction

d,"(x,0) = d;' (x,0)

= A(0)+ B(0)"(0) = Ai(0) + B(0)g"*(0)
= BO)J" = B(0)g"?
since A;(0) = A4;(0)
= fUP0)=g"2(0)
since B(0) = B(0) #0 .
Hence the result. U

Lemma 2.3.2.1 leads to the following.

Proposition 2.3.2.2 Given two curves vy and 6 given by (t, f(t)) and (t, g(t))
which have at least 2-point contact with each other at v(0) = §(0) = (0,0),
which is not an inflexion of v or of §, and a point x which does not lie on the
tangent to v at (0,0) (so x can be taken to be (0,1) by affine transformations),
then v and § have k-point contact at (0,0) if and only if

d,"(x,0) = ds"(x,0) fori=0,....k—3
and d,*P(x,0) # d;"?(x,0) .

What relevance does this result have for deciding whether or not it is pos-
sible for cusps of the ADSS to be in the ADMA? By Lemma 2.2.4 a point of
the ADSS of a curve is an ordinary cusp when one of the corresponding conics
has exactly 5-point contact with the curve (recall that a point of the ADSS is

the centre of two conics having 4-point contact with the curve and sharing the
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same affine radius). Take 0 to be a conic which has exactly 5-point contact with
a curve 7 at (0,0) and let x be its centre. Then, by Lemma 1.3.3, ds(x,t) = ¢
(a constant) for all ¢t and all derivatives of ds(x,t) are zero. Then Proposition
2.3.2.2 implies that

dV(X7 O) = (Xa O) =

dy(x,0) = (X,O):(),

dy(x,0) = ds(x,0)=0,
and d, (x,0) # ds(x,0)=0.

This means that the affine distance from the centre of the conic § to the point
of contact of the curve v cannot be an absolute minimum; in fact it cannot

even be a maximum or a minimum. Therefore we have the following.
Proposition 2.3.2.3 Cusps of the ADSS are not in the ADMA.

Remark 2.3.2.4 A singularity of the ADSS worse than a cusp can lie on the
ADMA, for example when two cusps disappear at an A;As transition — see
Figures 2.5 to 2.11.

2.4 Affine Envelope Symmetry Set

2.4.1 Discussion of Features of the AESS

As shown in §2.3.1, the pre-ADSS and the pre-ADMA can be altered by pro-
jective transformations, since the number of horizontal or vertical tangents can
be changed and self-crossings can be caused. This is not true of the pre-AESS;
it will be unchanged by a projective transformation, since projective transfor-
mations preserve contact between curves. The reason for this is that the AESS
is obtained by finding points where the curve has (at least) 3-point contact
with a single conic. Contrast this with Remark 2.3.1.2. The AESS also differs
from the ADSS in that there does not appear to be a sensible definition of an
affine envelope medial axis (AEMA). This is because the AESS is not defined
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in terms of a distance function which can be maximized (or minimized). This
is an area of further research: is there such a definition of the AESS? (see §2.5).

Since the pre-AESS is unchanged by projective transformations, the num-
ber of branches and the number of endpoints will be unaltered by projective
transformations. Because of this, it seems less likely than for the ADSS that the
structure of the AESS of a given curve would be altered by arbitrary projective
transformations. Consider cusps on the AESS. These occur in two different
ways, one type arising when tangents to the curve are parallel at two points
contributing to the AESS, the other because of horizontal or vertical tangents
to the pre-AESS (see [GS00]). Since the pre-AESS is unaltered by projective
transformations, the latter type of cusp of the AESS cannot be destroyed or
created by projective transformations. The remaining possibility is whether the
former type of cusp can be destroyed or created by a projective transformation.

Here is a result about the existence of such cusps, which comes from [GS00,
pp.181, 182].

Lemma 2.4.1.1 As for the pre-ADSS, the pre-AESS is represented as a curve
in the torus and a component which is (m,n) winds m times round one way and
n times round the other. For a generic oval curve (that is one for which the
pre-AESS is non-singular) the pre-AESS has the following global properties:

(i) For any (1,1) component of the pre-AESS there is always at least one
point corresponding to a pair of parallel tangents of the curve. Hence there is
always at least one cusp along this branch belonging to the AESS.

(i1) There are no (1,-1) components and there is an odd number of (1,1)
components; hence at least one. (The only other possibility is a (0,0) compo-

nent).

So we know that there is at least one cusp in the AESS corresponding to
parallel tangents. These cusps connect the AESS and another affine-invariant
set called the MPTL, which is defined below:
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Figure 2.13: The standard swallowtail transition: a swallowtail (left) shrinks to a

swallowtail point (centre) and then the curve becomes smooth (right).

Definition 2.4.1.2 The MPTL (mid-parallel-tangents locus) of a smooth plane
curve v 1s the locus of midpoints of chords joining points of contact of parallel

tangents to .

The MPTL is sometimes called the anti-symmetry set and can also be de-
fined as the envelope of lines halfway between points of v with parallel tangents.

Cusps of the AESS corresponding to parallel tangents to the curve are also
part of the MPTL, in fact they are also cusps of the MPTL. And it is also
known that if a point of the AESS corresponding to a (¢1,t3) pair coincides
with a point of the MPTL corresponding to the same (t1,ts) pair then they
meet in a dual beaks singularity at the cusps. Because of this it is necessary
to treat the AESS and the MPTL together.

Consider a point of the AESS which is a cusp corresponding to a pair of
parallel tangents and so is also a cusp of the MPTL. Is it possible to make this
a swallowtail point, which is a higher singularity, by a projective transforma-
tion? If so, we could take ‘nearby’ projective transformations, ones for which
A, ..., K (as in Definition 2.2.8) differ slightly, to get a swallowtail transition.
A swallowtail transition is when a swallowtail gets smaller and smaller until
it becomes a swallowtail point and then becomes a smooth point, as in Fig-
ure 2.13. If it were possible to make this transition happen, the cusps of the
AESS and of the MPTL would be destroyed and the AESS and MPTL would
both be smooth.

This section shows that it is possible to make a swallowtail transition occur
simultaneously on the AESS and on the MPTL. Hence we must first obtain the
conditions for a swallowtail point to occur on the AESS and on the MPTL.
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2.4.2 Conditions for Cusps and for Swallowtail Points
on the AESS

The AESS is affine-invariant, so we can set up a local coordinate system as fol-
lows, without loss of generality. We take two arcs 7, 72 of a curve respectively

near the points t; = 0, t5 = O:

’72(152) (tg, a + g<t2>> = (tg, a + b1t2 + th% + bgt% + b4t% + .- ) .

n(t) = (t, f(t)) = (b, et + est] +eati +- ) } (2.13)

The pre-AESS, that is the set of parameter pairs (¢, t5) which contribute points
to the AESS, is given by the AESS condition (2.8) from Lemma 2.2.7. These
are then mapped to the AESS using (2.9). For the coordinate system given by
(2.13), the AESS condition becomes

[y(t1) — y(t2), 7' (t1) +'(t2)] = 0
ty — to ) (f(?fl)')l/3 + (§(t2))'/? _ 0. ()
F(t) —g(ta) (FE)2f (1) + (§(t2))3g(t2)

Hence t; and ty are in the pre-AESS if and only if this condition holds. It is
easy to show that (t1,%3) = (0,0) is in the pre-AESS if and only if

a(bQ_'_CQ) =0 < byt+c=0
(since a = 0 means the curve would be non-simple)

< /{1(0) + /{2(0) =0 s

where r;(t;) is the Euclidean curvature of the arc v; at ¢;. We consider ovals, so
there are no inflexions on the two arcs, so by # 0, ¢y # 0. Now let by + ¢ = 0,
so that (t1,t2) = (0,0) is in the pre-AESS.

In order to obtain the pre-AESS, we express one of t1, t5 as a function of
the other and solve (2.14) for this function. Firstly, we need to examine which
is an appropriate parameter for the pre-AESS. By differentiating the left-hand
side of (2.14) with respect to ¢; and to t5, we find the following.

e When (b1by + abs) # 0 then ¢; is a parameter.

40



e When (bycs + acs) # 0 then ¢y is a parameter.
e When (b1by + abs) = (bica + acs) = 0 then the pre-AESS is singular.

We are interested in cusps of the AESS, so we ignore the case of the pre-AESS
being singular. In each of the cases (b1by + abs) # 0, (b1by + abs) # 0 we can
map the pre-AESS to the AESS using (2.9). Then we get the following.

Proposition 2.4.2.1 There is an ordinary cusp on the AESS of a smooth
plane curve v corresponding to ~(t1) and y(t2), neither of which is an inflexion,

if and only if one of the following occurs.

1. The tangents to v at y(t1) and ~(t3) are parallel; the affine normals at
v(t1) and y(t2) are not parallel; and the tangent to the pre-AESS at (t1,ts)

is not parallel to the diagonal (t, = t3), not horizontal and not vertical.

2. The tangent to the pre-AESS at (t1,t2) is horizontal, at which the pre-
AESS is not an inflexion, and the tangents to vy at v(t1) and ~(t3) are

not parallel.

3. The tangent to the pre-AESS at (t1,ts) is vertical, at which the pre-AESS
is not an inflexion, and the tangents to v at ~v(t1) and y(t2) are not

parallel.

There is a swallowtail point on the AESS of a smooth plane curve vy corre-
sponding to y(t1) and ~y(ta), neither of which is an inflexion, if and only if one

of the following occurs.

1. The tangents to v at y(t1) and ~y(t3) are parallel, the affine normals at
v(t1) and ~(ts) are parallel and the affine curvatures of v at v(t1) and

v(t2) are not equal.

2. The tangents to v at vy(t1) and y(t3) are parallel and the tangent to the
pre-AESS is horizontal at (t1,t2), at which the pre-AESS does not have

an inflexion.
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3. The tangents to v at v(t1) and y(t3) are parallel and the tangent to the
pre-AESS is vertical at (t1,ts), at which the pre-AESS does not have an

inflexion.

4. The tangent to the pre-AESS is horizontal at (t1,t3), at which the pre-
AESS has an inflexion, but not a vertex, and the tangents to v at y(t1)
and ~y(ts) are not parallel.

5. The tangent to the pre-AESS is vertical at (ty,t2), at which the pre-AESS
has an inflexion, but not a vertex, and the tangents to v at y(t1) and y(t3)

are not parallel.

Proof. For the AESS at t; = t; = 0 to be an ordinary cusp, we need that
the first derivative of the parametrization of the AESS is the zero vector at
t; =ty = 0 and that the second and third derivatives are independent. Recall
that by 4 co = 0, which means that (¢1,%2) = (0,0) is on the pre-AESS and that
by # 0, ca # 0, so 71(0), 72(0) are not inflexions.

Consider firstly the case when ¢; is a parameter, that is when (b;by4abs) # 0.
Then the pre-AESS is given by

_ (bica + acy) N
(bibs + abs) '

ty =

and so the pre-AESS does not have a vertical tangent at ¢t; = t5 = 0. Then,
the AESS is non-regular at t; = t5 = 0 if and only if

(lbl(blcg -+ (1,03) =0.

We ignore the case of a = 0, since the two arcs vy, 72 would cross if a = 0.
Hence there are two cases that could possibly mean there were cusps on the
AESS. The condition b; = 0 is the same as the two arcs 71, 7. having parallel
tangents at t; = t; = 0 and the condition (bjcs + acz) = 0 is the same as the
pre-AESS having a horizontal tangent at t; = t5 = 0.

When b; = 0 the second and third derivatives of the parametrization of the
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AESS at t; = t; = 0 are independent if and only if ¢3(bs — c3)(bs + ¢3) # 0.

dt
When b; = 0, ;A0 = d—t?(())?éo,

1

dts

Hence, when by = (by —c2) = 0, then ¢3(bs+c3) # 0 if and only if the tangent to
the pre-AESS is not horizontal and not parallel to the diagonal t; = t5. When
by = 0 the affine normals 7{(0), 75(0) are as follows, using Definition 1.3.1:

(0) = (—2¢3(2c2) ™%, (2c2)%) | 45(0) = (—2b5(2b2) /%, (2b2)"/?) .

Hence, when b = (by — ¢3) = 0 then (b3 — ¢3) # 0 if and only if the affine
normals at t; = t, = 0 are not parallel.

When (by¢e 4 acs) = 0, the second and third derivatives of the parametriza-
tion of the AESS at ¢; = {5 = 0 are independent if and only if b;(ac3 + b3 —
a’cy) # 0. When (bicy + acz) = 0 the pre-AESS has a horizontal tangent at
ty =ty = 0 and becomes
2(a’cy — ack — bicy)

CL(ble + abg)
Hence, when (bycy + acs) = (by — ¢3) = 0, then by(ac3 + b3 — a®cy) # 0 if and

t2:_

e+

only if the tangents to the two arcs 7y, 72 at t; = to = 0 are not parallel and
the pre-AESS does not have a horizontal inflexion.
In summary, when a point of the pre-AESS does not have a vertical tangent,

the corresponding point of the AESS is a cusp if and only if

e the two arcs 71, 72 have parallel tangents and the tangent to the pre-AESS

is not horizontal and not parallel to the diagonal t; = ¢
or

e the point of the pre-AESS has a horizontal tangent, but is not an inflexion,

and the two arcs 71, 72 do not have parallel tangents.

Similarly, in the case when t, is a parameter, that is when a point of the pre-
AESS does not have a horizontal tangent, the corresponding point of the AESS

is a cusp if and only if
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e the two arcs 7, 72 have parallel tangents and the tangent to the pre-AESS

is not vertical and not parallel to the diagonal ¢; = t,
or

e the point of the pre-AESS has a vertical tangent, but is not an inflexion,

and the two arcs 71, 72 do not have parallel tangents.

We assumed that the pre-AESS does not have both a horizontal and a
vertical tangent at the same point, since otherwise it would be singular. Hence
there are only three ways in which there is a cusp on the AESS, as described
in the result.

Now we consider the condition for the AESS at ¢; = t3 = 0 to be a swal-
lowtail point. The canonical form for an ordinary cusp is (t2,¢*) and from this
are obtained the criteria for a curve to have an ordinary cusp. Similarly, the
canonical form for a swallowtail point is (#3,t*) and so the criteria for a swal-
lowtail point are that the first two derivatives of a curve are the zero vector
and that the third and fourth derivatives are independent.

Again we consider firstly the case when t; is a parameter (biby + abs # 0),
so that the pre-AESS does not have a horizontal tangent. Again ignoring the
case a = 0, the first two derivatives of the parametrization of the AESS are the

zero vector at t; = to = 0 if and only if one of the following cases occurs:

bl =C3 = 0 )
or b1:b3—63:0,
or acs + biey = a’ey — acg — beQ =0.
When b; = c¢3 = 0, the third and fourth derivatives of the parametrization of

the AESS are independent if and only if (acy — ¢3) # 0. When b; = ¢3 = 0 the

pre-AESS has a horizontal tangent at ¢; =t = 0 and becomes

2 2
PR U 1 S
ab3

Hence, when b; = c¢3 = 0, then (acy — c3) # 0 if and only if the pre-AESS does

not have a horizontal inflexion. When b; = b3 — ¢3 = 0, the third and fourth
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derivatives of the parametrization of the AESS are independent if and only if
(by + ¢4) # 0. Using Definition 1.3.1 and (1.4), we get formulae for the affine
curvatures i1, e of the arcs vy, 72 at t1 =0, to = 0:
204 502 2b4 5b2
0) = (2c)V3 | = — = 0) = (2b)Y3 (=5 — =2 ).

() = e (%5 = 39)  al0) = 2y (- 3
Hence, when by = —co, by = b3—c3 = 0, then the affine curvatures at t; = to = 0
are not equal if and only if (by + ¢4) # 0. When (acs + bicy) = (a’cy —
aci — bicy) = 0, the third and fourth derivatives of the parametrization of
the AESS are independent if and only if by(a®cs + 3abici + b3cy) # 0. When
(acz + bicy) = (aPcy — ack — bicy) = 0, the pre-AESS is given by

10(a®cs + 3abyc3 + bycs)
3a2(ab3 - blcg)

t2:— t"z’_|_..._

Hence, when (ac3+bics) = (acy—acs—bicy) = 0, then by (a3cs+3abyca+bicy) #
0 if and only if the tangents to the two arcs vy, 72 at t; = t3 = 0 are not parallel
and the pre-AESS does not have a horizontal vertex.

In summary, we have shown the possibilities 1., 2. and 4. for a swallowtail
point on the AESS when the pre-AESS does not have a vertical tangent. When
the pre-AESS does not have a horizontal tangent we get the remaining cases
3. and 5. Hence the result. O

This result gives us a candidate for a type of swallowtail point which could
be created or destroyed on the AESS by a family of projective transformations,
namely case 1. An interesting question is what happens on the MPTL when
there is a swallowtail point on the AESS? The next section deals with this

matter.

2.4.3 Conditions for Cusps and for Swallowtail Points
on the MPTL

The MPTL is affine-invariant, so we can use the coordinate system (2.13), but

with b; = 0 so that the two arcs v, and <, are parallel at ¢t; = t5 = 0. The
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pre-MPTL is the parameter pairs (¢1,t2) such that df /dt; = dg/dt, for all ¢y, to
near t; = to = 0. As for the pre-AESS, we obtain the pre-MPTL by expressing
one of t;, ty as a function of the other and solving df /dt; = dg/dts for this
function. Differentiating (df /dt; — dg/dts) with respect to t; and to ty, we find
the following.

e When by # 0 then ¢, is a parameter.
e When ¢y # 0 then %, is a parameter.
e When by = co = 0 then the pre-MPTL is singular.

We are interested in cusps of the MPTL, so we ignore the case of the pre-MPTL
being singular. By Definition 2.4.1.2 the parametrization of the MPTL is

(t1 +ta,a+ f(t1) +g(t2)).

DO | =

We have the following.

Proposition 2.4.3.1 A point of the MPTL of a smooth plane curve v corre-
sponding to y(t1) and ~(ts), neither of which is an inflexion, is an ordinary
cusp if and only if it is also on the AESS and the affine normals of v at v(t)
and at y(tg) are not parallel. The point of the MPTL is a swallowtail point if
and only if it is also on the AESS, the affine normals at v(t1) and at y(t2) are
parallel, and the affine curvatures of v at y(t1) and y(t2) are not equal.

Proof.  Solving df /dt; = dg/dty for ts in terms of ¢; gives the following
parametrization M (t;) of the MPTL near t; = 0:

bQ + C a CQ(bQ + 02) 9
M(t,) = t e — =2 EIE L)
() (( - )1+ 2y albtol,

Note that this assumes b, # 0. Hence the MPTL is non-regular at t; = 0 if
and only if by + co = 0, and so we require that by = —cy # 0. (We ignore the

case by = ¢y = 0, since in this case the pre-MPTL is singular.) When by = —c5,
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it can be shown that

dQM(O) _ <3(03—b3)70)’

e 205

d3 M 3(9b3(c3 — b3) + 4by(by + ¢

o - (Mlaz i bire) o)),
1 2

These are linearly independent if and only if b3 # ¢3. Hence, there is an ordinary
cusp on the MPTL at t; = t5 = 0 if and only if by = —co # 0 and b3 # ¢3. Now
consider when the first two derivatives of M (¢;) are zero. This is happens if
and only if (by + ¢2) = (bs — ¢3) = 0. Then

d*M b
a0 = <6( % 04)’0) ’
1 2
d*M 6(12(bs + c4) + 5ba(c5 — bs)
d—t‘f(O) = < — R 2 —36(bs +C4)) :

These are linearly independent if and only if by + ¢4 # 0. Hence, there is a
swallowtail point on the MPTL at ¢t; = t5 = 0 if and only if by = —cy # 0,
bs = c3 and by # c4. The proof of Proposition 2.4.2.1 gives the interpretations

of these conditions, and so we get the required result. O

2.4.4 A Projective Transformation which Creates a Swal-

lowtail Point on the AESS

From Propositions 2.4.2.1, 2.4.3.1 we know that a swallowtail point occurs on
the AESS and on the MPTL when the tangents to the curves at the contributing
points are parallel, the affine normals are parallel and the affine curvatures are
not equal. The question is, can such a swallowtail point be created on the AESS
and on the MPTL by a family of projective transformations? This section gives
an example of such a transition. We start with a cusp of the AESS given by
parallel tangents to the two arcs and then take a projective transformation
on the two arcs so the corresponding point of the AESS becomes a swallowtail

point given by parallel tangents and parallel affine normals at the corresponding
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points of the transformed arcs. Hence, the local coordinate system of such a

situation is given by (2.13), but with by = —cy:

Yi(t) = (t, f(t1)) = (ti,cat] +estd +eati +---) (2.15)
’72(152) = (tz, a + g(tz)) = (tz, a — Czt% -+ bgtg + b4t% + - ) .

So the tangents are parallel at the points ;(0) and ~2(0), which, because
by = —cy, contribute to the AESS (see the start of §2.4.2). Then, by Proposi-
tions 2.4.2.1, 2.4.3.1, the point (0, a/2) is a cusp of the AESS and of the MPTL.
We assume that b # c3, since this means that the affine normals ~{(0), 75 (0)
are not parallel, and so, again by Propositions 2.4.2.1, 2.4.3.1, the point (0, a/2)
is neither a swallowtail point of the AESS nor of the MPTL.

It can be shown that an example of a projective transformation which keeps
the tangents parallel at the points to which ~;(0) and 72(0) are taken, while

making parallel the affine normals at these transformed points is

(x:y:2)— (Ar+By+Cz:Drx+Ey+Fz:Gex+ Hy+ K=z) ,
where G = 0, H:M.
abs

So there is some freedom of choice for the other constants in the projective
transformation. If one chooses A=1,B=C=D=0,E#0,F =0, K=1
then the result is a non-singular projective transformation. It can be shown
that this transformation keeps the tangents to the curve parallel at v;(0) and
at 72(0), so the swallowtail point can be easily identified in pictures of the

example to follow in §2.4.5. A point of the transformed curve is given by

T Ey c3 — bs

(x,y)H(Herl,Herl

), where H =
ab3

If we also want the point (0,a) to be sent to (0,a) then

Fa
"Ha+1

(O,a)»—>(0 ):(O,a) e E=Ha+1,

and so a point of the transformed curve is given by

x (Ha+ 1)y
Hy+1~ Hy+1

c3 — bs

), where H = (2.16)

ab3
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Hence, the points of the transformed arcs are given by

i (e i+ ) )

(c3 —b3)(cat? + ) +abs’ (c3 —b3)(cat2 + -+ ) +abs )’

n(ty) ( absts acz(a — cot2 + -+ +) )
SN (c3 —b3)(a— cot3 +--+) +abs’ (c3—bs)(a — cot3 + -+ ) + abs

From Propositions 2.4.2.1, 2.4.3.1, the condition to ensure that no worse
than a swallowtail point occurs on the AESS and on the MPTL of the trans-
formed curve is that the affine curvatures of the transformed arcs at t; = t5 = 0
are not equal. Calculation shows that this is true for the projectively trans-

formed curve given by (2.16) if and only if

ca(c; —b3) +a(bycs +cgb3) #0 . (2.17)

2.4.5 Example of Creating a Swallowtail Transition on
the AESS and on the MPTL

Taking projective transformations near to the one which creates a swallowtail
point on the MPTL and on the AESS at the point corresponding to t; = to = 0,
a swallowtail transition can be created on the MPTL and on the AESS. The
following example shows this. The standard swallowtail transition is as in
Figure 2.13, which we want to happen on the MPTL and on the AESS for the
following choice of arcs. The local coordinate system of the original two arcs is
as in (2.15), with

a = 4, bg = —02, bg = 02, b4 = —025, Cy = 02, C3 = 03, Cyp = 0.35

and all of the higher order coefficients zero, so that the arcs of (2.15) become

the following;:

) = (4, f(t) = (t1,0.265 +0.3] + 0.35t7) , (2.18)
Yo(ts) = (ta,a+ g(ta)) = (t,4—0.2t2 4+ 0.2t3 — 0.25¢3) . '

Note that b3 — ¢ = —0.1 # 0, which ensures there is not a swallowtail point
on the AESS and on the MPTL of the two arcs 77, 72 near to t; = to = 0.
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Finally we need the condition (2.17) to be satisfied for there to be a swallowtail
point and no worse created on the AESS and on the MPTL. This condition is

satisfied, since
c3(cs —b3) + a(bycs + cyb3) = —0.032 # 0 .

Then the projective transformation as in Definition 2.2.8 making the point of
the AESS and the point of the MPTL corresponding to t; = t, = 0 a swallowtail
point of the AESS and of the MPTL has

A=1, B=C=D=0, F=0, G=0, K =1,

K(cz—b
=B =) s o E—Hat1=15
(a,bg)
If we take these values for A,..., K, but treat H as a parameter, we get a

family of transformed arcs:

< t 1.5(0.2¢2 + 0.3t3 4 0.35t%) ) 219)

H(0.2t2 + 0.3t3 + 0.35t1) + 1" H(0.2t2 +0.3t3 + 0.35t) +1 ) 7 7

< to 1.5(4 — 0.263 + 0.2¢3 — 0.25¢3) ) (2.20)
H(4—0.2t2+0.2t3 —0.25t3) + 1" H(4 —0.263 + 0.2t3 — 0.25¢3) + 1)

Figures 2.14 and 2.15 are of the original arcs before any projective transfor-
mation, that is v; and 7, as in (2.18). Figures 2.16 to 2.19 are of arcs given by
taking projective transformations on the arcs (2.18), which result in the arcs
given by (2.19), (2.20), for different values of H. In this way we observe a
swallowtail transition on the AESS and on the MPTL. It is hard to see what
is happening in the pictures, as what we are interested in takes place in a very
small neighbourhood of a point of the MPTL and AESS. The transition is
clearer in Figure 2.20, which is a ‘cartoon’ of the transition, showing the main
features of Figures 2.16 to 2.19. This example shows that the combinatorial
structure of the AESS (and of the MPTL) can be altered by a family of projec-
tive transformations, since two swallowtails (the piece of curve with two cusps
as in Figure 2.13, right) are created and then made smooth, one on the AESS
and one on the MPTL.
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Figure 2.14: Top: the two arcs given by (2.18) are drawn with the MPTL (thick
curve) and AESS (thin curve) corresponding to points of contact between a conic
and a point on each of the two arcs. The pre-MPTL is in a box on the left of the
picture, with the pre-AESS in a box on the right of the picture. Bottom: a closer
look at the AESS and MPTL.

51



Figure 2.15: Top: the same view as for Figure 2.14, but with the MPTL shifted
down. There are two swallowtails on the AESS, but two of the cusps result from
vertical tangents to the pre-AESS (see Figure 2.14). Bottom left: zoom on the right-
hand cusp of the MPTL. We are only interested in what happens near here since the
MPTL has a horizontal tangent at the cusp. Bottom right: same view as for bottom

left but with the MPTL shifted up.
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Figure 2.16: The sequence of Figures 2.16 to 2.19 are of arcs given by taking projec-
tive transformations on those of Figure 2.14, which result in the arcs given by (2.19),
(2.20), for different values of H. This figure is for H = 0.093. We concentrate on the
neighbourhood of the points of the AESS and MPTL with horizontal tangents, since
it has been shown in §§2.4.4, 2.4.5 that when H = 0.125 a swallowtail point will be
created here on the AESS and on the MPTL. Bottom: the MPTL is shifted down in
the same view as in the picture at the top. Each of the MPTL and the AESS has

acquired a swallowtail.
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Figure 2.17: This figure is for H = 0.1. Again the picture at the bottom is of
the same view as in the picture at the top, but with the MPTL shifted up. The
two swallowtails have got smaller and they will continue to shrink until they become

swallowtail points.
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Figure 2.18: Here H = 0.125, so the MPTL and the AESS have a swallowtail point.
Top: the transformed arcs, MPTL, AESS, pre-MPTL, and pre-AESS. Note the pre-
AESS has not changed, as expected. Bottom left: a closer look at the area near the
swallowtail point (recognized by the MPTL having a horizontal tangent), bottom
right: same view as for bottom left, but with the MPTL shifted up.
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Figure 2.19: Now H = 0.14, and the picture at the bottom has the MPTL shifted
up in the same view as in the picture at the top. This figure shows the area near
where the swallowtail point was — now the AESS and the MPTL are smooth curves

at the point where the tangent to the MPTL and to the AESS is horizontal.
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MPTL

H=0.14

Figure 2.20: Cartoon of the example of creating a swallowtail transition by a family
of projective transformations, as in Figures 2.16 to 2.19. The two swallowtails shrink
until they become coincident swallowtail points and then these points become smooth

points of the MPTL and AESS.
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2.4.6 Examining the Direction in which Cusps Face on
the MPTL and AESS

Figures 2.16 to 2.19 show a swallowtail transition in which a cusp of the swal-
lowtail on the AESS faced in the same direction as a cusp of the swallowtail on
the MPTL. In other examples cusps of the MPTL have been observed to face
the coincident cusps of the AESS. Hence an interesting question is whether or
not coincident cusps of the AESS and of the MPTL face in the same direc-
tion or the opposite direction ‘near’ to a swallowtail point arising because of
tangents being parallel and affine normals being parallel at two points of the
curve contributing to the AESS? If so, a swallowtail transition such as that of
Figure 2.21 might be possible on the AESS and one the MPTL. ‘Near’ means
curves which can be perturbed slightly to give a swallowtail point on the MPTL
and on the AESS. One would suspect that the cusps do face the same way near
to such a swallowtail point, since the MPTL and the AESS both have swallow-
tails in which each cusp of the MPTL coincides with a cusp of the AESS. The
following shows this is true.

If we go back to the local coordinate system with two arcs parallel to the
xr-axis and a cusp on the MPTL at the point corresponding to t; = t; = 0,
so this point is a cusp of the AESS, then the two arcs v;, v2 are given by
(2.15). The corresponding parametrization of the MPTL as used in the proof
of Proposition 2.4.3.1 is given by:

(Z(bgc—z03)t§+_,_ ,g+(bg—c3)tff+~-~).
The sign of ¢ = (bgc;f’) determines which side of the y-axis the MPTL lies on:
(bs — c3)

C2

ba —
€ = M <0 , the cusp is to the left of the y-axis.
Co

if ¢ = >0 , the cusp is to the right of the y-axis,

The proof of Proposition 2.4.2.1 also used a parametrization of the AESS of
the arcs 71, 72 given by (2.15):

(§0_3<b3—03) a ng(bg—C3)(b3+Cg)t3+“‘)
1 .

A 7
4b3 Co rt ’2+2 b%
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c3 (b3—c3)

The sign of €5 = determines which side of the y-axis the AESS lies on:

T b3 co
Do —
if e = zg (bs = cs) > (0 , the cusp is to the right of the y-axis,
3 C2
Do —
€y = %M <0 , the cusp is to the left of the y-axis.
3 C2

MPTL MPTL
- — \MPTL
v
AESS
AESS AESS AESS AESS T

Figure 2.21: From Proposition 2.4.6.1 for curves close to a swallowtail point given
by parallel affine tangents and parallel affine normals, coincident cusps on the AESS
and on the MPTL face in the same direction. Hence, in this case, the swallowtail

transition as pictured cannot happen.

For the two cusps to face each other then €; and e; must have opposite signs,
but €3 = €1¢3/bs, so we need c3/bs to be negative. However,we are interested in
cusps that are part of a swallowtail of the AESS of curves ‘near to’ a curve with
a swallowtail point given by parallel affine tangents and parallel affine normals
at points which contribute to the AESS, and this means that b3 is close to
3. S0 ¢3/bg cannot be negative for curves near to one with such a swallowtail

point. Hence

Proposition 2.4.6.1 For curves close to a curve with a swallowtail point aris-
ing because of parallel tangents and parallel affine normals at points contributing

to the AESS, a cusp that is part of the swallowtail of the MPTL faces in the

same direction as the corresponding cusp of the AESS.

This means that the swallowtail transition as in Figure 2.21 cannot occur
for a swallowtail point arising in this way. The swallowtail transition which

does happen is as in the last three pictures of Figure 2.20.
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2.4.7 Conditions for the Standard Swallowtail Transi-
tion

Figures 2.14 to 2.19 show swallowtail transitions on the AESS and on the
MPTL, but it would be good to check that these are the standard pictures of
a swallowtail transition. We shall do this by regarding each as an envelope of
lines: from Definition 2.4.1.2 it can be shown that the MPTL can also be defined
as the envelope of lines halfway between points of v with parallel tangents, and
it can also be shown that the AESS is the envelope of lines halfway between
points of v with at least 3-point contact with a conic (see [GS00]).

Consider a family of lines in the plane given by
F(t,z,y)=y+m(t)zr +c(t) =0. (2.21)

The envelope is obtained by solving (2.21) with
oF
ot

where " (dot) denotes differentiation with respect to ¢t. Now consider a family

=m(t)x +¢é(t) =0,

of these envelopes:

G(t,u,z,y) =y +m(t,u)xr+ c(t,u) =0, } (2.22)
where Go(t) = G(t, ug, xo,yo) for ug, xo, yo constants.
For u = wg the situation is the same as in (2.21). Consider the set
E = {(u,x,y) eR?:. G = %—Cj =0 at (t,u,z,y) for some t} . (2.23)

For u = ug this is an envelope of lines and as ug varies the envelopes of various
families of lines are obtained. The envelopes form a surface F in (u, z, y)-space.
The conditions for the sections as ug is changed to give the standard swallowtail
transition as in Figure 2.13 are:

(1)  we need Gy to have a singularity of type Az at ¢t =0,

(17)  we need G to be a versal unfolding of the Aj singularity,

(7i1)  we require a generic family of sections of the surface F.

Compare this with [BG86, pp.179-187].
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(%)
From [BG92, p.51], the condition for Gy to have an Ajz singularity at ¢ = 0 is
that

2 3 4
D0y = To00) = To00) =0 and T0(0) # 0
We also need Go(0) = 0 from (2.22). Hence we require
yo + m(0,up)xo + c(0,u9) = 0, )
my (0, ug)zo + ¢ (0, uo) 0,
mu (0, up)xo + (0, ug) 0, (2.24)
Mzt (0, uo) o + cu(0,u0) = 0,
and My (0, uo) o + ¢t (0,u0) # 0,

where suffices denote differentiation.
If my(0,up) = 0 then ¢ does not give a unique point of the envelope when
u = ug. As an example, consider the tangents to y = x3. The tangent through

the point (,#?) is given by

w1 = Ly
so y = x(3t?) — 2.

The envelope of tangents is then given by F' = 0F/0t = 0, where F' = y —
x(3t?) + 2t3. So the envelope is given by

y—x(3t3) + 2t = 0
and —x(6t) +6t2 = 0

For ¢t = 0 this gives the whole of the z-axis, y = 0, so ¢ = 0 does not give a

unique point of the envelope. Hence, going back to our case of a swallowtail

transition, we also require that m; # 0 at (0,u() and therefore nearby.

We can solve the first two equations of (2.24) for xy and yy and so, for Gy
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to have type As at t = 0, we require

c¢(0,u0) )
Zo e (Oag)
o = m(0,ug)iF — (0, ug) ,
—mi (0, up) 2B 4 ¢4 (0,u0) = 0, (2.25)
_mttt<07u0>£t((%zoo)) +cue(0,u0) = 0,
_mtttt<07u0);;((00,z)o)) + cu(0,u0) # 0. )

(4)
The second condition is that G must be a versal unfolding of the A singularity.

From [BG92, pp.134-140], we consider the 2-jets with constant at ¢ = 0 of
0G /0u, 0G |0z, 0G0y, all evaluated at (¢, ug, o, Yo):

oG
%(t, g, To,Yo) = (mu(0,u0)zo + cu(0,up))

_'_ (mtu<07 uO)xO + Ctu<07 UO)) t

1

_'_5 (mttu<07 uO)'TO + Cttu<07 uO)) t2 —+ .. ,
oG 1
a—x(ta ug, o, Yo) = (m(0,ug)) + (m(0,u))t + 5(mtt(o,uo))t2 SR
oG
6—:c(t’ U, To,Yo) = 1.

Then, we have versality if and only if the rank of the matrix of coefficients is 3

my (0, up)zo + cu(0,u9)  m(0,up) 1
— M (0, o)z + ¢ (0, ug)  my(0,u9) 0 | #0O
M (0, o) o + € (0, u9) My (0,ug) 0
M4 (0, 110) (M4t (0, 10) 0 + Coru (0, o)) }

(2.26)
7# My (0, o) (M, (0, ug) o + (0, up)) -

To ensure that the family of sections u = ug of the surface £ from (2.23) gives

the standard pictures, we require that the plane u = ug does not contain the

limit of any tangents to any of the strata passing through the (Asz) swallowtail
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point. For the standard swallowtail surface, the limiting tangents to the As
and A;A; strata are the same line, and this line is contained in the limiting
tangent planes to the A; strata at points tending to the A3 point. So in our
case, we need only check that the limiting tangent to the A, stratum does not
lie in the plane u = ug. Hence for our surface E we need to verify that the
limiting tangent to the cuspidal edge (A, stratum) does not lie in the plane
U = ug.
The cuspidal edge of E is the set (a curve in (u, x, y)-space)
oG G

_ 3. _ _
E_{(u,x,y)eR 'G_E_W_O at (t,u,z,y) for some t}.

A tangent vector to this is obtained in the usual way:

R4 i~> R3
G 9%*G
(t,u,x,y) — <G7E73T)
|
R?’
(u,2,y)

The cuspidal edge is given by 7(G(0,0,0)), and a tangent vector to the A,
stratum is (0, &, n), where (7,0, &, 1) is a non-zero kernel vector of the Jacobian
matrix of G. So, what is required is that the limit of these tangent vectors
at smooth points (u, z,y) tending to the swallowtail point does not lie in the
plane u = ug, that is the limit of u-coordinates of these vectors (6 above) is not

Zero.

The Jacobian matrix of G is

G, G, G, G,
G tt Gtu Gtm th
Gttt Gttu Gtt:v Gtty

At a point of the cuspidal edge which is not the swallowtail point, G = G; =

Gy = 0 and Gy # 0, so kernel vectors of the Jacobian matrix evaluated at this
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point of the cuspidal edge are given by

-
0 Mux + Cy m 1 9
0 M, + Cy My 0O ¢ =
Gt M@ + o Mg 0
n
This gives an equation to determine 7:
(myz +c,)0+mE+n=0, (2.27)
an equation to determine 7:
GtttT -+ (mttuJT + Cttu)e + mtt§ =0 s (228)
and another equation to get £ in terms of 6:
(M + c4)0 + m& =0 . (2.29)

We start with a non-zero tangent vector (6,&,7n) to the Ay stratum in
(u, z,y)-space where (7,0,£,7n) is a non-zero kernel vector of the Jacobian of
G. Then we let this tangent vector tend towards a non-zero tangent vector
at the Az point. Now consider when # = 0, then by (2.29) ¢ must also be
zero as my(0,ug) # 0 is assumed. Then, by (2.27) n must also be zero, which
gives (7,0,&,m) = 0. Hence no non-zero tangent vector to the cuspidal edge
in (u, x,y)-space exists with the first component § = 0. Therefore the limiting
tangent to the cuspidal edge cannot lie in the plane u = wuy.

In summary, the sections of u = ug and E as ug varies form the standard
swallowtail transition if and only if the point (t,u, z,y) = (0, ug, To, Yo) is an Az
singularity (and so satisfies (2.25) ), and u, x, y are versal unfolding parameters
(so (2.26) is satisfied at (0, ug, To, Yo))-

2.4.8 Verification of Conditions for the Swallowtail Tran-
sitions on the AESS and on the MPTL

The conditions (2.25) and (2.26) for a family of envelopes of lines to give the
standard swallowtail transition need to be checked for the swallowtail transi-
tions of the AESS and MPTL from §2.4.4 and §2.4.5. The two arcs 7y, 72 as
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in (2.15) that were projectively transformed so that a swallowtail point was
created on the AESS and on the MPTL were given by (2.16):

1\l (03—63)(0215%—'—"')"'_@{)3’<C3_b3)(62t%+“'>+ab3 ’

absts acs(a —cpty + - ) )

. )
72( 2)'_>(<C3_b3)(a_c2t%+...)+ab3’(03—63)(a—02t%+"')+ab3

Using the same method as in the proof of Proposition 2.4.2.1, we can express
to in terms of ¢; such that the points of the transformed curve corresponding to
t1,ty contribute to the AESS. Then the family of midlines (that is infinitesimal
axes of affine reflexional symmetry of a curve) whose envelope is the AESS is

given by
Gl(tla xay) = Ml(tlatZ(tl))x + Yy + Cl(t17t2(t1)) )

where M, and C are known functions of ¢;. If we now assume H is a function
of u,s0 H = qo+qru+qou?+qsu®+-- -, then My = M, (t;,u) and C; = C(t;,u)
so we have the same situation as in (2.22). Hence, increasing u from positive
to negative values gives a transition. We want u = 0 to correspond to the Ag
point, so we let gy = (¢3 — b3)/abs.

The conditions for ¢; = 0 to give an A3 singularity are given by replacing m,
¢ by My, Cy in (2.25) and (2.26). The first two conditions of (2.25) give zo and
Yo in terms of the original arcs and it can be shown that the third and fourth
conditions of (2.25) are automatically satisfied. Also, from (2.25) we require

oM,
oty

Then, the last condition of (2.25) is satisfied if and only if

(0,0)#0 <~ 0203%0.

cs (acsby + abscs + c3(c; — b3)) #0 . (2.30)

Given that the Az conditions are satisfied, the versality condition (2.26) is
satisfied if and only if cscoaqy # 0, so let ¢ = 1, so that H(u) = (c3 —
b3)/(abs) +u+ - --. Then the versality condition is that

acyes # 0 . (2.31)
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The condition (2.30) is the same as (2.17), which is the condition to ensure
that no worse than a swallowtail point occurs on the AESS and on the MPTL
of the transformed curve, given at least an Aj singularity. This is the same as
the affine curvatures of the transformed arcs at t; = to = 0 being not equal.

The same method can be carried out for the MPTL, which is the envelope
of the family of lines halfway between points of a curve with parallel tangents.
This gives rise to the same conditions (2.30) and (2.31) for the transition on
the MPTL to be a swallowtail transition. Hence we can check (2.30) and (2.31)
for both the AESS and the MPTL.

In the example of §2.4.5, the values taken for the arcs of (2.15) were

a = 4, bg = —02, bg = 02, b4 = —025, Co = 02, C3 = 03, cy = 0.35

and all coefficients of higher order terms zero (that is b; = ¢; = 0 for i > 5,
Jj > 5). Since the conditions (2.30), (2.31) do not involve the coefficients of
H(u) = (c3—b3)/(abs) +u+ qu?+qzu®+- - -, we can let H = (c3—b3)/abs +u,
so H(0) = go = 0.125. The values of H giving the transition were H = 0.1,
H =0.125, and H = 0.14. Then the values of u corresponding to these values
of H are u = —0.025, v = 0, and v = 0.15. These values of the parameter
values satisfy both (2.30) and (2.31). Therefore the transition in the example
of §2.4.5 is the standard swallowtail transition on the AESS and on the MPTL.

2.4.9 Altering the Structure of the AESS and of the
MPTL by Projective Transformations

In §2.4.4 we showed that a projective transformation can simultaneously cre-
ate a swallowtail point on the AESS and on the MPTL. Then §2.4.5 gave an
example of a family of projective transformations which seemed to cause a
swallowtail transition on the AESS and on the MPTL. In §§2.4.7, 2.4.8 we ob-
tained and verified the conditions for the transition observed to be a genuine

swallowtail transition. Hence we have the following.

Proposition 2.4.9.1 A family of projective transformations can destroy or

create cusps in pairs on the AESS and on the MPTL by causing a swallowtail
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transition to occur on the AESS and on the MPTL. Hence the combinatorial

structure of the AESS can be altered by a projective transformation.

2.5 Further Research

There is a natural restriction of the ADSS by requiring that the affine distance
function d(x, s) has an absolute minimum at one of i, sy in the pre-ADSS. By
doing this the ADMA is obtained. This is because the ADSS is part of the
bifurcation set of the family of affine distance functions on . An analogous
definition of the AESS is not known, since the AESS is defined in terms of
contact between curves and conics or by an envelope of lines, and so the AESS
is not part of a bifurcation set. Can the AESS be defined using a distance
function? If this could be done then an AEMA could be found by minimizing
this distance function. Then the question is whether or not the combinatorial
structure of this medial axis is unchanged by projective transformations. This
topic is still to be investigated.

Also, as noted in §2.2, as yet there is no natural definition for one affine-

invariant symmetry set. Hence this is a problem to be decided.
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Chapter 3

The Euclidean Medial Axis in

Three Dimensions

3.1 Introduction

The Euclidean symmetry set and medial axis were introduced in §1.1. In R2, the
medial axis of a generic curve consists of smooth branches with endpoints, the
branches meeting in threes at special points (see for example [GK99]). Given a
smooth branch v and a radius function r of arclength s satisfying |dr/ds| < 1
we can reconstruct, at any rate locally, the two corresponding parts v+ and v~
of the outer boundary as an envelope of circles, centred on the smooth branch
and of radius r. (See for example [GKO03]; there will be other conditions which
are needed for the circles to be maximal.)

However, given a connected set of smooth branches with endpoints and
triple junctions it is far from obvious that this can be the medial axis of a
shape with a smooth boundary. Even considering the local situation, it is not
clear that from an arbitrary triple junction furnished with three radius func-
tions (agreeing at the junction point) we can expect to recover a smooth shape.
Nor is it clear that an arbitrary smooth curve with an endpoint, furnished with
a radius function satisfying v’ = +1 at the endpoint, can be the medial axis of

a smooth curve with a curvature extremum. In fact these two questions were
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examined in detail in [GKO03], where it was shown that at the triple junction
there are constraints on the geometry of the three branches and on the ‘dynam-
ics’, that is the derivatives of the three radius functions. Two of the simplest

of these constraints are

cos(pg + ¢3) = — cos Py = Z—g :

sin ¢1

(3.1)

singy | sings

where ¢; is the angle between the tangent to the medial curve 7; and the line
joining the point of contact and the centre of the tritangent circle. The first of
these is a constraint on the velocities of the medial curves near to an A? point.
It comes from the fact that the ¢; add to . Also, k; is the curvature of the
medial curve 7;. (See also [S99, SSG99] for work on the relationship between
the curvatures of the medial axis and the boundary.)

Constraints such as those above have an important application in the study
of stochastic shape. For work on this by D. Mumford, see [M03]. The con-
straints arise because close to a triple junction there are two ways to use the
medial axis to construct each piece of the shape boundary. Given two smooth
medial axis branches 71, vs, close to a triple junction, and choosing orientations
suitably, we reconstruct 4 and 75". Then 7;” must agree with v, at the point
where they meet. (See Figure 3.1.)

On the other hand in [GKO3] it is shown that there is no constraint on
the medial axis and radius function at an endpoint, beyond the fact that r”
should be non-zero at the endpoint — in fact if arclength is measured towards
the endpoint then 7” should be > 0 to ensure a minimum of radius. An explicit
formula is given for the curvature x of the medial axis at its endpoint, in terms
of the curvature k say of the boundary curve of the shape at the corresponding

point, an extremum of curvature:

3 k3 )
K=——"3, (3.2)

5 ( k”)2
where ’ (‘prime’) means differentiation with respect to arclength on the bound-
ary of the shape. Notice that this formula does not make any reference to the

radius function.
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Figure 3.1: The A3 case in 2D, where three smooth medial branches meet at an A3
point. At this point the medial axis must satisfy certain conditions, such as (3.1),
in order for the boundary to be smoothly reconstructed by an envelope of circles

centred on the medial axis.

In this chapter we take the step from R? into R3. In R3, the medial axis M
of a generic surface S, referred to as the boundary surface, has one of the local
forms given in Figure 3.2. We shall refer to these by their standard names from
singularity theory, where A; means that the contact between S and a sphere
has this singularity type. Thus A; means that the centre ¢ of the sphere lies
on the normal line to S at a point p, making ‘ordinary tangency’ between the
sphere and S at p; Ay means that c¢ is a centre of principal curvature of S at
p; and Az that in addition p is a ‘ridge point’ (see for example [HGYGM99]).
Juxtaposition indicates more than one contact point; thus A; A; = A? indicates
a sphere ordinarily tangent at two points.

This chapter examines in greater detail research that has already appeared
[PGKO04] and in a form [PGKO05] intended for submission to in a journal. It
examines connections between the geometry of the medial axis and dynamics
of the associated radius functions at points of these local forms of the medial

axis. The following cases are examined.

e The A? case: when three smooth sheets of the medial axis intersect in
a curve, called the A? curve. Points of this curve are called A? points.

Alternatively they are referred to as ‘Y-junction curves, points’.
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A2 A3 As Al A As SS A A3 MA

Figure 3.2: The local forms of the medial axis in R? in the generic case. Thus A? is
a smooth sheet, A3 is a Y-junction curve, A3 is a boundary edge of a smooth sheet,
A} is a point where four A3 curves lying on six sheets meet. Finally the ‘A4; A3 SS’
picture shows the ‘symmetry set’, consisting of a swallowtail surface and a smooth
sheet with boundary; this is truncated as shown in the A;Asz medial axis picture.
The point where the boundary (As) edge and the Y-junction (A$) curve end is the
Aq Az point, also called a ‘fin point’.

e The Aj case: where the two points of contact on the boundary surface
of a single medial axis sheet come into coincidence. This corresponds to
the medial axis being locally a surface with boundary — this boundary is
the As curve, referred to as the ‘edge’ of the medial axis, whose points

are Az points.

e The A} case: the point at which six smooth sheets of the medial axis
intersect, called an A{ point, or ‘6-junction point’. At this point, four A3
curves intersect, corresponding to a sphere tangent to the boundary in

four points.

e The A, Az case: where an A3 curve and an Aj curve meet and end, also
called a ‘fin point’, since the medial axis looks locally like a fin emerging

from another surface.

Here is a brief summary of the sections of this chapter.

§3.2: A Coordinate System for the Medial Axis in Three Dimensions.
This introduces the geometry and dynamics of the medial axis and gives

formulae to be used in the rest of the chapter.
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83.3:

§3.4:

§3.5:

83.6:

§3.7:

§3.8:

Radial Shape Operator. We review the definitions of Damon’s radial
shape operator [D03, D04, D05] and formulae connecting the differential
shape operator of the boundary and radial shape operator. We choose
a basis for our case of a two-dimensional medial axis and obtain a con-
nection between the trace, determinant of the corresponding radial shape
operator matrix. Also we obtain an expression for the principal directions

on the boundary to be used in the A% case in §3.4.

The A} Case. We obtain constraints on the geometry and dynamics of
the three medial sheets analogous to those discovered in the case of the
medial axis in two dimensions. We equate normals of the corresponding
boundary surfaces to discover first order information about the medial
axis. Then we use §3.3 to equate principal curvatures and principal di-
rections on the boundaries to discover second order information about

the medial axis.

First Example of the A3 Case. We take three general cylinders as
the medial axis near to an A? curve, where the radius functions ry, ry, r3
are unknown. Then we see what information we can obtain from the A3

constraints of §3.4 about the radius functions.

Second Example of the A3 Case. We take a parabolic gutter and a
plane as the boundary near to an A3 curve, so all of the terms in the
A% constraints of §3.4 can be calculated. Hence we can check that these

constraints are satisfied in this example.

The A} Case. Consistency conditions on the medial axis are obtained

at A} points, using the constraints of §3.4.

The A; Case. We discover a restriction on the radius function at an Az
point similar to that in two dimensions. Also we find a limiting value for
the Gauss curvature of the medial axis in terms of the geometry of the

boundary at an As point.
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§3.9: The A; A3 Case. We obtain the limiting form of the constraints in the
A3 case as two of the points of contact come into coincidence. We revisit

the second A3 example from §3.6 to illustrate the A; A3 case.

3.2 A Coordinate System for the Medial Axis

in Three Dimensions

In order to obtain results analogous to (3.1) in R?® we shall need to describe
carefully the construction of the boundary surface S from its medial axis M and
the radius function r. We begin with some definitions and formulae concerning
the geometry of the medial axis in R3, quoted from [GK04]. Consider Figure 3.3,
where there is a smooth (A?%) medial axis sheet v and its corresponding local
boundary surfaces v and v~. Thus spheres of radius r and centred on v are

tangent to the y*. We have
vH=y—rN*, (33)

where N7 is the unit normal to the boundary surface 4=, oriented towards the
centre of the bitangent sphere. We shall assume that near a point of interest
on 7 the gradient of r is non-zero and use the coordinate system given by the
lines » = constant, parametrized by t, say and referred to as ‘t-curves’, and
the gradient lines of r, parametrized by r and referred to as ‘r-curves’. We can
fix the (r,t) coordinate system close to (1o, 0) say, by taking ¢ to be arclength
along the t-curve r = ry. Arclength along the r-curves will be denoted by s.
Partial derivatives will be denoted by suffices in what follows.

The unit vector T is defined to be parallel to 7,, with N a unit normal
vector to the medial axis and taking U = N x T makes an orthonormal triad
T, U, N. The velocity v is defined by

Yr = vl ) Tt = 'UJU ; (34)

for w a function which satisfies w(rg,t) = 1 for all ¢. The velocity v is ds/dr

along the r-curves and when the medial axis is a locally a smooth (A?) sheet we
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Figure 3.3: The A? case in R3: there is a sphere of contact between the boundary at
4. At the centre of the sphere of contact the unit vectors T'and U lie in the tangent
plane to v and the vector N is the unit normal to 7. Also, N is the unit normal to
the boundary surface at v© and 7" is in the tangent plane to the boundary surface
at yT. Similarly for N~ and T~ at v~. The angle ¢ is the angle between the line
joining one of the contact points and the centre of the bitangent sphere. On the left

¢ is obtuse, on the right ¢ is acute. The cases where ¢ = 0, 7/2, 7 are limiting cases.

can choose v > 0, that is 7" to be in the direction of Vr (that is grad(r)), and
so T = Vr/||Vr|. This corresponds to the picture on the left of Figure 3.3. In
the (A?) case of the medial axis being locally three intersecting sheets there are
three such velocities v;, for 7 =1, 2, 3, but it is not possible to choose each v; to
be positive (see §3.4.1). Even so, in this case each v; is taken to be non-zero.

The convention of taking the boundary point v* to be on the ‘+N’ side of
T and denoting ¢ to be the angle (0 < ¢ < 7) turned anti-clockwise from 7" to
— N7, in the plane oriented by T, N, means that

N:I: — _Cosng:FSinQbNa } (35)

T* = Fsin ¢T + cos pN .

Here the unit vector T* is tangent to 4= and parallel to U x N*. We have the
important equation

cos ¢ = —% : (3.6)
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so that 7% and N* can also be expressed in terms of v as follows:

1 1
N* = -TF¥4/1-=N,
v v

/ 1 1
v v

These formulae for N*, T* hold for all points of .

Three ‘accelerations’ are important and are defined by:

radial : a =wv, ; transverse: a' =1, ; mixed: a* =w, .

Then, at y(rg,0), we have

YVor = aT +v*g"U + v?°k"N |
Yot = —vg"T +vg'U + fN |, (where f=uv7r"=—0v7'), (3.7)
Y =—9'T +k'N .

Here g", k", 7" are the geodesic curvature, normal curvature, geodesic torsion
of the r-curve at (rq,0). Similarly, ¢, k!, 7" are the geodesic curvature, normal
curvature, geodesic torsion of the t-curve at (ro,0). Some of the terms in the

above can be expressed in terms of the above accelerations. We have
—vg" =a" and vg' =a* . (3.8)

Now consider the medial axis as an arbitrary local parametrization ~y(x,y)
with an associated radius function 7(z, y). Then the envelope of spheres centred

on 7y is

OF, OF,
{x . there exist z, y with Fy = —d_Zd 0} ,
ox y

where Fy = (x —7(z,9)) - (x = v(,9)) — (r(2,9))* .
(This function is labelled Fj since it is similar to the distance-squared function.)

Let us calculate the envelope. Let (x — y(x,y)) = Ay, + py, + nN for some

A, i, 1, where suffices denote differentiation and N is the unit normal to v at
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(z,y). So

Fy = |x=AlP =r* = NE+2\uF +p’G+n* =0,
OF,
a—d = _2’7x'(x_’7)_27“7‘x:_Q(AE+MF)_2TT$:O’
x
OF,
a_d = 29 -(x—7)—2rry=—-2(AF + uGF)—2rr, =0,
Y

where ' = v, -7z, F' =7, - vy, G = 7 - 7y Solving the these equations for A,
1y 1 gives

) r(Fr, — Gry) r(Fry, — Er,) . Er2 —2Fr,r, + Gr2
= < = = @@ 77 =r —
EG-F2 """ TEG-F EG - F?

Hence, relabelling x as v* and using (3.3), we have

r (%U(Fry —Gry) + 'Yy(FTJC - Ery))

+= _
o=t EG — F?
Er2 —2Fr.r, + Gr2
+ry )1 — Y tY N . .
¢ (B 10) 39
Comparison with (3.4), (3.3), (3.5) gives
Er2 —2Fr_ r, + Gr2
. . o Yy 'y xT
sing = \/1 ( 0B ) , (3.10)
1 Er? —2Fr,r, + Gr?
2 o _ 'y x
cos’ ¢ = 3= g el : (3.11)
- Yo(Gry — Fry) + vy (Ery — Fry) . (3.12)

Ers — 2Fr,ry, + Gr?

3.3 Radial Shape Operator

This section contains results connecting the geometry and dynamics of a medial
axis sheet with the two corresponding boundary surfaces in three-space. These
are Lemmas 3.3.1.4, 3.3.2.1, 3.3.2.2 and 3.3.3.2, and will enable us to obtain
expressions for the principal curvatures and principal directions on the bound-
ary in terms of information about the medial axis and radius function. This
has most importance in the A? case, in §3.4. In order to obtain these lemmas

we consider the radial shape operator from [D03, D04, D05], introduced below.
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3.3.1 Introducing the Radial Shape Operator

We consider from [D04, D05| a smooth n-dimensional boundary B C R™"! with
its n-dimensional medial axis M C R"*! and the multivalued vector field R
on M such that B = {x 4+ R(x) : x € M, all values of R}. The pair (M, R) is
referred to as the skeletal structure. (In [D03] Damon considers a more general
M, that is an n-dimensional skeletal set, a special type of Whitney stratified
set, of which a medial axis is a special case.) We have R = rR;, where R; is a
unit vector field and r is the radius function. Defined below is the radial shape
operator Spq of the skeletal structure (M, R). (In [D03, D04, D05] U is used

for our R, but for us U is already in use.)

Definition 3.3.1.1 ([D04, §1]) In a neighbourhood of a point xy € M with
a single smooth choice of value for R, let Y(x) = = + tR(x) be a local repre-
sentation of the radial flow from M to B, and let the radial map be given by
Y1(x) = x + R(x). (The radial map is the time one map of the radial flow.)

See Figure 3.4, left for a picture of the radial flow.

Definition 3.3.1.2 ([D04, §1]) At a non-edge point xy of M with a smooth
value of R, let

OR,
Sraa(vV) = —projp | — |,
a(v) Projgr ( o )
for v € T, M. Here projp denotes projection onto T, M along R. Also,
ORy/0v is the covariant derivative of Ry in the direction of v. The principal
radial curvatures k,; are the eigenvalues of Syaq. The corresponding eigenvectors

are the principal radial directions.

In the above, the boundary points of M are called edge points so as not to
be confused with points of B. See Figure 3.4, right for a picture of the radial
shape operator.

We choose a basis v = {vy,...,v,} for T,,, M and let Sy denote the matrix

representation of S;.q with respect to this basis. Then dR;/0v; is represented
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Srad (V)

Figure 3.4: Left: the local representation of the radial flow from the medial axis
M to the associated boundary B in R?, where R is a multivalued vector field from
points of M to B. Right: the projection for defining the radial shape operator S;aq;

this picture is in R3.

for each 7 by

0R, =
8’Ui = a; - R1 - Z S53V5 - (313)
7=1
Using this, we can write
R
O A, R ST,
ov

where OR;/0v is a column vector with vector entries OR; /Jv;, and Ay R; is the
column vector with entries a; R;. Also, v denotes the column vector with i-th

entry v; (allowing an abuse of notation). The derivative of the radial flow can

&bt N or 8R1
8vi—v,+t(avi-R1+r-an). (3.14)

Let di(v;) = 0y /0v; and dr(v;) = Or/0v;.
In [D04] Damon proves the following.

be written as

Lemma 3.3.1.3 ([D04, Lemma 3.1]) Suppose (M, R) is a skeletal structure
and that xy € M is a non-edge point. Let R be a smooth value (on a non-

edge local manifold component Mg of xy) for which 1/r is not an eigenvalue
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of Staa at xg. Then, the corresponding ‘compatibility 1-form’ ng, given by
nr(v) = v.Ry + dr(v), vanishes at xo if and only if R(xo) is orthogonal to

the associated boundary at 1y (xy).

Lemma 3.3.1.4 ([D04, Theorem 3.2]) Suppose (M, R) is a skeletal struc-
ture such that, for a choice of smooth value of R, the associated compatibility
1-form ngr vanishes identically on a neighbourhood of a smooth point xq of M,
and 1/r is not an eigenvalue of Spaa at xg. Let xy = 1(xo), and v' be the

image of v for a basis {vy,...,v,}.

1. The differential geometric shape operator Sp of B at x, has a matrix

representation with respect to v’ given by

Spy = (I —7-5,)7S, . (3.15)

2. Hence, there is a bijection between the principal curvatures k; of B at x,
and the principal radial curvatures k.; of M at xo (counted with multi-
plicities) given by

Ko

ki = —— or equivalently K
1—7rk,

1R

(3.16)

3. Also, the principal radial directions corresponding to k,; are mapped by

di; to the principal directions corresponding to k;.

The above definitions and results about the radial shape operator are for
a medial axis M C R*"!. Now we will specialize to consider a smooth two-
dimensional medial axis M of a smooth boundary B and a radius function r» > 0
in three-space. We will choose a basis v = {vy,v5} for T, M and obtain the
matrix representation of the radial shape operator with respect to this basis.
The matrix S, will be expressed in terms of the geometry and dynamics of
the medial axis and, using Lemma 3.3.1.4, we will obtain an expression for the
principal curvatures and principal directions on the boundary.

Before Lemma 3.3.1.4 can be used, we need to check that its conditions

are satisfied in our situation of a medial axis in three dimensions. Firstly, we
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require that for a choice of smooth value of R, the associated compatibility 1-
form ng vanishes identically on a neighbourhood of a smooth point xg of M. In
our situation of smooth medial axis with smooth boundary we only consider R
orthogonal to the boundary B. By Lemma 3.3.1.3 this means the compatibility

1-form ng vanishes for all points of the medial axis. Hence

nr(v) = v-Ry+dr(v)=0
= dr(v) = —v-Ry,

for all v € T, M, taking —N* or —N~ as R; (see (3.5)). Secondly, we need
1/r not to be an eigenvalue of S;.q at zg. Since the boundary B is assumed to

be smooth, by Lemma 4.1 of [D05] we have that

. 1 . o .
r < min< — » for all positive principal radial curvatures x,;
Krpg

and for k,; < 0 we have 1 —rk,; > 0. Therefore 1/r cannot be an eigenvalue of
Siaqa at any point of M. Hence the conditions of Lemma 3.3.1.4 are satisfied,

so we can apply its results.

3.3.2 A Matrix Representation of S,,q in Three Dimen-

sions

Now we shall calculate the radial shape operator of v with respect to a chosen
basis {T',U}, where T', U are the vectors as defined in §3.2 at the point v(r =
ro,t = 0). Also, as in §3.2, the medial axis will be labelled 7, and the two
boundary sheets are v£. The derivatives OR;/0v;, for i = 1,2, are needed
for the radial shape operator. Note that R is assumed to be pointing from
points of the medial axis to points of the boundary, whereas N* points in the
opposite direction, from points of the boundary to points of the medial axis.
Therefore we shall take R; as —N* in what follows. Let S denote the matrix
representation of the radial shape operator of  corresponding to boundary v+

with respect to the basis v = {T,U} at v(r,0). Then we can write

+ 4+

gt 511 S12
v + + )

821 S22
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By (3.13), we need ON*/0T, ON*/OU in order to calculate the sfcj at
v(r0,0). At a point of the medial axis T is tangent to the curve t = constant,
that is the ‘r-curve’ parametrized by r. So the covariant derivative ON* /9T
is the same as ON*/ds, where s is arclength along the r-curve. Similarly, U
is tangent to the curve r = constant, that is the ‘t-curve’ parametrized by ¢,
which is arclength along this t-curve. Hence ON* /90U is the same as ON* /0t.
Since the following calculations will be used for the A3 case, we do not assume
that v = ds/dr is positive along the r-curves, which can be done when the
medial axis is locally a smooth A? sheet (see §§3.2, 3.4.1). Then, using suffices

to denote differentiation, (3.13) for the chosen basis becomes

S

NF =afN* + 5T + 55U
L. L L (3.17)

Now consider N and Ni*. By (3.5) we have
NE = ¢, (sin¢T F cos ¢N) — cos ¢T, F sin ¢N, |,
N = ¢ (sin¢T F cos pN) — cos ¢T} F sin N, .

By definition, at (rg,0) we can write the derivatives of 7', U, N in the

schematic form

5 T 0 g K" T
95 U = —q 0 7 Uu |,
N —k" =1 0 N
U 0 ¢ & U
and 9 T = —-gt 0 7 -T
ot
N —kt =7t 0 N

Hence N, N become

NS:IE = (¢s £ K")singT + (—g"cos ¢ £ 7" sin p)U + (F¢ps — k") cos pN ,
NF = (¢ F7")singT + (—g'cos ¢ £ k'sin @)U + (F¢p + 7") cos N .

We can simplify these expressions further by differentiating (3.6) with respect

to arclength along the t-curve, that is set r = ry and differentiate with respect
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to t. (This is allowed since (3.6) holds for all points of 7.) Then we can set
t = 0 to evaluate the derivative with respect to ¢ at the point (7o, 0). This
gives

o at
"v2sing  o?sing

¢y = —v

since a' = v; by definition. Then differentiate (3.6) with respect to arclength
along the r-curve, that is set ¢ = 0 and differentiate with respect to s. Then we
can set 1 = 1( to evaluate the derivative with respect to s at the point y(rg, 0).

This gives

PR S (VAL
T u2sing \ 'ds)  v3sing’

since we know ds/dr is v along the r-curve. Also, from (3.7) and (3.8) we have

"= —71! ¢" = —a' /v, and ¢' = a*/v. Then, using (3.5), we get the following:

t
Nt = (ivg S‘;mb . ,4") T* 4 <“ C;’w Tt sin¢) U,  (3.18)
t *
NE = (in ;w +Tt) T 4 (-“ C;w + it sin¢) U. (3.19)
+ +

In order to calculate the radial shape operator, we must deduce aj, a5,
st 81y, 83, 53, from (3.17), using (3.18) and (3.19). This gives two vector
equations to be solved, the first of which (from (3.17) and (3.18)) is as follows:

ai (= cos ¢T F sin ¢N) + s5T + s3,U

t
= (— 3? :i:/#") (sin T F cos pN) + <a COS¢$7tsin¢)U
Vo sin ¢
~— 0 = (—afcos¢+sﬁ+%qﬁ/@”sin¢>T
v
t
+<S§E1—a Cos¢i7tsin¢)U
v
5. a cos ¢ .
+ | Fay sing F 5—— + K" cosg | N .
v38in @

By definition, 7', U, N form an orthonormal triad, so the above holds if and
only if the coefficients of T', U, N are zero. Solving the coefficients of T', U,
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N equal to zero and using the fact that cos¢ = —1/v from (3.6) gives the
following:

4 —a K"
a; = + — CcoS
! (1)3 sin?¢ ~ sin gb) ¢
T

S =
11 . —
v3sin® ¢~ sin¢
t
a
£ _ to
S5 = —;ZFT sin ¢ .

The second vector equation to be solved (from (3.17) and (3.19)) is as follows:

ag (— cos ¢T F sin ¢N) + s5,T + s, U

t *
= (— 2a' :FTt) (sin T F cos ¢N) + (_a COS(bi/itsinqﬁ)U
v?sin ¢
at
— 0 = (—aicos¢+sf2+—2irtsinqb)T
v

+ <S§E2+ - stgb ZF/JSimb) U

a cos ¢

+ <:FQ§E sin ¢ F -7t cos¢) N .

Again, this holds if and only if the coefficients of T, U, N are zero in the
above. Solving the coefficients of T', U, N equal to zero and using the fact that
cos ¢ = —1/v from (3.6) gives the following:

—CLt ad (b
- , Ccos
v2sin? ¢ ¥ s ) ’
n _at 7"

Sy = .
12 v2sin? ¢ T oo o

v38in ¢

N

a

*

+ a t o
S35 = TR sing .
22 2 gb
Hence we have the following.

Lemma 3.3.2.1 The radial shape operator ST with respect to —N* and the
basis {T,U} at v(rg,0) is as below:

+ + __a K" _at t o3 1
gt _ [ s s _ [ e T s (~&Frtsing) sk (3.20)
v + 4 o t . * . ) ’
S31 Sam —% Frlsing 4 £ r'sing
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Let trace™, det™ denote trace(ST), determinant(Sy¥). Then

* r
a a K .
tracei = T = .93 -+ ) + - -+ /'it S1n (b s
v3sin“ ¢ v sin ¢
£\2

a*a a

v sin” ¢ vtsin® ¢
L a*k"v — ax' — 2atTtv

v3sin ¢ '

So we have the following.

Lemma 3.3.2.2 The trace and determinant of S satisfy

1 + _ K" ;.
a(trace —trace”) = + K'sing |

sin
a*k"v — akt — 2atTtv

1, B
i(det —det™) = Fsing

3.3.3 Principal Directions on the Boundary

(3.21)

(3.22)

The principal directions on the boundary can be expressed in terms of the

geometry of the medial axis by using (3.14) and Lemma 3.3.1.4. Let /@rii be one

of the principal radial curvatures, that is an eigenvalue of ST given by (3.20).

The corresponding principal radial direction is given by
Vit = 52T + (ki — s1)U

or, alternatively,
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The expression for the principal direction on the boundary using (3.23) is

Ay (ViF) = 512T+< 511)U+68—V1( N*)+ T(_g‘]/\f )
= 512T+< — 55U — (V£ - (=N%))(=N*)

0Ni ON*
+r (_S?:Z 8 - (’%7:5 - Sitl) 8t )
= 512T + ( K5 — s1,)U + 835 cos qui
+r(ky; — s17) (ag N* — sET — séEQU)
= s5,T + (k5 — s35)U + 53, cos ¢(— cos ¢T F sin ¢N)
+rsty (—ali( cos ¢T F sinpN) — s7;T — s, U)
+r(kf; — s11) (—a5 (— cos ¢T F sin gN) — s5T — s U)

After substitution for s3; ;; and ay o we get

t

a .
dwli(vli) = (_ﬁ F rlsin qb) (1- r/ﬁ)T
+(/{fl- — sﬁ + 7“(detjE — szKi))U
t
a ‘. cos ¢ 1
F (_ﬁ FT sm¢) m(l — 1k )N,
which is the same as

d?/)l (Vl ) = 312 sin® P(1 — TRy, )T + ( 311 + 7“(deti - SEtQKi))U

3.24
Fsi; cos psin g(1 — r/-cfi)N . (3.24)

This is not the end, since by the following lemma we can further simplify the
right-hand side of (3.24).

Lemma 3.3.3.1 The principal radial curvatures /@ - and the principal curva-

tures /{J on the boundary v* at v*(rg,0) satisfy
/-cj[(l — rtrace™ + r2det®) = k% — rdet™, (3.25)

fori=1,2, 5 =1,2.
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Proof.  Since the boundary sheet v+ is smooth, we know that 1/r is not
an eigenvalue of ST and, using (3.15) from Lemma 3.3.1.4, we have a matrix
representation S,+ys of S,+, the differential geometric shape operator of 7 at

i (7(ro,0)) with respect to v/, as follows:
S’yiv’ = (I - 7r- Sf)_le .

It is easy to show from this that

trace* — 2rdet™
1 — rtrace® + r2det® ’
det*
1 — rtrace® + r2det® ’
(trace®)? — 4det*
(1 — rtrace® 4 r2det™)2 ’

trace(Sy+y/)

det(Sfyiv/ )

and (trace(S,+/))? — 4det(S,ty) =

. +
so the eigenvalues r; of S +,/ are

trace® — 2rdet® £ 74/ (trace®)? — 4det™
2(1 — rtrace™ + r2det™)

Y

where 7 = sign(1 — rtrace™ + r2det®). So

trace® & 14/ (trace®)? — ddet™
/{f(l — rtrace® + rdet®) = race” £ 17/ ;ace ) b rdett

= k& — rdet®,

where 1 = 1,2, j = 1, 2, as required. O
We can use Lemma 3.3.3.1 to simplify the expression for a principal direction

on the boundary from (3.24) as follows. Since we have a smooth boundary we

know that 1 — 7 # 0 and so

d,ll)li(‘/li) — Si SiHQ (bT + (K/i - Slil + T(deti — 3§2K$))U
1 —rk 2 1 —rr;

51, cos gsin N .
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Using (3.16) from Lemma 3.3.1.4, the coefficient of U in the above becomes

K " rdet™ — 53
1 I (1 —7sgy) + I
—TK,; 1—rk,;

= (1= rsyp) + (L+rs7)(rdet™ — s73) |

since —— =1+ TR}
1—rk;

= k(1 —rtrace® + r2det®) + rdet™ — s

= /-ifj — 53, using Lemma 3.3.3.1.

Hence we have the following.

Lemma 3.3.3.2 The principal directions on v* at v (ro,0) are given by

s, sin? ¢T + (k5 — s7,)U F s cos ¢ sin N | (3.26)

fori=1,2 and where s1,, 51, s3,, 53, are given in (3.20).
The results connecting tracet,trace™ and det™, det™, and the expressions
for the principal directions on the boundary will be used in the following section

in the A$ case.

3.4 The A} Case

The A$ case of the medial axis in R? is that of points which are the centres
of spheres tangent to a surface in three points. In this case the medial axis is
locally three sheets intersecting transversally along a curve, called the A? curve
or Y-junction curve. Points of this curve are called A3 points or Y-junction
points and are centres of tritangent spheres, that is the spheres tangent to the
boundary in three points. The A% case corresponds to the centre of a sphere
with tangency with a surface in four points; it is a point where four A? curves
meet. An A;As point is an A? point where two of the points of contact have
come into coincidence. Hence the A3 case is the major case to consider, since

Al and A; A3 points are limits of A? points.
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Let the medial sheets intersecting along an A? curve be labelled 7, 7o,
vs3. Associated to each v; are two boundary surfaces 7~ and so there are
six associated boundary surfaces, but each coincides with one, and only one,
of the others, so there are three distinct surfaces. Let the identifications be
7" = 771, where we evaluate (i + 1) modulo 3 when (i + 1) > 3. Hence we
have 7" = 75, 7% = 73, 74 = 77 . This is analogous to the A} case in R? -
see Figure 3.1. In R? the identifications ~; = ~;;, had consequences for the
geometry and dynamics of the medial curves in the form of constraints such
as (3.1). Similarly, in R? the identifications ~;t = Vi+1 give rise to conditions
which must be satisfied by the medial axis. These conditions are obtained in
this section.

Here is a brief summary of what is to come in this section. The coordi-
nate systems used in the A} case are described and summarized in Table 3.1.
Using this the consequences of making the identifications ;" = ;. at first
order derivatives are examined, which result in Theorem 3.4.2.1. Then, us-
ing the first coordinate system, we go to the next order of derivatives and
obtain Theorem 3.4.3.2, which contains consistency conditions on the medial
axis. However, this does not obtain all of the information given by making the
identifications v;" = 77, up to second order derivatives and so, to extract all
of this information, the second coordinate system is used. This means that
we can reduce the number of variables involved in the conditions and so we
obtain Theorem 3.4.5.2. Alternative forms of the consistency conditions from
Theorem 3.4.5.2 are contained in Theorems 3.4.5.3, 3.4.5.4.

3.4.1 Coordinate Systems for the A} Case

The consistency conditions of this section are expressed in terms of two co-
ordinate systems, the first of which is based on the ‘(r,t)” coordinate system
defined in §3.2 for a single A? sheet. For the A? case we define the same
quantities on each medial sheet v; meeting along the A3 curve at an A? point
vi(r; = 1o, t; = 0) for ry constant. See Table 3.1 for a summary of the notation

used in this system.
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Figure 3.5: The medial sheets 71, 72, and 73 intersecting along an A? curve in R?
and the corresponding points of contact on the boundaries. Left: the vectors T,
Ty, Wy, Uy are all in the tangent plane to v;; Np is the unit normal to v; and N
is the principal normal to the A3 curve. Each T; points into 7;, but depending on
whether «; is obtuse or not U; might point out of the medial axis. Right: the angle
¢ between T and —Nl-i, where ¢ is chosen to be obtuse and so 7' is in the direction

of r increasing (r is the radius of the tritangent sphere).

The other coordinate system used is specially suited to the A3 case. We
consider the generic case of the medial axis, which means that the curvature
of the A3 curve is never zero. In this case we can set up a local Frenet frame
[T, N, B] at a point of the A3 curve, so T is the unit tangent to the A3 curve.
Then «; is defined as the angle between T; and T' (see Figure 3.5, left), and
1; is defined as the angle between N and ;. Let the 1; be such that 0 <
W < by < 3 < 27 (see Figure 3.6). The angle between N;y; and N o is
important when obtaining the consistency conditions, so let 6; = ;10 — ;41
and €; = sign(cos ;). Let r be the radius of tritangent spheres centred on the
A3 curve. Then ¢ is defined to be the angle between T and the line joining one
of the points of contact with the centre of a tritangent sphere (see Figure 3.5,
right). Take 7 to be increasing along the A3-curve so T is in the direction of r
increasing, and so ¢ is obtuse. Let the tangents 7; for + = 1,2, 3 point into ~;.

Now consider the circle passing through the points of contact, looking along
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the direction of —7T'. The normal N; to the medial axis sheet ~; is given by
rotating by /2 coherently with this circle the projection of T; into the plane
of contact points perpendicular to T, as in Figure 3.7. This gives the required

identifications ;" = Vit1- Then T is determined by the relation
proj(T;) = N; x T,

since we know that T; is parallel to the direction of Vr;.

Figure 3.6: This is in the plane of N and B, which are respectively the principal
normal and the binormal to the A‘rf curve. The unit normals NV; to the medial sheets
~v; and the angles 1; between N and N; are shown. The ; are chosen so that
0 <9 <ho <3 < 2.

These conventions mean we cannot assume each 7T} is in the direction of
Vr;. In the case of the medial axis being locally one A? sheet we could choose
the velocity v to be positive (see §3.2). For example, from Figure 3.7, left we
have Tp = —Vry/||Vrs|| and in Figure 3.7, right we have Ty = +Vry/||Vry||.
Hence, for s; arclength on the r;-curve, we let v; = ds;/dr; be non-zero along
the r;i-curves and so T; = £Vr;/||Vr;||. Then ¢; might be acute or obtuse and
so we allow v; to be positive or negative, but not zero.

The vectors T;, U;, and N; can be expressed in terms of 1; and «; for all
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Figure 3.7: The two possibilities for the points of contact in the A3 case. The view
of the points of contact looking along the direction of —7": on the left the points of

contact are in a semicircle, on the right they are not.

points of the A? curve, as follows:

N; = cosy;N +siny; B |

T, = coso;T +pN +qB ,

= (qcost; —psinyy;)T + sin); cos ;N — cos ; cos i B
where p, q are to be determined. From Figure 3.5 we have that
T .
T-U; = cos (5 —l—Ozi> = —sinoy
= (gcost; — psiny) ,

from the above expression for U;. We also have T; - N; = 0 by definition, and

so pcos; + gsiny; = 0. Hence we can solve for p and g and we get
p =sinq;siny; , ¢ = —sina;cosy; .

Hence we get the following formulae, which are valid at all points of the A3

curve:
T; = cos ;T + sin o sinY; N — sin o; cos ; B,

U; = —sinq;T + cos a; sin ;N — cos o; cos ;B (3.27)
N; = cos ;N +siny; B .
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Alternatively, we can obtain 7', N, B in terms of T}, U;, N;:

T = cos o; T; — sin o; U;
N = sin «; sin ¢; T; + cos «; sin Y;U; + cos; N; (3.28)
B = —sin «; cos ¢;T; — cos «; cos ;U; + sin; N; .

An important direction is the one perpendicular to 7" in the tangent plane to
i, which will be called W; = N; x T'. Using (3.27) we get the following formula

for W;, valid at points of the A? curve:
W; =siny; N — cos ;B . (3.29)

The first order notation for the coordinate system based on the A3 curve has
been covered, so now for the second order information. Let x, 7 be respectively
the curvature, torsion of the A3 curve, where, as before, s is assumed to be
non-zero for all points of the A3 curve. Also, let !V be the normal curvature
of 7; in the direction of W;. Differentiation with respect to arclength along the
A3 curve is denoted by ’ (‘prime’) and differentiation with respect to arclength
along a curve lying on ~; passing through the point v;(rg,0) on the A3 curve
with tangent W is denoted by " (‘dot’). Table 3.1 contains all of the new symbols

and their meanings.

3.4.2 Equating Normals of the Boundaries at A? Points

A point of the A} curve is a point of each v;, so the identifications ;" = 7,3,
and (3.3) mean that, for » = r(s) the radius of a tritangent sphere centred at
a point v1(s) = Ya(s) = v3(s) of the A? curve, where s is arclength along the

A3 curve, we have
+ . —
Vi =Ny = Vi =N

<~ N = N,

(2

— —cos ¢ l; —sing;N; = —cos@i1Ti1 +sin @1 Nigr
using (3.5). Adding the three equations given by N;" = N, gives
sin (blNl + sin ¢2N2 + sin (ngg =0. (330)
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The ‘(r;,t;)’ Coordinate System

Symbol | Explanation of Notation
Yis T A sheet of the medial axis near to an A? curve (i = 1, 2, 3)
with associated radius function r;
ri-curves | Gradient lines of r;, parametrized by r;
t;-curves | Lines r; = constant, parametrized by t;
Y:(r0,0) | Point on the A3 curve, where r; = ro (constant) and ¢; = 0
T;, N;, U; | Unit tangent to the r;-curve, unit normal to ~;,
U; = N; xT;
v The two boundary surfaces corresponding to ~;
N Unit normal to ;5
i, V; Angle from T; to —Nl-i, velocity v; = —1/ cos ¢;
a;, at, ai | Accelerations on v; (see (3.7) for a single medial sheet )
Ky Normal curvature of +; in the direction of the r;-curve
KL Normal curvature of +; in the direction of the t;-curve
7! Geodesic torsion of 7; in the direction of the ¢;-curve
The ‘A? Curve’ Coordinate System
Symbol | Explanation of Notation
T, N, B | Unit tangent, principal normal, binormal of the A3 curve
K, T Curvature, torsion of the A? curve
o Angle from T to T;
(x Angle from N to IV;, chosen so that 0 < ¢ < 1hy < 1h3 < 27
0; 0; = (ire — 1i41), the angle between Ny q and N;io
€ The sign of cos6;
0] Angle between T and —N;*, chosen to be obtuse
KV Normal curvature of 7; in the direction of W; = N; x T
' (prime) | Differentiation with respect to arclength along the A3 curve
(dot) Differentiation with respect to arclength along

a curve tangent to W;

Table 3.1: Table of notation for the A? case.
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Using (3.5), (3.27) we have the following formula for N:* in terms of ¢;, a;, and
(D%

N* = —cos ¢; (cos a;T + sin o sin 1; N — sin o cos 1, B)

co | (331)
Fsin ¢; (cos ;N + siny; B) .

We want to set N;r = N

11 at points of the A curve. From the formula

above for Ni*, the T' components of N;" and of N7, are equal. This gives

COS (b1 COS (¥] = COS (g COS (g = €OS @3 cos 3. Then we have
COS ¢ = COS ¢; COS v , (3.32)

since cos¢ = —Nii - T by the definition of ¢. Let ]\Afii be the normalized
component of NZ-jE in the N, B plane. Then we have the following:

NE = w (siny; N — cosy,; B)
sin ¢
:i:Sl,Il i (cosy; N + siny;B)
sin ¢
so N* = —cos¢T —sinpN* . (3.33)

Using (3.33) we have

N — N7 = —sing(N;" — N;7) = —sin¢(Nijrl—N7) .

3 K3 7

From (3.5) we have
N;" — N, = —cos ¢;T; — sin §N; — (— cos ¢;T; + sin pN;) = —2sin ¢; N; .
Hence N;" = N7, implies the following vector equation:
sin o(N;, — N;7) = 2sin ;N; (3.34)

Let us introduce auxiliary variables in order to solve (3.34). Set

Nt = ]\7;1 = cos B i1 N +sin 3, ;11 B (3.35)

7
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for : = 1,2, 3 at points of the A? curve, and where (i + 1), (i + 2) are evaluated
modulo 3 when (i + 1), (i + 2) are respectively greater than 3. And so

Nijrl — Nif = (cos Bi+1N +sin B ;11 B) — (cos Bi—1;N +sin 3;_1,;B)
— 2dn (ﬁi,i-ﬁ-l + ﬁz‘—l,z‘) sin (ﬁz‘—u - ﬁi,iﬂ) N

2 2
1 9¢in (ﬁi,i-ﬁ-l - ﬁi—l,z) cos <ﬁi,i+1 + ﬁz‘—l,z‘) B
2 2
Hence
szﬂ - N7

2
sin (%) (Sm (%) N — cos (%) B) |

Using this, (3.34) becomes the following:

sin ¢;(cos ;N + sin; B) =

This equation is of the form pP, = AQ; where P, (), are unit vectors, and so

gives the following two cases:

1. sing; = sin¢sin <w> ’

(cos iy sin ) — (sin (%) o (%)) |

2. sing; = —singsin (%) |

(cos ;, sin¢);) = — (sin (M) , — COS (%)) :

We can rule out case 2 given the conventions taken earlier, as follows. We
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have

ostysin) = (s (B s (et har))

_ COS —ﬁz‘,z‘ﬂ - ﬁifl,z’ _ E —sin ﬁz‘,z‘ﬂ + ﬁifl,z’ _ E
2 2/’ 2 2
Biiv1 + Bic1i +m . Biiv1 B+
= | cos , —sin -7
2 2
o < (ﬁi,iﬂ + Bic1i + W) . (ﬁi,i-ﬁ-l + Bic1i + W))
= | cos 5 , sin 5 )

Therefore we have

Biiv1 + Bicii +7

v, = 5 , which gives
T
Biiv1 = Vi + g1 — Yigo — 5
so Bi—1i = Biya, sincet—1=i+2mod 3
T

= Yint¥i—din-g5,

hence sin¢; = —singsin (%)
= sin@sin(yi — Yiyo) ,
so sing; = singsin(vy — ),
singy = singsin(ys — 1) ,
singg = singsin(y; — 1hy) .

We know that Ny, Ny, and N3 cannot lie in an angle of 7 for ~;, 72, and 3 to

be the medial axis near to an A? curve. This means that, since

0 <Y <y <3 <271, we must have
O<tp—tU1 <7, 0<tYY3s—tpp<m, m<P3—1 <27
= Sin(wl—wg) <0, Sin(wg—wg) <0, Sin(@bg—wl) <0.

Since sin ¢ > 0 and sin ¢; > 0 this means that sin ¢; = sin ¢ sin(Y; 11 — Vii2)

cannot be true. Therefore, we get a contradiction and so case 2 cannot be true.
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The remaining possibility is case 1. We have

(cos ¥, sin1);) = <sin (%) cos <%))

. Biiv1 +Bic1i 7™ . Biig1 + B w
= (cos| ——— ——|,sin | ———2> — — )
2 2 2 2

Hence we have

Biit1 + Biciy  w

e T Ty
which gives (401 = ¥ +¥it1 — Yiga + g ;
so Bi—1i = Biyes sincet—1=1i+2mod 3
= Yiy2 + i — Yiy1 + g
hence sin¢g; = sin¢sin (ﬁl Li — b ZH)
= sin@sin(yiy %H) ;

singy = singsin(¢ — 13) ,

(it

and so sing; = singsin(ys — y) |
(

sin s = sin¢gsin(yy — ) .

These solutions for sin ¢; are consistent with the conventions, since sin (¢, —1),
sin(i3 — 19), sin(¢y — 13), sin ¢, and sin ¢; are all greater than zero.

Lemma 3.4.1 Setting N;" = N, implies sin ¢; = sin ¢ sin(¢h; 2 — ¥iy1).

(3

We can substitute for ;11 in (3.35) to get more information about ¢;, ;.
We get

N:r(: N;—l) = COS ﬁi,i-‘,—lN + sin BZ i+1B e
cos ¢; sinq; |, | in ¢;
_— N — B

g (sin cos 1) )+ smgb

T , T
= Ccos (%’ + Yip1 — Y2 + 5) N +sin (%’ + i1 — i + 5) B

= —sin(Y; + Yiy1 — Yiro) N + cos(vs + ip1 — Vi) B

(cos ;N + sin; B)
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Equating the components of N and the components of B of the above vector

equation gives the following:

cos ¢; sin a; sin; + sin ¢; cos vy, = —sin@sin(v; + Vi1 — Yige) |
— cos ¢; sin a; cosY; + sin ¢;sinyy; = sin @ cos(Y; + Vi1 — VYive) .

Then, sin ;X first — cos; x second gives the following:

oS ¢; sin o

= —sing(cos(; + Yiz1 — Yiya) cosY; + sin(y; + i1 — Yiya) singy)

< cos@;sina; = —sin ¢ cos(Yira — Vig1)
s cosgy = —SmOcosWiny — Yin) (3.36)
S1n ¢

Assume cos ¢ # 0 which, by (3.32), means cos ¢; # 0 and cosa; # 0. Then
we have
cosp coS ¢ sin

cos ¢; _singbcos(@/)Hz —Yip1)

We can now solve for sin «; in terms of ; by using cos? a; + sin® ; = 1:
)

Ccos oy; =

(3.37)

cos? qy +sin®oy; =1 <—

. 9 cos? ¢
s o | 5 +1) =1
sin” ¢ cos? (Vi — Yit1)
tan® (Yip2 — s . :
and so sinq; = an QZCOS (Vir2 = Pira) , since sina; > 0
1 + tan® ¢ cos? (1o — Viv1)

— tan ¢| cos(Vit2 — Yit1)|
\/1 + tan? ¢ cos?(W;10 — Vir1) ’

since we took ¢ to be obtuse. Then from (3.37) we have

— cos ¢ sin q; B sign(cos(tiyo — Viv1))

sin ¢ cos(Yira — hip1) V/1+ tan? ¢ cos? (o — 1) '
Also from (3.36) we have
_ sin g cos(Yir2 — Yi1)

sin o

= sign(cos(¥ire — 1)) cos <;5\/1 + tan? ¢ cos?(W; 1o — Viy1) -

cosq; =

cos¢; =
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Now let us substitute the solutions for ¢;, a; into the expression (3.31) for
NE. We get

NE = —cos@; (cos ;T + sin a; sin¢; N — sin ; cos 1); B)
F sin ¢; (cos Y IV + sin ¢; B)
= —cos¢T
+sin @ (sin ; cos(Yiva — Yiy1) F cos ¢y sin(Yipr — Yipr)) N
+sin ¢ (— cos ; cos(Yir2 — Yit1) F sin ey sin(Yiye — tiy1)) B
= —cos T +sindsin(y; F (Yira2 — iy1)) N
— sin ¢ cos(v; F (Vize — Viy1))B .

Hence we have

Niyi = —cos¢T +singsin(ipr + ¥ — i) N
—sin ¢ cos(Vip1 + ;i — Yige) B
= N'.

)

. . . . + . —
Hence the solutions for cos ¢;, sin ¢;, cos o, sina; imply N;" = N, and so at

all points of the A% curve, N;" = N, for i = 1,2, 3 if and only if the solutions

for cos ¢;, sin ¢;, cos «y;, sin a; hold. Hence we have the following.

Theorem 3.4.2.1 The angles ¢;, o; are uniquely determined at all points of

the A3 curve by the following:

cosp; = —¢ \/(3052 ¢ + sin? ¢ cos? 6; | (3.38)
sing; = sin¢gsind; , (3.39)
cosqy = €8 e , (3.40)
\/cos? ¢ + sin? ¢ cos? 0;
, sin ¢| cos 6|
sinoyy, = , (3.41)
V/cos? ¢ + sin? ¢ cos? 0;

where 0; = i 0 — i1 and €; = sign(cos(Yo — ¥iv1)). There are no other
conditions on the medial axis along the A3 curve at the level of first order

derivatives. (See Table 3.1 for a summary of the notation used.)
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Remark 3.4.2.2 The equations (3.38), (3.39), (3.40), and (3.41) uniquely de-
termine «;, ¢;, in terms of ¢, 1;, and so the normals NZ-jE to the boundaries
are uniquely determined by ¢, ;. Hence Theorem 3.4.2.1 gives the complete
first order information about the boundaries %-i at points corresponding to the
A3 curve. Now 63 = 1y — 1)y = —6; — 05, and so cos ¢;, sin ¢;, cosq;, sin a;
can be expressed in terms of three variables ¢, #;, and 5. In the case when
cos; = 0 for some i the formulae of Theorem 3.4.2.1 are still valid, but we
must interpret —e¢; as the sign of cos¢;. Note that for any ¢, 1, ¥, 13 we

have sign(cos¢;) = —¢;, since ¢ is obtuse. Then, from (3.6), we have that

sign(v;) = €;.

3.4.3 Equating Principal Curvatures, Directions of the

Boundaries at A? Points

The normal to a surface determines the surface up to first order; it determines
the tangent plane to the surface. Then, in addition, the principal curvatures
and principal directions determine the surface up to second order. Setting

N+t = N—

; i1 gave first order information about the three medial sheets. Now

we want to gain second order information about the three medial sheets, so
we need to equate the principal curvatures and principal directions of v;~ and
Yiz1 at a point y;(r; = 70,t; = 0) of the A3 curve. Let S\Ji_ denote the matrix
representation of the radial shape operator of 7; corresponding to boundary
with respect to the basis v; = {T},U;} at v;(ro,0). Then let trace, dety be
the trace, determinant of Sf,[i. From (3.20) and using the notation of Table 3.1

+ (51i1)i (51i2)i
sz' - + +
(521)i (522)s
) T t .
T 5?1? b: + siz’@ (_Z_% F 7/ sin ¢Z> sin% Y

f— 3

ag t o a;‘ :t t o
— F 1, sing; o K; sin ¢;

we have

(3.42)

We have the following.
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Lemma 3.4.3.1 Equating principal curvatures on %J’, Yiz1 ot (10,0) is the

same as setting trace; = trace;,; and det] = det;, .

Proof. Let n be a principal radial curvature of +; corresponding to boundary
;7. Similarly, let v be a principal radial curvature of 7;;; corresponding to
boundary «;,,. Then, using (3.16) from Lemma 3.3.1.4, equating principal

curvatures on 7;", 7;;; is the same as setting

n B v
I—mrm 11— Tit1V

< n(l—rwv) = v(l —mrm), since 11 = r; at points of the A? curve
— n = v.

So equating principal curvatures on fy;r ; Yig1 is the same as setting the princi-
pal radial curvatures of ~; corresponding to boundary 7;" equal to the principal
radial curvatures of ;1 corresponding to boundary «,, ;. Then, equating eigen-
values of two matrices is the same as equating the traces of the two matrices

and equating the determinants of the two matrices. Hence the result. U

Equating principal curvatures on ;" Yir1 gives the following.

Theorem 3.4.3.2 (Consistency Conditions at A3 Points) The following
is satisfied at v;(r,0) on the A3 curve lying on v; fori =1, 2, 5:

3

> (mg sin ¢; + Siz’;) =0, (3.43)

(2

L (ar kT — gkt — 2atThy;
and Z o - - = 0. (3.44)

v3 sin ¢;
(See Table 3.1 for a summary of the notation used.)

Proof. By Lemma 3.4.3.1 we need to set trace; = trace;,, and det; = det;,,

for i = 1,2,3 in order to equate the principal curvatures on ;" Yiz1- Then, by
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equation (3.21) from Lemma 3.3.2.2, we have

T

1 A
—(trace — trace; ) = ' 4 kising; ,
2( ) ) ) sin Cbz ) gbl
13 3 "
80 o Z(trace;F — trace; ) = Z (/{f sin ¢; + — ) :
i=1 i=1 sin ;

But the left-hand side is zero, since trace; = trace;,,. Hence equation (3.43).

Similarly, equation (3.22) from Lemma 3.3.2.2 gives

* .7 t t -t
a; K{V; — QK — 2a;T;V;

1
?@ﬁ—@g):

v3 sin ¢ ’
3 3
1 afkiv; — a;kE — 2akTiv;
=) (det] —det;) = L L)
PP ;( e )
Again the left-hand side is zero, hence equation (3.44). O

Now to equate principal directions on ~;', Viy1 at the A3 point v;(rg, 0)
using (3.26) from Lemma 3.3.3.2. The method for this is as follows. Consider
principal directions { P, P,} on v;" and principal directions {Q1, Q2} on v, all
evaluated at (19, 0). If we say P is in the same direction as ()7 and P, is in the
same direction as Q2 on ;" = ~;,,, this is the same as saying P; - Q2 = 0. This
is because, given that the principal curvatures on ;" are equal to those on Vit
at (r9,0), it is only one extra condition to say the principal directions are equal.
Therefore, for another constraint, we want to identify the non-corresponding
principal directions on 7;" and on 7;,, and set their dot product equal to zero.

We assume ;" (g, 0) = 7,1 (ro,0) is not an umbilic. Let (k3);, (k75); be
the two principal radial curvatures of 7; corresponding to %-i. Given that
the principal curvatures on ~;", 7,1, are equal at ;" (r,0) = v, (0, 0), from
Lemma 3.4.3.1 we have that {(x});, (k5):} is the same as {(k,1)ir1, (Ko)it1}-

Let

1
(k) = = (trauce?E + \/(traucefc)2 — 4detf) :

1
(k%) = = (trace?E - \/(traceii)2 - 4detii) :

(\V]

(\V]
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Then we must have (k)i = (k)iz1, (Kf)i = (K)ir1 when 4 (r9,0) =
Yi21(70,0) is a non-umbilic, since trace; = trace;,,, det; = det;,, at (rg,0).
We introduce a shortened notation:

(tr)i,iJrl + Diit1

(Fh)i = (Fp)i = 2 ’
- (tr); ;01 — Disit1
(k)i = (Kl =—" 2 ’
where (tr),;,,, = trace] = trace;, ,

and D;;y1 = \/(trace;r)2 — 4det} = \/(tra(:e;rl)2 — 4det,; .

Using (3.26) from Lemma 3.3.3.2, the principal directions on ~;* are

and  ((s32)iTi + ((K2)i — (s11)0)Us + (s13)i cos ¢ N;T) .

The dot product of perpendicular principal directions on ;" = Viy1 at

viF (r9,0) = 7731 (r0,0) on the Aj curve is zero, so

((sz)z‘HTiH + ((Fr2)is1 — (811)i+1)Usp1 + (S12)it1 o8 <Z5z‘+1Nf+1) (3.45)
(s )i T + ((K1)i = (s7))Ui + (sa)icos g N;7) = 0.
Since N;"(rg,0) = N (ro,0), we have
Ti- Ny :Tz"N;r = —cos¢; ,

and Tivq- N;L = ljy1 - Nijrl = —COS Q41 -
So (3.45) becomes

((Sﬁ)i(sﬁ)iﬂ) Ti - Tip
W — (sﬁ)z> (s12)it1) Ui+ Tita
(DR P ()i ) (1)) T Use (346)
i HDiir (sﬁ)z> ((tr)”ﬂ# - (Sfl)z‘ﬂ)) Ui Ui

= (812)i(512)i+1 COS P COS Piy1 -
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Similarly, the two principal directions corresponding to (k%); and (k)11 are

perpendicular, so

((s12)i1Ti1 + ((Fr)isr — (511)i1) U1 + (519)i41 €08 dipa Ny )
((582)i Ty + ((52)i = (s1)0)Ui + (s15)icos s N;7) = 0 .

Similarly, this simplifies to become

((ST—Q) (512)z+1) T - Tita
(e P (1)) (s5)in ) Us - T
+ (H)ZM# - (3f1)i+1> (s12)i ) Ti - Uita (3.47)
(P = ) (P (sT)i) ) Ui Ui
= (512)i(572)i+1€OS hi COS Pig1 -

Then (3.46) — (3.47) is the same as
0=Diit1 ((s12)i1Tig1 - Ui = (s5)iTi - Ui
+ ((s10)i = (s11)i+1)Ui - Uiga) -
and (3.46) + (3.47) is the same as

(3.48)

2(s15)i(s12)in1 Ti - Tiga + (312),+1((tr)”+1 2(s1))i)Tiv1 - Ui
+(512) ((tr)mﬂ —2(s11)i+1)Ti - Ui
1
(5 (100~ D)
()10 (550 + (s0)av) + 2(58):50)iv1 ) Ui - Ui
(5;3) (812)2+1 cos (bz cos ¢z+1 :
This simplifies (using the definitions of (tr),;,;, Dii1, trace", and det) to
become
2(s12)i(s12)i41(Ti - Tiga — cos ¢; cos ¢z‘+1)
+(812)i41 ((522) (11 z) i+l
+(sta)i ((s:2)iv1 — (s11)i )T Uita (3.49)
+ (((Sﬁ (s11) z+1) ((3 22) (539 z+1)
—(s12)i(531)i = (s12)it1 (53 )z+1) Ui-Uiy1=0.
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Hence we have shown that {(3.46), (3.47)} is the same as {(3.48), (3.49)}
and so equating principal directions on v;", 7, is the same as {(3.48), (3.49)}
being true at ;(ro, 0). But we know that D; ;1 # 0 since we assumed that the
principal radial curvatures are distinct. Therefore we can cancel D;;;; from
(3.48). We can also use (3.27) to substitute for T} - T;11, Tiy1- Uy, T; - Uiy, and
U; - U1 We get

T;-T;y1 = cosq;cosa;rq + sinaq;sina;qcosb; s,
T, Uy = —cosa;sina;pg + sinq; cos ;1 cosb;io ,
Ti1-U; = —sinq;cosa;ig + cosaq;sina; 1 cosb;s ,
U;- Uiy = sina;sina;yq + cosa; cosa;q cosbys .

Then, using Theorem 3.4.2.1, we get

T, - Trrr€i€i1\/1 + tan? ¢ cos? 0;1/1 + tan? ¢ cos? 0,41
sin ¢
cos?
T, - Upr€i€ii1y/ 1 + tan2 ¢ cos? 0;1/1 + tan? ¢ cos? 0,4
sin ¢

= (cosb;11 — cosb;cosbys)
cos

Tii1-Us€i€ign \/1 + tan? ¢ cos? Qi\/l + tan? ¢ cos? 0,
_ ¢ (cosb; — cosb; 1 cosb;ys)
cos ¢

= 1+

cosB; cos ;1 cosb;o ,

Ui - Uii1€i€i41 \/1 + tan? ¢ cos? 91-\/1 + tan? ¢ cos? 0;
. 9
sin
= 5 a cosf; cos ;.1 + cosb;o .
cos

Using these, and substituting for (s75)s, (s12)it1, (511)i, and (s77)ix1 into (3.48)
and (3.49), we get the following.

Proposition 3.4.3.3 (Constraint on Curvatures) Given that the princi-
pal curvatures on v;, Vi1 are equal, the principal directions on v Vix1 are

equal at a non-umbilic point ;" (ro,0) = ~;1(ro,0) corresponding to ~;(ro,0)
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on the A3 curve if and only if the following equations hold:

at cos 0,41 — cos 0, cos b,
0 = —;—i-Tfsinqﬁl- ( o — +2)
cos ¢ sin ¢ sin” 6;

)

(cos@; — cosb; 1 cosb;yo)

+ Hl + 71 sin¢; 3.50
( Vi S0, H) cos ¢ sin ¢ sin® 0; ( )
T 202
+ + sin_¢ cos 0; cos ;41 + cos b2
v? sin? sm o cos? ¢

r )
a; K sin
4 ( +1 4o ) < a cosB; cos ;1 + cos «9¢+2)

vl sin 2gip1 singin cos? ¢

and

0= (s12)i+1 ((s32)i — (s11)i) zgsﬁ (cosl; — cos ;1 cosb;is)

+(s12)i ((552)i+1 - (311)z+1) C;Si (cos b1 — cosb; cos b;.)

C052 'COS2 i
+2(5755)i(s12)i41 (1 + 2 sin’ ¢ cos 6; cos 0,1 cosb; o — %) (3.51)

+ [((Sﬁ)i - (51_1)z‘+1) ((553)@' - (32_2)i+1)

_ _ in2
~(5): (55 = (sm)iaa (s )inn] (3% cos B cos i + cos B

where (s1)):, (s55)i, (55)i, (55,)s are given by (3.42) and cos¢; = —1/v;, sin ¢
are given by Theorem 3.4.2.1. (See Table 3.1 for a summary of the notation
used.)

3.4.4 Reducing the Number of Variables

Setting equal the principal curvatures on ;" = 7;,, at (rg,0) implies (3.43)
and (3.44) from Theorem 3.4.3.2, but we want all of the information about
the medial axis given by equating principal curvatures and principal directions.
We want to reduce the number of variables involved in the principal curvatures
and principal directions, which can be done by involving the geometry of the

A3 curve. Consider the following lemma.
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D)

Figure 3.8: Two sets {€1,e2}, {é1,é2} of perpendicular tangent directions in relation
to the principal directions ej, e2 on the surface S. These directions are used to obtain
formulae (3.56), (3.57), (3.58) for the normal curvatures and geodesic torsions of S
in the directions é1, és in terms of the normal curvatures of and geodesic torsions of

S in the directions {;,e3} and the angle (§ — 8).

Lemma 3.4.4.1 (Euler Formula) Let the principal curvatures on a surface
S at a point p be ki, ky with corresponding principal directions ey, es. Then
the normal curvature k, of S in the direction of V = ej cos@ + ey sin (where

0 is the angle from ey to V') is
k,, = k1 cos?0 + kysin?6 .

This equation is called the Euler formula. Also, the geodesic torsion t, of S in

the direction V 1s
tg = (ko — k1) cosfsinf .

Assume we are given kq, ko and eq, es. Then assume we are given the normal
curvatures K,1, kno respectively in two perpendicular directions €;, €3, where
the angle from e; to e is 0, and the geodesic torsion 7,4 in the direction of €;.
Now consider an unknown set of ‘geometries’ &y, A2, 741, which are defined
similarly as follows. We define k.1, A, as the normal curvatures of S at p in
the corresponding perpendicular directions é;, és where the angle from e; to
ey is 0. Also, let 7, be the geodesic torsion of S at p in the direction of é;.
We want to obtain formulae for {&,1, Kn2, g1} in terms of {R,1,Rn2, T41}. See

Figure 3.8.
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By Lemma 3.4.4.1 we have

Fni = k100820 + kysin?0 , R = kysin?6 + ks cos? 6 |

Ty = (ko —ky)cosOsind .

Solving these for ki, ko in terms of k,,1, K,2 gives the following:

ey = Fopy COS2 0 — Eng sin? 57 by = —Fopy sin? 0 +_En2 cos? 6 (3.52)
cos(260) cos(260)
p— = — = . 2_
ok k= 2 F) o (e T Ra)sin20 g
cos(20) 2 cos(26)

Also by Lemma 3.4.4.1 we have

fo1 = kycos?O+ kysin® . Fng = kysin® 0 + kycos? 0 , (3.54)
70 = (ky— ki) cosfsin . (3.55)

Hence, using (3.52), (3.54),
Rn1cos20 = R (0052 0 cos? 0 — sin? 0 sin? 5)
+Rn2 <sin2 0 cos? 0 — cos? O sin? 5)
= Rpcos(0 — 0) cos(f 4 0) + Fnasin(d — 6) sin(6 + 5)
= T cos(f — 0) (cos(é — 6) cos(26) — sin(f — ) sin

+Fpg sin(d — 0) (sin(é —0) cos(20) + cos(d — 0) sin(2§))

<< Rp1 = Fnl cosZ(é —0) + En2 sin 2(@ —0)
_ _ .sin(2(0 —0)) sin(20)
+ n2 — Ivp —
(Fnz = o) 2 cos(26)
<= Rp1 = FKp COS (6’ 9) + Ko Sin (6’ 5) T gl sm(Z(é — ?)) , (3.56)

(using (3.53)).
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Similarly, from (3.52), (3.54)
RpoC0s20 = R (sin2 0 cos? 0 — cos? 0 sin? ?)
+Rn2 (0052 0 cos? 0 — sin? 0 sin? 5)
= Fpusin(d — ) sin(f + 0) + Fpz cos(f — 0) cos(6 + )
= Fpsin(d —0) (sin(é — 0) cos(20) + cos(d — 0) sin(2§))
R cos(0 — 0) (cos(é — 6) cos(26) — sin(d — 0) sin(2§)>

(
& hp2 = FEnl sin2(é —0) + Rz cos2(é —0)
)

~(Fnz = ) 2 cos(26)

= gy = Fprsin?(0 — 0) + Fpgcos2( — 0) — Tysin(2(0 — 0)) ,  (3.57)
(using (3.53)).
Then, using (3.53), (3.55)

(EnQ — Enl) sin Qé

Tor = 2 cos(20)
 (Rn2 —Fm1) (. Aoz - N
- 7%&@5_@m@w—enmgwy+mqma—mmm@m)
_ %mm—zmmm@@—gn
1 S _ _ sin(20)
—i—§ cos(2(0 — 0))(Rn2 — Hnl)cos(Q@)
— 7, = %ﬁm—ﬁmhm@@—§»+meﬁ%9—®), (3.58)

(using (3.53)).

The equations (3.56), (3.57), (3.58) give formulae for &,1, Rn2, Ty in terms
of Bn1, K2, Tg1, and (é — @), which is the angle from &, to é;. Now consider
these quantities on the medial sheet v; at v;(rg,0) on the A% curve and let T,
Wi = N; x T, &], )", 7); be respectively €y, €, Fn1, Fn2, Tg1. Also let T;, U
be respectively é1, é;. Then, by definition, k7, kl, 7 are respectively RKn1, Kno,
741. Then (é — 0) = a; by definition of a;. Compare Figures 3.5, left and 3.8.
We can then substitute into (3.56), (3.57), (3.58) to get new formulae for s,

ki, 1 = —77, and we get the following.
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Lemma 3.4.4.2 The following formulae hold at v;(ro,0) on the A3 curve:

ki = K] cos’a; + k) sin® a; + 7 sin(20y) |
o T2 w2 T
K = K sin® o + K cos” a; — Ty 8in(20;)
1
t r_ — (T W\ N _ AT .
T, = -1 = 2(/@- K; ) sin(20;) — 75, cos(2aq;)
T T . . . .
where k; , T, are respectively the normal curvature, geodesic torsion of 7; in

the direction of T at ~y;(rg,0) and the rest of the notation used is contained in
Table 3.1.

Introducing the Geometry of the A3 Curve

T T
i Tgi

curvature and torsion of the A% curve (see Table 3.1). We have the expression

Now we shall find expressions for s in terms of k, 7, respectively the

(3.29) for Wj, valid along the A3 curve. Then we have the following, at 7;(rg, 0):

T 0 k 0 T
N | =| - 0 N |,
B’ 0 -7 B

where ’ (‘prime’) is differentiation with respect to arclength along the A% curve.

Also, at 7;(r,0) we have

T T
T’ 0 Ky K T
_ T T

M/i/ - Ry 0 Tgi Wi )
where /@g@- is the geodesic curvature of the A% curve on 7; at v;(rg,0). Using
(3.27) and comparing coefficients we can obtain formulae for /-@ZZ-, kI, and 7'97;
in terms of k, 7, ¢!, and ¥;:

Koy = KSinv; ., Kl =Kcosty; ,  Th =T+, (3.59)

Substitution of these expressions for !, T;; into the expressions for !, kl, 7!

from Lemma 3.4.4.2 and using Theorem 3.4.2.1, we get the following.
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Lemma 3.4.4.3 The following formulae hold at v;(ro,0) on the A3 curve:

K cos P cos? ¢ + k) sin? ¢ cos? O; — (1 + 1)) sin(2¢) cos 0;

Ky = S , (3.60)
. K cos 1 sin? ¢ cos? 0; + k1Y cos? ¢ + (7 + 1)) sin(2¢) cos b;

Ki = o2 4, ; (3.61)
. (kY — Kk cos ;) sin(2¢) cos B; + (7 + ) (sin® ¢ cos® 6; — cos® P)

T = o ,(3.62)

where cos? ¢; = cos? ¢ + sin® ¢ cos? 0;, by (3.38). Note that

Kkt = (7 = ol cos = (7 -+ 0])?
(3.63)
kI + Kb = Kcost; + kY.
The notation used is contained in Table 3.1.
New Formulae for a;, af, a}
Let the A? curve be parametrized by 71 = ro = r3 = r, that is let it be

vi(r,t;(r)) (same for each 7). Then, for s = arclength along the A? curve, we
have ~;(r,t;(r)) = vi(s(r)) for any r. Differentiating this with respect to r, we
get the following:
e i
dr or; + ot; dr
= wv;(cos ;T + sin o sin ;N — sin «; cos ¢; B)
dt;

+d—w,~(r, ti(r))(—sin ;T + cos a; sin; N — cos a; cos ; B)
r

using (3.27) and where s is arclength along the A3 curve. Comparing coefficients

gives
ds 1
— = = fi 3.64
dr cos ¢ oranys (364)
d?s d¢ sin ¢ , sin ¢
= — = —— = fi
dr? dr cos? ¢ cos? ¢ orany s
dt; sin oy 6 L= 0), s (ro,0) = 1
— = at (r; = ro,t; = 0), since w;(rg,0) =1 .
dr cos ¢ 0 0
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Then

72 = i)
dr ( dr  Or; + ot; dr

2 2 2. 2. A 2., A\ 2 A2,
N <§) N d*s 0%y D%y dt;  0*y; (dtl) O, d*t;

T80 p O 4%
dr dr?  Or? + or;0t; dr ~ 0t? ot; dr?
sin o

) at r; = rg, t; = 0 is the same as

dr

= (CLZCFZ — CL;’UZ‘UZ‘ + HZ’UZQNZ) + 2

CoS
2 * 2
sin” o a’ d“t;
Y RS A
* cos? ¢ < v; M ) * dr?

using (3.7) and (3.8). Then by equating components it can be shown that this

gives the following and nothing else at r; = rg, t; = O:

t;  al afsinq;  Kcosagsiny; ¢ singsinq,
dr? Cos ¢; cos ¢ cos? ¢ cos? ¢ ’
a; cos® ¢ = —2al sin a; cos® ¢ — a sin” a; cos ¢; cos ¢ } (3.65)
+k sin o sin ¢; cos ¢ + ¢’ sin ¢ cos ;.

(This can be checked by substituting for 7, k!, 7/ from Lemma 3.4.4.3.)
From (3.28) we have T = cos a;T; — sin o;U; for any A3 point, and so this

can be differentiated with respect to r:

dT ds ,ds(, T+ U) + 0TZ-+8Tl-dti
—— = —a.— (sino;T; 4+ cos;U;) + cosa; | — —
ds dr “dr or;  Ot; dr

. oU; n oU; dt;

—sinay; [ — — ],
87’i 615@ dr
which, at r; = rg, t; = 0, is the same as
N !
_c/Zs 3 — C:SZ¢ (sin o T; + cos o, Uy)
+cos oy (—ani . N; + o (—a: cos ¢;U; — TfNi))
COS @; cos ¢

t

. T sin ay;
—sinq; (aETi -

i : i+ ;) )
pr——y p— (af cos ¢;T; + K| ))

Equating components of the above gives the following and nothing else:
al cos ¢ + a; cos ¢;sin oy = af + Ksin; . (3.66)
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The equations (3.28), (3.27) hold at all points of the A? curve, and so they
can be differentiated with respect to arclength along the A% curve. It can be
shown that the equations this gives are the same as (3.60), (3.61), (3.62), (3.65),
and (3.66). Then, using (3.38), (3.39), (3.40), (3.41) from Theorem 3.4.2.1, we
get the following.

Lemma 3.4.4.4 The following formulae hold at ~y;(ro,0) on the A3 curve:
0 cos ¢ sin ¢ sin 6; N @' cos b;

aisingcosl; = alcosd— ksini; — =y o o (3.67)
a; cos® ¢; _ ajcosb; cos? ¢; ¢’ 0! cos 0; (3.68)
sin psin?f; ~ cos¢singsin®f; sing  cos¢sin®; | '

where cos ¢; is given by (3.38) and the notation used is contained in Table 3.1.

3.4.5 Obtaining the Complete Set of Consistency Con-
ditions

From (3.42) we can get an expression for tracel, the trace of S‘j,[i, which is

the matrix representation of the radial shape operator of ~; corresponding to

boundary v with respect to the basis v; = {1}, U;} at 7;(ro, 0):

a; ar KY .
tracef:—ﬁ+%i —— + Kkising; | .
vy sin® ¢;  v; sin ¢;

Then, using Lemmas 3.4.4.3 and 3.4.4.4, we get the following.

Lemma 3.4.5.1 The trace of iji s as follows:

at cos* ¢ K sin 1; cos? ¢;
cos ¢ sin ¢ cos 0; sin” 6; ~ sin ¢ cos b;
2¢ 0l A;
sin ¢ + cos ¢ cos 0; sin 6;
N (kcos;B; + kY sin® ¢ — (7 + 4]) sin(2¢) cos 6;)
sin ¢ sin 6;

traucel-i =

(3.69)

where A; = cos® 0; — cos® ¢sin®6;, B; = cos® ¢ + sin® ¢ sin? 6;.
Using this expression we get the following.
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Theorem 3.4.5.2 (Consistency Condition at A} Points) The normal
curvatures k" at v;(ro,0) on the A3 curve, fori =1, 2, 3, are uniquely deter-

mined by the following:

ki sin ¢ _ (afyy cos’ @isr + 07, Airysin @sin by
sin 6; cos ¢ sin ¢ cos 0,41 sin? 0,
_ <a§+2 COS4 ¢i+2 + 9§+2Ai+2 sin (b sin 9i+2) (3 70)
cos ¢ sin ¢ cos 0,5 sin? 0;..» '
K sin ;o cos? ¢y o B sin 1); 11 cos? i1 B B; cos ;
sin ¢ cos ;o cos ;1 sin 6;
Jr2(7 + 1)}) cos ¢ cos 6;
sin 92

Here A; = cos?0; — cos® ¢sin6;, B; = cos®¢ + sin ¢sin®6;. The equation
(3.70), together with Theorem 3.4.2.1 at (ro,0), gives the complete set of con-
sistency conditions on the medial azis at the A3 point v;(ro,0) up to second

order. From (3.70) we get

5 Woa . { . ' 2 ‘
Z (’%’ sin® ¢ — 2(7 + 1}) cos ¢ sin ¢ cos 0; + K cos ¢COS¢z) —0, (3.71)

sin 92

=1

which is the same as (3.43), but expressed in terms of the coordinate system

based on the A3 curve. (See Table 3.1 for a summary of the notation used.)

Proof. By Lemma 3.4.3.1 we have trace; = trace;,; for ¢ = 1, 2, 3. Then it is

easy to show

(trace;” = trace;,,) — (trace;,,; = trace;,,) + (trace;,, = trace; )

is the same as (3.70). Conversely, substitution of )", !\, into trace;, trace;,
= trace,,

5 11 for each 7. Hence (3.70) for ¢ =1, 2, 3 is the

i
complete solution of trace;” = trace;, ; for each i. By Lemma 3.4.3.1, in order to

implies that trace

equate principal curvatures on ;" Yit1 at 7i(ro, 0) we also need to set det! =
det;,, for i =1, 2, 3. Using (3.42) and Lemmas 3.4.4.3 and 3.4.4.4 we can
obtain an expression for det (the determinant of Sz at 7;(ro,0)). Then we can

substitute for k}", kY, k¥ and, using Maple, it can be shown that det;” = det,,
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is satisfied for i = 1, 2, 3. Finally, in addition to the principal curvatures of v;",
Yiz1 at (r,0) being equal, the surfaces 7;7, 7;,, are equal at (ro, 0) if and only
if the principal directions at (rg,0) are equal. From Proposition 3.4.3.3 this
is the same as (3.50) and (3.51) being true. Then, using Lemmas 3.4.4.3 and
3.4.4.4, we can substitute for £V, kY, kY in (3.50), (3.51) and it can be shown
using Maple that (3.50), (3.51) are satisfied for i« =1, 2, 3. Hence principal
curvatures and principal directions of ;" Yiqq for i =1, 2, 3 are equal at (ro,0)
if and only if (3.70) is true for ¢ =1, 2, 3. Hence the first part of the result.
Finally, it is easy to show using the definition of 6; from Theorem 3.4.2.1 that
taking the sum of (3.70) from i =1 to 3, we get (3.71). O

Alternative Versions of the Constraint

Using (3.67) we can express a! in terms of a; and so we get an alternative form
of (3.70) from Theorem 3.4.5.2, as below.

Theorem 3.4.5.3 (Consistency Condition at A? Points) The normal
curvatures k) at v;(ro,0) on the A3 curve, fori =1, 2, 3, are uniquely deter-

mined by the following:

kY sing 2 (egﬂ cosb1 0, cos 9i+2)

sinf;  coso sin 6,1 sin 6; o
2(1 + ) cos ¢ cos b;
+ -
sin 6;

2 2 ¢’
oS~ Pit1 <CL:+1 Cos” i1 — m)

+ .
cos? ¢sin? 0,4

(3.72)

2 2 ¢
oS~ Pjt2 (afm COS” Qi — m)
cos? ¢sin? 6,5
K (sin Yip1 cos? Gig1 €08 041 _ Sin ;42 cos? Giyacosbtiyy  cos %’B@')

sin ¢ cos? ¢sin? 0,4 cos? ¢ sin? 0,9 sin 6;

Here B; = cos®¢ + sin® ¢sin?6;. The equation (3.72), together with Theo-
rem 3.4.2.1 at (19,0), gives the complete set of consistency conditions on the

medial azis at the A3 point ~v;(ro,0) up to second order. Taking the sum of
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(3.72) from i =1 to & also gives (3.71). (See Table 3.1 for a summary of the

notation used.)

Another version can be obtained as follows. We have

al = gzz by definition from §3.2

0 —1
= % (cosqﬁi) from (3.6)

_ sing; 9¢;
cos? ¢; Ot;

Then, by (3.27) and (3.29)

U, = —sinog;T + coso;W;
d(x)
ot;

= —sina;(%)' + cos qa;()

at (r9,0), where (‘dot’) means differentiation with respect to arclength along a
curve passing through v;(ro, 0), with tangent W;. (See Table 3.1 for a summary

of the notation used in the A3 case.) Hence

‘ sin ¢; , . .
a;, = — — ¢ sin oy ; COS (v
7 C082 sz( gbz + gb )
sin @; sin o ) ) .
- 0 - (¢’ cos psin@; + 0 sin ¢ cosb;) + ¢; cos ;|
cos? ¢; COos ¢;

by differentiating (3.39) from Theorem 3.4.2.1 with respect to arclength along

the A? curve. Then we get

at cos* ¢; = — @' cos ¢ sin? ¢ cos 0; sin? 0; — 6 sin® ¢ cos? 6; sin 0

—gzéi COS ¢); COS P sin ¢ sin ;.

(3.73)

Then, substitution of this into (3.70) from Theorem 3.4.5.2 gives the following.

Theorem 3.4.5.4 (Consistency Condition at A? Points) The normal
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curvatures k) at v;(ro,0) on the A? curve, fori =1, 2, 3, are uniquely deter-

mined by the following:

kY sing (07, cos¢cos(20;41) — his1COS Piy1)

sin 6; cos ;1 sin ;4

(B4 cos @ cos(20;42) — Pir COS Pita) (3.74)

cos b osinb; o

K (sin Yiyo cos? Gitz  SInYi cos? Git1  cos %’Bz)

sin ¢ cos ;o cos b1 sin 6;
2(7 4 1} cos ¢ cos b;
+ - .
sin 6;

Here B; = cos?¢ + sin® ¢psin®6;.  The equation (3.74), together with Theo-
rem 3.4.2.1 at (19,0), gives the complete set of consistency conditions on the
medial azis at the A3 point v;(ro,0) up to second order. Taking the sum of
(3.74) from i =1 to 3 also gives (3.71). (See Table 3.1 for a summary of the

notation used.)

Remark 3.4.5.5 Consider when the denominators are zero in (3.70), (3.72)
and (3.74). A point for which sin§; = 0 for some ¢ is an A; A3 point and will
be covered in §3.9, which deals with the A; Az case. When sin ¢ = 0 the three
points of contact on the boundary are coincident and so the sphere of contact
has As contact with the boundary. This case is not generic for a surface, so we
ignore it. When cos ¢ = cos#; = 0 then cos¢; = 0 (see (3.38)), which means
that ||Vr;|| = 0. We assumed ||Vr;|| # 0 for our coordinate system in §3.2 and
so, at v;(ro,0), one of cos ¢, cosf; will be non-zero. Hence we can use either
(3.72) or (3.74). Points where ||Vr;|| = 0 are isolated and only occur for generic

surfaces on A? sheets, so we do not need to consider them in the A% case.

Now we consider when the radius r has a local maximum or minimum at

an A? point.

Proposition 3.4.5.6 When the radius r of the sphere of contact at an A3 point

vi(ro,0) has a local mazimum or minimum, the normal curvatures k)’ satisfy
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the following:

3 W
K.

¢ =0. 75

; <sin6’z~> 0 (3.75)

Proof. From (3.64), at 7;(r0,0),

d
o 0 < cosp=0.
ds
Then setting cos ¢ = 0 in (3.71) gives the result. O

Remark 3.4.5.7 The equation (3.75) is reminiscent of the second equation of
(3.1) for the medial axis in R2. Note that cos¢ = 0 implies cos ¢; = — cos 0;,
sin ¢; = sinf;, cosa; = 0, and sina; = 1, by Theorem 3.4.2.1. Then, from
(3.27), we see that T; = siny; N — cos; B, and hence that T;, N; are in the
plane of N, B for each 7. Then, from (3.3) and (3.5) this means that when
cos ¢ = 0 at y;(ro,0) then ~;(rg,0) and 7;*(rg,0) are all in the same plane for

each i. Hence the situation is similar to that of the medial axis in R2.

3.5 First Example of the A Case

Suppose the three medial surfaces v;, for ¢ =1, 2, 3 are general cylinders inter-
secting in a line, that is the A% set here is a straight line, the z-axis (see Fig-
ure 3.9). The consistency conditions of §3.4, including those of Theorem 3.4.5.2
(or alternatively one of Theorems 3.4.5.3, 3.4.5.4), were obtained using the as-
sumption that the curvature  of the A3 curve was never zero, enabling a Frenet
frame to be set up. If the A3 curve is a straight line then x is zero for all points
of the A? curve, which means the Frenet frame is not defined. When x = 0 the
principal normal N and the binormal B to the A? curve are arbitrary. Hence,
in this section we will make choices for N, B and use the consistency conditions
of §3.4 to gain information about the radius functions 7y, 9, r3 associated to

the three medial sheets i, 72, 73 at a point of the A3 curve, the z-axis.
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Figure 3.9: Left: an example of the medial axis as three general cylinders with the
A3 curve being the z-axis. Right: a further simplification of the medial axis where
each medial sheet v;, for ¢ = 1, 2, 3, is a flat sheet. Also shown is the corresponding

boundary surface.

Given that ¢; is a unit speed space curve, we parametrize the cylinders as

below:

vi(u,z) = 6;(u)+ 2(0,0,1), where §;(u) = (X;(u),Y;(u),0),
dX;\" (i) |

and ( o ) + ( du) =1 for all u (§; unit speed) ,

dy; dX;

du’  du

so Ni(u,z) = ni( ,O), where 7, = +1 .

Let d;(u;) = 0, for u; constant, so that vi(uq,2) = Y2(ug, 2) = y3(ug, 2) is a
point of the A3 curve. The radii ry, ro, r3 are all equal for points of the A3
curve, so 7(z) = ri(uy,z) = ro(us,2) = r3(uy, z) for all z. Hence all of the
derivatives of r; with respect to z are equal at (u;, z). We shall consider the
point on the A% curve given by u = u;, 2 = 0, corresponding to r; = 7, t; = 0.

In this example we illustrate Theorem 3.4.2.1 and one of Theorems 3.4.5.2,
3.4.5.3, 3.4.5.4. Firstly we shall calculate some quantities such as cos ¢; that
appear in these results and some that will be of use for an example of the Az
case. Equations (3.9), (3.10), (3.11), (3.12) give such expressions in terms of
an arbitrary parametrization. Using these (and replacing (z,y) with (u, z)) we

get the following expressions, which hold for all (u, z) near to u = u;, z = 0,
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where suflices denote differentiation:

;i 1 dX;  dv;
= iu yTiu— 5 Tiz | 3.76
or; r2 4+l ( du " ) (3.76)
v; = L, where ¢€; = sign(cos ;) , (3.77)
Vi T
T, = — = iu yTiu—; s iz | 3.78
(5 87’i ri2u + riQZ (T du " du " ) ( )
7 dX; ay;
U = NixT;= o <_Tiz—7 —Tiz—ﬂ’m) ) (3.79)
VT 17 du - du
dX; dY; dy; dX;
Ni = iu—z iu—l iz i 1—r2 —r? - — - . .
; (r T T T ):Fn T T”(du’ du’o) (3.80)
Using

or; Ou + ot; Ou ou du’ du’

or; 9z ot; 02 0z 0,0,1),

Oy, Or a%‘% i . <dXi ay; O)

and the facts that 0v;/0r; - 0v;/0t; = 0 for all (r;,t;) near (r; = ro,t = 0) and
that 0v;/0t; = U; at r; = ro (see (3.4)), we obtain the following:

€iMiTiz €MNiTiu
tiw = ———, ljy = —m—, 3.81
Nz R sy
Vi i dx; dY;
7 = L Vi Tz Tiu | (382>
8t2 A /ri2u + r?z du du

all evaluated at r; = ry.
Now for second order terms. By definition a;, af are respectively dv;/dr;,
Ov; /0t;. So we need to calculate these quantities in terms of the parametriza-

tions of the cylinders ~;. From the change of variables (u,z) +— (r,t;) we

-1
Up;, Uy, - Tiw Tiz - 1 tzz —Tiz (3 83)
Zry 2t tzu tzz Tiutiz - Tiztiu _tzu Tiu . .

Using this and differentiating (3.77) with subscript @ (which is allowed since it

get
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holds for all (u, z) close to u = u;, z = 0) we get the following:

ai _ (Tzzu'riuu + 2riurizriuz + Tzzzrizz) 3.84
o 2 22 J (3.84)
Vi (rzu + T@z)

a}; = 0 (Tzurzzrzuu + ( T, — Tfu)rwz riurizrizz) ’ (385)

(rzu + Tiz)Q
both evaluated at r; = 9. Now to calculate af. From (3.7) and (3.8) we see

that

82 ; 62 ;

! Oriﬁti ! th

Using the chain rule on 0v;/0u, 0v;/0z and using (3.81), (3.84) and (3.85) at

r; = ro gives the following:

2 2
a* o Tz‘zriuu - 2riurizriuz + Tiurizz (3 86)
L (r2, +r2)? ' '
iu iz

We can also calculate the terms of the geometry: x!, !, and 7. Although
these are not required for the constraints, they will be of use in §3.8. From
(3.7) we have

o 1y . 19y 0N,
oz orz T w20r Ory
it = 0? Vi o _a%' ) ON;
v orot; or; oty ’
ol Py _ Oy ON; .
t ot? ! ot, 0ot

Using (3.83), we can calculate ON;/0r; and ON;/0t;, evaluated at r; = o Then,
using (3.76) and (3.82) we get

K: = - - - )
’ r2 +r2 \ du? du du du? )’
o mrh (EXidY  dX Y, (358)
’ r2 42 \ du? du  du du® )’ :
t TiuTiz dQXz d)/Z dXZ dQ}/Z
i - - .89
i r2 412 < du? du du du? )’ (3.89)

all evaluated at r; = ry.
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We want to gain information about the radius functions r; along the A3
curve from Theorem 3.4.2.1 and one of Theorems 3.4.5.2, 3.4.5.3, 3.4.5.4, which
must hold at points of the A? axis. As described above, the Frenet frame is not
defined when & is zero, but since kK = 0 we choose T' = (0,0, 1), and N = (0, 1,0)
and then B =T x N = (—1,0,0). Then x = 0 and 7 = 0. The A? curve is
vi(ui, 2) = (0,0, 2), so by (3.27) we have

N; = cosy;N +siny; B

. dy; dX;
= (—sinty,cos;,0) = 1 (%(ul), —%(ui), 0)
dX; av,
o (u;) = —m;cosy; T (u;) = —m;sin; | (3.90)

for any z and where the derivatives of §; are evaluated at u = u;. Using these
we can get expressions for cos6;, sin6;, since by definition 6; = ;10 — ;1.
Note that the v; are constants along the A} curves, that is at (u = u;, 2).
Hence ¢! = 0 along the A3 curve. By (3.64) we have dr/ds = — cos ¢, where
s is arclength along the A? curve. In our example z is arclength along the A3
curve, so we have

,
cosp = —ri(u;, 2) = —r, = ¢ =-—"—.
sin ¢

We assumed ¢ was obtuse along the A? curve in the general case, so cos ¢ < 0.

Hence r, > 0.

3.5.1 First Order

Now we shall consider Theorem 3.4.2.1, which gives

CoSp; = €;COos gb\/l +tan? ¢ cos? 0; = —e;r, \/1 +
= —e/ri, + 12, from (3.77) ,
= 72 = (1—r}cos’d; and so (1 —712) >0,

for any z and where the derivatives of §; are evaluated at v = u;. Using (3.80)

and the fact that N;" = N, along the A} curve we get

Tiw = —nicosBin/1 —12 at (u=u;, 2) . (3.91)
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Hence we can uniquely determine 7, (u;, z) in terms of r,(z) and the first order

derivatives of 123 at u = uy 23 and so we have the following.

Remark 3.5.1.1 Knowledge of the first order derivatives of the radius along
the A? curve and of the curves ; at a point of the A? curve uniquely determines

the first derivatives of the r; in every direction.

3.5.2 Second Order

Now we shall consider the second order constraints, that is (3.72) from Theo-
rem 3.4.5.3. For the moment cos ¢ is assumed to be non-zero, that is r, # 0.
Most of the terms vanish since k = 0, 7 = 0 and ¢} = 0 along the A} curve.
Firstly, we can differentiate (3.91) along the A3 curve, that is with respect to
z, to get an expression for ry,, (u;, 2):

L meosfirr.,
We have ¢’ =r,,/sin¢ and (3.86) gives us a, so the last term we need is &

By definition

w

i

WZ':N@'XT, KJ;}VI—NZWZ,

where by definition ~ (‘dot’) means differentiation with respect to arclength

along a curve passing through ~;(rg, 0) with tangent W; (see Table 3.1). Now

dX, dy; 07

du’ du u
and so for this example let " (‘dot’) be the same as (—n;d/du) at z = 0 for all u

on ;. Therefore

dN; dX; d*Y; d*X;dY;
W <_m ; (u’0)> Wi = —n; < — ) . (3.92)

’ u du  du? du? du
Using these expressions, (3.74) from Theorem 3.4.5.3 becomes the following
at (u=u; 2z =0):
kY /1 —r2 (7“(241) +77) 5 r
sin 6; T2 sin? ;44 <TZT( +Duu + (1—12) (( rz) cos” Bt ))
(T(2i+2)u + Tz) T2z

e (2 e (1= 1) cos? iy — 1
@Mmz@m”+WﬂW ol =1 )

123



for i =1, 2, 3 and where s} is given by (3.92). Attempting to solve these

consistency conditions for 7, (u;, 0) for i = 1, 2, 3 only gives

(r3u+r2) _ kg sing (i, +rre

Touww— 5, = ; + cos?0y(1 —r¥) =1
2 G2 0y sin 03 r2(1 — r2)sin® 6, ( i :) )
72+ ) ra, + 1.,
( 1 — ) luu 2( 2 2 ) ’ (COS292(1—7’§)—1) :
sin® 0, r2(1 — r2) sin” 0,
(r2, +12) kY sin ¢ (r2, +r3r.. 9 4
T3uu———y—t = - + L £ cos“ (1 —r;)—1
2 sin? 0 sin 6, r2(1 — r2)sin® 6, ( i )= 1)

(r%u + rg)rluu . 7n?2,u + Tz)rzz

(
sin? 0, r2(1 — r2) sin® Oy
Ky
Z (sin 92) a 0 ’

=1

(cos?O3(1 —rd) —1) |

so we can only solve for two of ry,,(u1,0), Touu(us2,0), 734, (us,0). This last
equation is a constraint on the curves 9; — it must be satisfied if there is to
be a smooth reconstruction of the boundary. Compare this with the second
equation of (3.1) in R?, since for three general cylinders the three points of
contact of the tritangent sphere with the boundary are in the same plane as
the corresponding A% point.

Now consider the case when cos ¢ = 0. Using Theorem 3.4.2.1, substitution

of cosp = 0 in (3.74), with some simplification, gives the following:

Kt _ i1 _ i (3.93)
sin 92 sin 9i+1 sin 9i+2 ’

In this example cos¢p = 0 <= r, = 0. We have that " (‘dot’) is the same as
(—m;d/du) on ; and, using (3.77), we get

(Tiuriuu + Tizriuz)
sin (bl

¢; cos ¢; = i at (u=wuy, 2) .

Then, using Theorem 3.4.2.1 we get b; = Tiuw/ $in6; when r,(0) = 0 at (u;,0).
Hence (3.93) becomes

W .
Kq Sln¢ T+ uu T(i+2)uu

sin 6, sin? @41 sin?6,,,
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This then gives

r Ty "{gv sin ¢ r Tuu K'IQ/V sin ¢
2uu . - . y T3uu — . .
sin? 6, sin 05 sin® 0, sin 6,
3
K

and E - =0,

L~ gin 6;

=1

at a point of the A% curve for which cos ¢ = 0. So again we can only solve for

two of 714, (11, 0), Touu(tz, 0), T34, (us, 0).

Remark 3.5.2.1 In summary, for a given set of three general cylinders, the
derivatives r,(0), riyu(u1,0) and r,.(0) and the first and second derivatives of
; at u = u; uniquely determine all of the other derivatives (up to second order)
of r; in all directions at (u = u;, 2z = 0) for ¢ = 1,2,3. The curves §; must also

satisfy the constraint:
3 w
K
g —— =0, thatis
sin 6;

1=

> ( G (1) () — G0 () G () ) -0
(wit1)

% (U’H-l) du u’i+2) — d)flijQ (Ui+2) diz;l

=1
3.5.3 Three Planes

Now consider the curves §; as straight lines, so the v; are planes, parametrized
as below:
0(u) = (Xi(u),Yi(u),0) = (u,0,0),
(—u, Au,0)
VI+A2
(—u, —pu,0)
Vit p?

for u > 0 and where A, p are both positive constants. Then u; = us = ug =0

Oo(u) = (Xa(u),Ya(u),0) =

d3(u) = (Xs(u),Ys(u),0) =

corresponds to the A3 point. Using (3.90) we get

costpy = —m, singyy =0,

coSy = 2 sin iy = —L)\
VI V1422

costpy = s sin i3 = 5P

Vit p? ' V1t+p?
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Then

. : A+
sinf; = sin(yYs — 1) = \/1?7177:;(2\/1/2/)2 :

. . Thnsp
sinfly = sin(yY; — ;) = —/——
V 1+ p?

N2

VI

Since sin#; > 0 for each 7 we get n; = 12 = n3. Then
1—Xp
VI+X/1+p2
-1
V14 p?
-1
R

By definition (see Theorem 3.4.2.1) we have that

sinfl3 = sin(Yy —1Yy) =

cosf; = cos(ihz — 1) =

cosfly = cos(ihy —13) =

costly = cos(ty — 1) =

sign(cos ¢;) = —sign(cosb;) = —e; = —sign(v;) ,
by (3.6). Therefore, for this example, we get
sign(vy) =sign(l —pA), 12 <0, v3<0 .

So there are two cases: if the angle between the half-lines 05, d3 is acute, then
vy > 0, vy < 0, vy < 0; if the angle between s, 03 is obtuse, then v; < 0 for
i=1,2,3. When (1 — p\) =0 then cosf; = 0. By Remark 3.4.2.2 when this
happens we must interpret ¢; as the sign of v;. Hence there are still two cases:

v1 positive or negative.

3.5.4 Three Circular Cylinders

Now consider the curves §; as segments of circles, so the v; are segments of

circular cylinders, parametrized as below:
oi(u) = <pi + d; cos <dﬂ) ;@i + d;sin (dﬂ) ,0) )
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where p;, ¢;, and d; are constants, and d; > 0 for each i. Then (3.30) becomes

3
;m sin ¢; (cos (Z—:) , sin (Z—z) ,0) =0.

From (3.92) we get s} = —n,/d; for all u. Then

3 3
"fyv i

E - =0 becomes E - =

. sin 0; C— (; sin 0;

i=1 i=1

and, since d; > 0, sinf; > 0 for each i, we cannot have all of n;, 12, n3 the same

sign. (Recall from the start of this section that 7; is defined by

dy; dX;
Ni(u,z) = <du’_%’o) , where n; ==+1.)

3.6 Second Example of the A} Case

Let the boundary surface be a parabolic gutter given by z = by? and the
plane x = p for b > 0, p > 0 constants. The boundary is not smooth for
points where = p intersects with z = by?, but we imagine the boundary is
‘smoothed off” near to these points. A sphere whose centre lies on the A% curve
has two points of contact with z = by? and one with = p. See Figure 3.10
where b = 1, p = 0.6. We shall explicitly calculate the medial axis and all
of the terms which appear in the constraints in the A3 case given by one of
Theorems 3.4.5.2, 3.4.5.3, 3.4.5.4. These constraints can be verified in this case.

3.6.1 Calculating the Medial Axis

Firstly consider a sphere tangent to the parabolic gutter in two places. A

general point of the normal to z = by? at (z,y, by?) is

(SL’, Y, by2) + :u<07 _Qby7 1) )

where p > 0 since (0, —2by, 1) is an inward normal (compare with N* from

(3.5) which points from the boundary towards the centre of the corresponding
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‘/’/’

Figure 3.10: An example of a boundary surface consisting of a parabolic gutter
2z = by? with a flat end = p for b = 1, p = 0.6 and its medial axis near to an
A3 curve. The boundary is in wireframe, the medial axis is shaded. The A3 curve
is where the three medial sheets intersect. The Az curve, or edge, lies on the flat
medial sheet and corresponds to centres of bitangent spheres where the two points
of contact have come into coincidence at the bottom of the gutter. This edge is a
straight line parametrized by (u,0,1/2b) and ends at an A; A3 point, where the A3

curve also ends.

sphere). By symmetry the centre of the sphere will lie on the plane Y = 0 and
the points of contact of the sphere with the parabolic gutter will have equal
and opposite values for y. Hence = 1/2b and the centre of the sphere is

1
(:L‘, 0, by2 + %) .

From (3.3) we have r = ||y~ — 7||, and so the radius of the sphere tangent to

the parabolic gutter at (z,y, by?) and (z, —y, by?) is

| (z,y, by?) + (0, —2by, 1) — (z,y, by?) ||
= ||(z, —y,by?) + p(0, —2by, 1) — (z, —y, by?)|

= i\/14—4Z)2y2 .

2b
Hence, labelling the A? sheet corresponding to the two points of contact on the

parabolic gutter as 7y, we have

1 1
71(5671/) = ('T>O7by2 + _) ) Tl('ray) = 2_b \% 1 +4b2y2 . (394)

20
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In a similar way, labelling 3 as the A? sheet corresponding to the points of

contact (p,u,v) and (z,y, by?), we get

wly) = (2y(l=200),0y° + X)), rs(zy) =p—x.  (3.95)
where A\ = — 2%
1+ 4b2y?
(This is labelled ~y5 since if it were labelled 7, it can be shown that conventions
taken in the general case are violated.) Symmetry gives the other medial sheet

7 corresponding to the points of contact (p,u,v) and (z, —y, by?)

Yoz, y) = (3:, —y(1 — 2b)\), by* + )\) , ro(z,y)=p—1x . (3.96)

Hence (3.94), (3.95), and (3.96) give us parametrizations of the three medial
sheets 71, 72, 73 and their corresponding radius functions ry, ry, r3 in terms of
(x,y), where y > 0 and (x,y, by?) is a point on the parabolic gutter.

Using the parametrizations, the terms involved in the consistency conditions
of Theorem 3.4.5.2, (or Theorem 3.4.5.3, or Theorem 3.4.5.4) can be calculated.
From (3.94), (3.95), and (3.96) we get the following:

Nl(l’,y) = (0777170) )

_ "2 / 2,2 )
N2<x7 y) \/é /71 4b2y2 ( 1 4b ys, 2by7 1 )
13 5 9 )
Ni3(z,y) = NNER T (\/ 1+ 4b%y?, —2by, 1) ,

where 7, = £1, ny = +1, n3 = £1. From (3.11) we get

2 1 = sing 2by
COS = Sin =
T 4p2y? ! /1 + 4b2y2
1 1
2 :
= — = [
cos” ¢ 5 sin ¢o 7
1 1
2 :
=z = = — 1l luated at .
cos” @3 5 sin ¢3 7 all evaluated at (z,y)
Since ¢y and ¢3 are constants for all x, y and cos ¢; = —1/v; (see Table 3.1) we

have that as, ab, asz, al are zero for all z, y, since a; = Ov;/dr;, at = dv;/Ot; by
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definition. (See §3.2 immediately before (3.7).) For ay, a} consider (3.83), where

(u, z) is replaced by (x,y) and where suffices are used to denote differentiation:

P letly - Ulytlm o Uly CLt o _'Ulmrly + Ulyrlm -0
1 — — 1 — - )
Tlxtly - letlx le Tlmtly - letlm

since vy, 71, are zero for all z, y.

3.6.2 Involving the A? Curve

The centre of the sphere tangent to the parabolic gutter at (x,y,by?) and
(z, —y,by?), and to the plane x = p is given by setting v1(z,y) = Yo(z,y) =
v3(x,y) from (3.94), (3.95), and (3.96). If we label this centre as C'(y), we get

1 1 1
Cly) = <p — V142, 0,by° + %) oY) = VI ARy, (3.97)

2

where r(y) is the radius of the tritangent sphere. The expressions of (3.97) give
a parametrization of the A3 curve, which we label C, and so we can obtain

expressions for T', N, B, k, 7 (see Table 3.1). We get

/1 2 29,2
ds — 2\/§by+7by
dy V1 + 4b2y2

, where s is arclength on C',

1
T(y) = (—1,0, 1+ 42 2),
) V2+/1 + 2022 Y
1
N(y) = ( 1+ 402 2,0,1),
W = Ao Y

B(y) = (07170)7

b
rly) = V3T g T(y)=0.

We expect B to be a constant vector and 7 to be zero at every point of the A?
curve since C lies in a plane. From (3.64) we have dr/ds = — cos ¢, so for this

example we get

1 V1 + 4022

Ccos = — = sing =
i V24/1 + 2022 ¢ V2+/1 + 222

b
\/§(l+262y2)3/2 ’

= ¢ = -
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where ’ (‘prime’) means differentiation with respect to arclength s along the A3
curve. Note that cos ¢ is always negative, which agrees with the convention of
T being in the direction of r increasing.

We can find expressions for the angles v; as follows (see Table 3.1). From
(3.27) we have cos); = N - N; and sint; = B - N, so

costyy =0, siny; = =1 forall y.

Using 6; = ;12 — ;11 and the fact that sin6; > 0 for each 4, it can be shown
that n3 = —ny = siny; and

v/ 1+ 26292
COS@Z)QZ—COS@Z)gz—SiH@Z)17+ y ,
1+ 4b%y?
in in ﬂbysinwl
sinty =siny = ——————— .
? N TN

Using these expressions we get

1
=0 : N ]
e V2= 2y(1 + 262y2)\/1 + 4b2y2

Now for the geometrical terms involved in Theorems 3.4.5.2, 3.4.5.3 and
3.4.5.4. Since N; is a constant vector for all z, y we have ]V = 0 for all z, y.
By definition " (‘dot’) is differentiation with respect to arclength along a curve

passing through 7;(rg,0) with tangent W; (see Table 3.1), and so we have

8% . 6%‘ : 6Ni . aNi .

W; = i+ =1 at Cly), N;= i i -
6:cx+8yy at C(y) 8:L’x+8yy

We solve the first equation for @;, ¥; to get N; from the second and then, since
kY = —N; - W; by definition, we get

sin ’l/}l

V22T + A2(1 4 20%y2)

3.6.3 The Consistency Conditions in this Example

w _ w _

Having calculated all of the terms involved in (3.70) from Theorem 3.4.5.2, it
can be shown that (3.70) is satisfied for i = 1, 2, 3 if and only if sinyy = —1.
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As a check we can substitute the following into (3.72), (3.74) respectively from
Theorems 3.4.5.3, 3.4.5.4:

*

CLT = O,CL;:CL:)):

1
_2by2\/1 + 4b2y2
. 1

cos = — , by = ¢ =0,
b1 o1 \/§y ﬁ+2b2y2(1+4b2y2)3/2 G2 = @3

using sin¢; = —1. These were obtained from (3.67), (3.73).

3.7 The A} Case

When there is a sphere tangent to a surface in four distinct points, its centre is
said to be an Af point. In this case the medial axis is locally six sheets ~;, for
i =1,...,6, which meet at the A} point (and so the A} point is also referred
to as a ‘6-junction point’). There are four A} curves which meet and end at an
Af point and each medial sheet 7; contains two A3 curves. Let the A% curves

be labelled P, @), L, M, so that we have the following.
1. The curve P is the transversal intersection of v, v, and 3.
2. The curve @ is the transversal intersection of 73, 74, and ~s.
3. The curve L is the transversal intersection of ~s, v5, and .
4. The curve M is the transversal intersection of v, 4, and g.

This is as in Figure 3.11. We want to use the constraints from §3.4 which
hold along an A% curve to obtain information about the medial axis at an A}
point. Firstly, we consider the reconstruction of the four boundary points given

certain information on the medial axis.

3.7.1 Recovery of the Points of Tangency

Let Tp, Ty, Tr, T be respectively the unit tangents to the curves P, @, L,

M. As in the A? case, Tp, Tg, T1, Tar are assumed to point in the direction
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Figure 3.11: The A} case, corresponding to the centre O of a sphere of radius g
tangent to the boundary at four points A, B, C', D. Top left: the points of contact
and the line from the A} point O to the circumcentre of the triangle through B, C
and D. The tangent vector Tp to the A} curve given by spheres with tangency to
the boundary surface in three points near to B, C, D is parallel to this line and so
is perpendicular to the triangle through B, C' and D. The other three diagrams are
of the tangent planes to the medial axis near to an A} point: taken together, these
look locally like a tetrahedron. The bold lines are the tangent lines to the four A3
curves which meet at the A‘ll point. The tangent planes to the six medial sheets ~;
are identified by the edge which connects two vertices of the tetrahedron. The last
three pictures show the three possible configurations of r increasing along the four

A3 curves. Arrows indicate the direction of increasing radius 7.
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of increasing radius along P, ), L, M. Also, it is assumed that no three of
Tp, T, Tr, Ty are coplanar. As shown in [GKO04], there are three possible
combinations for these tangents to point towards or away from the A} point.
See Figure 3.11. We assume we are given Tp, Ty, T, Thr; the tangent planes
to the six medial sheets; and the radius ry sphere tangent to the boundary at
the four contact points at the A{ point. The A7 point is labelled as O and the
four contact points as A, B, C, D. Let a, b, ¢, d be respectively the vectors
from O to A, to B, to C, and to D. Going back to the A} case, we had that
the tangent to the A% curve was perpendicular to the plane of contact points.
(Check this by using v;" = 74, (3.3), (3.5), and (3.27).) Hence we let Tp, T,
Ty, Ty be respectively perpendicular to the planes BC'D, ACD, ABD, ABC.
Using this, we have the following.

e The point A reflects in the plane spanned by T}, Ths to give B.

The point B reflects in the plane spanned by Tp, Ths to give C.

The point A reflects in the plane spanned by T, Ty to give C.

The point A reflects in the plane spanned by Tg, 17, to give D.

The point B reflects in the plane spanned by Tp, T}, to give D.

e The point C reflects in the plane spanned by T, Ty to give D.

These mean that

la, Ty, Ty]
b = —2—— = 1 (T T
A 2 Ty e )
[avTQvTM]
— a_o i@ M o p
© = AT HE ST e )
qd - a_QM(TQxTL)’
T x Tt ||?
b, Tp, T}
d = b-2—"— = (T T
[T < Ty 7 T
[CvTPvTQ]
d = -9 -~ = (T T
© T x Tl P T
[c, Tp, Th]
b = —2—— - - (T T
C ||TPXTM||2( p X M) )
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where for example [a, Ty, Ty] means a - (T, x Tys). Note that these vector
equations depend only on the tangent lines to the A3 curves, since the equations
are unchanged by substituting —7p for Tp, or =T for Ty, or =T}, for 17, or
—T) for Ty Using the fact that ||a|| = ||b]| = ||c|| = ||d]|| = ro, these six vector

equations can be solved for a, b, ¢ and d and we get two sets of solutions:
{a = dag,b = dbg,c = dcy,d = ddy} (3.98)

where 0 = +1 and ay, by, ¢y and dy are uniquely determined by the four
tangent lines to P, @, L, M and r.

The ambiguity about whether to take 6 = +1 or § = —1, that is to take one
set of points of contact or the set of diametrically opposite ones, can be resolved
as follows. The tangent plane to the medial sheet containing L and M (that
is, 76) is given by x- (a—b) = 0. Using [GKO04, pp.8, 11] we can determine the
part of this tangent plane which corresponds to the medial axis, rather than
just the symmetry set. On each of the medial sheets v;, ¢ = 1,...,6, there are
two separatrices between the medial axis and the non-medial axis — these are

two of the A? curves meeting at the A{ point. On the medial sheet containing
L and M, the line

x-(a—b)=0,x-(a—c)=0 (3.99)
is tangent to one of the separatrices. Then,
c-(a—c)=c-a—ri=ri(cosB—1),

where 3 is the angle between a and c. This right-hand side is always < 0, so
the side of the line (3.99) which is remote from c is given by x- (a —c¢) > 0.
Similarly, the line

x-(a—b)=0,x-(a—d)=0

is tangent to the other separatrix and so the side of this line remote from d is
given by x - (a —d) > 0. Hence, the part of the tangent plane x - (a —b) =0

which corresponds to the medial axis, rather than just the symmetry set, is
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Figure 3.12: The A? case in R? - see Figure 3.1 for another picture of this case. The
picture at the top shows the tangent lines to the symmetry set at an A3 point, the
two pictures at the bottom show the two possibilities for the tangents corresponding
to the medial branches. Hence, given the tangent lines to the three medial branches,
there are two possible sets of solutions for the points of tangency between the sphere

and the boundary curve: the set of grey points and the set of black points.

given by x-(a—c) > 0 and x- (a—d) > 0. If we have the knowledge of what
part of this tangent plane corresponds to the medial axis, we can get a point
X = Xy, assumed not to be the A] point, which lies on the part of this tangent

plane corresponding to the medial axis. Then, using (3.98), we have

Xp - (ao — b()) y

=0
5X0'(&0—C0)ZO s 5X0'(ao—d0)20.

These are now relations in known quantities, except ¢, since ag, bg, cg and dg
are uniquely determined by the four tangent lines to P, (), L, M and ry. Given
that x = xg is assumed not to be the A} point, we know that at least one of
Xp - (a9 — ¢p), Xo - (a9 — dp) is > 0. Hence we can determine the sign of ¢, and
so we can decide which of the two possible solutions (3.98) is the correct one

for the points of contact. Hence the following has been proved.

Proposition 3.7.1.1 (Reconstruction in the A] Case) The four points of

tangency between a sphere and the boundary surface are uniquely determined by
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the lines of tangency to the four A3 curves at an A} point, the knowledge of what
parts of the tangent planes to the A2 sheets of the symmetry set correspond to
the medial axis, and the radius ro of the sphere centred at the A} point. Given
only the lines of tangency to the four A} curves at the A} point and rq, then
the points of tangency are only determined up to a choice of two solutions of
the form (3.98), where 6 = £1, and ay, by, ¢y and dy are uniquely determined

by the four tangent lines to the A3 curves and ry.

Remark 3.7.1.2 The reconstruction of the four points of contact in the Af
case in R? is reminiscent of the reconstruction of the three points of contact in
the A? case in R%. Given the lines of tangency to the three medial branches and
the radius of the sphere centred at the A? point, the three points of tangency
on the boundary curve are determined up to two possible choices: each point
of one solution is the diametrical opposite of a point of the other solution. This
arises because there are two choices for the configuration of tangents to the
medial branches at the A% point, given the tangent lines to the symmetry set
(see Figure 3.12). However, given the tangent vectors oriented into the medial
branches, in addition to the radius of the sphere centred at the A? point, the

points of tangency on the boundary curve are uniquely determined.

3.7.2 Consistency Conditions in the A] Case

Now we shall consider the consistency conditions of §3.4. These lead to quite
complicated equations in the A{ case, so we will give details of some constraints
which can be obtained simply, but these do not constitute a complete set of
constraints. For each A? curve we want the same situation as in Figure 3.7,
that is, the circle of contact points is oriented anti-clockwise, looking along the
opposite direction of the tangent to the A% curve. However, this means that
there are two formulae for N; on v; at the A} point in terms of the Frenet frame
of the two A3 curves on 7;, and these formulae might be the same or minus
each other, because of the conventions taken for each A} curve. So, from (3.27)

we have the following at an A} point, where Np, Bp, 9¥p, etc. are defined
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analogous to the A3 case:

Nip = cos1pNp + sin 1 p Bp
Nyp = cosapNp + sinpp Bp
N3p = cos3pNp + sin3pBp
Nag = cos ugNg + sin g Bg
Nsq = cos s Ng + sinsq Be
Ng1, = cos e N1, + sin g, By,
where Nip = Niy

N4Q = N2 Nanr

» Ninv = cos iy Nay + sinthiy By
; Nop = costhy N +sinig By, |

, N3, = cossgNg +sinisgBg

s Nang = cosYupr Nap + sin oy Bay
;N5 = coss Ny, + sins . B,

s Near = cos e Ny + sin g By
, Nop=mNop , Nip=mn3N3q ,

s Nsg =m5Ns » Ner = 16 News

for n; = £1. By examining the three cases of the direction of r increasing along

the A3 curves as in the three pictures of Figure 3.11, it can be shown that there

are three cases:

(i). m=m=mn3=mns=mn5 =ns = —1 (top right of Figure 3.11);

(i). m =m=ns =+1,m2 =13 =n5 = —1 (bottom left of Figure 3.11);

(iii). m=mn3=ns=mns = +1, m = ns = —1 (bottom right of Figure 3.11).

These orientations for each A? curve also affect the terms of the geometry

involved in the A? constraints from §3.4 at an A} point. For example, at the

4 : A T t t t t f
A7 point, we have k]p = MK, Kip = MKy, Tip = My, and similarly for

the other medial sheets. Then we can use (3.63) from Lemma 3.4.4.3 to get

relations among the geometry of the four A3 curves at the A point. The first

equation of (3.63) gives the following:

kpkyp costip — (Tp + i p)°
Kpkyp cosap — (Tp + hp)”
Kpkyp costhsp — (Tp + Yhp)?
RQH% cos thaq — (TQ + Yig)
KQkisg C0s s — (g + ¥5g)?

)2

/<;L/<;6M£ cos e, — (T + Vg,

= Kakiny cos iy — (Tar + V)%,
= Kpkyy costor — (1o + Y )?
= /@ng‘é cos 3o — (1o + ¢§Q)2 )
= /@MF;EJ/M cos Yun — (Tar + MM)2 )
= Kpkey cossy — (tp + Yk )?

= /-@Mn?jw cos Yen — (Tar + ng)Q )
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Then the second equation of (3.63) gives the following:

/@%Jr/@pcosd)lp = m (K1M+/€MCOS’(/}1M) ,
K%+KPCOS’QZ)2P = 19 (KJ2L~|>KJLCOS’(/}2L) ,
Kyp + KpCcostsp = 13 (/<;3Q + kg costsg)
l@%-i-FLQ costyg = M (/@ v T EMm cosz/14M) ,
/‘fs% +hgeosthsg = ns (Kiy, + KL costsy)

(

/<;6M£+/iLcosw6L = 7 /<;6M+/£Mcosz/16M) .

These twelve equations can then be solved for the x!V-type terms. Then these
solutions can be substituted into the four constraints given by (3.71) from

Theorem 3.4.5.2. Then we get the following.

Proposition 3.7.2.1 (Condition at A} Points) At an A} point, the follow-
ing equations hold. From (3.71) for P we get

1 ((TP +1p)? — (Tar 4 Yiar)?

Sin(wsP - 1/1213) Kp COSY1p — N1k COS Y

+ MK COS 1/11M)

1 Tp )2 — (77 4 )2
4+— (( P+ U5p) (o + ) + Tk, COS
sin(Y1p — Y3p) \ Kp COSYap — MoK COS Yo,
1 (TP +¥5p)? — (1o + ¥i0)° )
= + 13K COS P
sin(yep — Y1p) ( Kp COS Y3p — 1)3KQ COS P30 shQ 3Q

508 PP ((TP + ¥ip) cos(¥zp — Yap) . (TP + ¥5p) cos(Pip — Ysp)
sin gp sin(ysp — ap) sin(Y1p — ¥3p)
" (7P + Y3p) cos(thop — %P))
sin(yap — 1p)
Kpcos ¢p cos Y1 p coS Yop cos Y3p
sin® ¢ p (Siﬂ(wsp — bap) " sin(¢1p — ¥3p) i sin(¢op — %P)) '
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From (3.71) for Q we get

(TQJN/’?,Q TPJF?/’?,P) " )
P P
sin 154@ —50) \ Kq COS ng - 3/-€p cos 3p 3 3
TO + 7' +
( . 1/’4@ V) + N4k pr COS Q/J4M)
sin %Q — 1h3q) \ KqQ COSag — Nakar COS Yyns

( (1o + Vi) — (1o + ¥h)? P )
Slﬂ(@/)sQ Y1q) \ K@ CosYsq — M5k COS Y5y, L o
_ 2COS ®q ((TQ + %Q) cos(Yaq — Vsq) n (o + @/)QQ) cos(Psq — P3q)
sin ¢q sin(Yuq — ¥sq) sin(vsq — ¥30)
N (7o + ¥50) cos(¥sqg — 1/14Q))
sin(¥sq — Yaq)
) cos? b0 ( cos Y3 n COS 10 n CoS V50 )
sin? b0 sin(Yag — ¥sq)  sin(Ysg — sg)  sin(vsg — Yag) )

From (3.71) for L we get

+

1 T, + )2 T + / 2
: (( L+ ¥5,)° — (TP +¥3p) | ko €08 o
Sln<w5L - 1/}6L) K[, COS sz — Mok p COS wZP
1 (T 4+ 5)? — (1o + ¥hg)? )
s + N5k COS Y
sin(Ysr — Yar) ( KL, COS Y51, — Nskq COS P50 5RQ 5Q

1 (1o +V51)” — (Tar + Ygag)?
JrSin(%L — sr) ( K1, COS g, — Nekar COS Yenr + ek COS 1/16M)
cos ¢, ((TL + y;) cos(Ps, — 1) N (11, + k) cos(Ysr, — ar)
sin ¢y, sin(vsz, — Yer) sin(vor, — V)
+ (72 + Y1) cos(Yor — @/)5L))
Sin(d@L - wt’)L)
KL COS” ¢ cos Wy, cos Us, c0S WL,
_ sin? o1 <sin(q/;5L _ wGL) + Sin@pGL — 1/12L) + sin(ng — w5L)) .

= 2
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And finally, from (3.71) for M we get

1 T 402 = (1p 4 )2
' <( et Vi) e * Vi) + mkpcosip
sin(¢enr — Yan) \ K COS Y1y — MKp COSYrp
1 (Tar + i) — (1 + o) )
+= + N4KRQ COS Y
sin(y1ar — Yenr) < Kz COS Yans — Makg coS Pag ke 4Q

1 (s + Yoar)”® = (72 + 1)
+Sin(1/14M — Y1) ( K o8 e — Mk COS Yer, et cos %L)
oS P <(TM + Yiar) cos(Yenmr — Yamr) n (Tar + Yias) cos(Pimr — Your)
sin ¢y sin(Yen — Yanr) sin(1ar — Yenr)
(Tar + Vgar) cos(thanr — ?/JlM))
Siﬂ(@/%M - @Z)lM)
KM cos? o < cos Y1 ar N cos Yanr N oS Year )

sin? ¢ sin(Yenr — Yanr)  sin(iar — Yenr)  sin(an — Vi)

= 2

+

Remark 3.7.2.2 The equations of Proposition 3.7.2.1 are constraints on the
geometry of the four A? curves and the derivatives of angles between principal
normals to the A% curves and the normals to the medial sheets ; fori = 1,...,6
at the A} point.

3.8 The A; Case

Consider the medial axis vy locally as a single (A?) sheet. When the two points
of contact on the boundary surface 4= come into coincidence the medial axis
is locally a surface with boundary — this boundary is the A3 curve, referred to
as the edge of the medial axis. The corresponding curve on the boundary *

is called a ridge curve and its points are ridge points. From (3.3) we have
v =y—rN*

and, using (3.5), we see that v+ = ~~ if and only if cos® ¢ = 1. Hence, from
(3.6), a point of the edge is a point where v?> = 1. Consider Figure 3.3 — the

As case corresponds to ¢ = 0 or 7.
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In §3.1, the conditions on the medial axis in R? at an endpoint (A3z) were
discussed. The condition on the radius function was that r” should be non-
zero at the endpoint, where ' (‘prime’) means differentiation with respect to
arclength on the boundary curve. Also there was (3.2), an expression for the
curvature x of the medial axis at an endpoint in terms of the curvature k of
the boundary curve. This section contains the analogues of these in R?; there
is a condition (3.102) contained in Proposition 3.8.1.2 for the smoothness of
the boundary at A? points (for the condition at As points, substitute v* = 1 to
get (3.103)). Also, (3.107) from Proposition 3.8.2.1 is a formula for the Gauss
curvature of the medial axis at an Az point in terms of the derivatives of the

boundary.

3.8.1 Smoothness Condition on the Boundary

The envelope of spheres centred on 7 is

{x : there exist r, t with F' = %—F = %—f = 0}
r (3.100)
where F = (x —~(r,t)) - (x —y(r,t)) —r2
Consider the following:
R5 AN R3
(fE,y,Zﬂ”at) = (F,%—f,%—};)
wl (3.101)
R3
(SU, y? Z) J

The medial axis is 7(¢g~*(0)). For g~*(0) to be smooth we need 0 to be a regular
value of g. Then, for x = (z,y,2) and ~(r,t) = (X(r,t),Y(r,t), Z(r,t)), the

142



Jacobian J of g evaluated at (r,t) is given by
. F, F, F, F. F

_§J<T7 t) = Fzr Fyr Fzr Frr Frt

Fart Fyt th Frt F’tt

X—2 Y-y Z—-z 0 0
= X, Y, Zy (X_’V)"VTT_UQ_'_l (X_7>'7Tt
X Y Z (X =) Yot (x—=7) - —w’

We have x = v*. Now consider the three left most columns of the above. From
(3.3), (3.4), (3.5), and (3.6) we have

1
(X —2,Y -y, Z—2) = fy—fyiziT:lel——zN,
v v

(Xm}/?"a Zr) = Tr= T,
(Xtu}/;fuzt) = M :'LUU .
These three vectors are linearly independent if and only if v? # 1. Therefore,
when v? # 1 at (r = ry,t = 0) there is a 3 x 3 minor of J(ry,0) which is
non-zero, and so in this case 0 is a regular value of g.
When v* = 1 at (rg, 0) we need to consider the other 3 x 3 minors of J(rg, 0).

In this case we have
r
(7 (0. 0) = 5(r0,0)) = =T

and, from (3.7) we have

oG
(’Yi(TO,O) - 7(T070)) : 77’7’(7‘070) - _% 5
t
oG
(’yi(TO7 0) - /Y(TO, O)) . 'yrt(’r'oj O) — _OT ,
+ roa* .
(750, 0) = (10, 0)) - yue(ro,0) = —5- =roa” .

Let T(ro,0) = (T1,T5,T3) and U(ry,0) = (Uy,Us,Us). Then, using the fact
that w(ro,t) = 1 for all ¢ near t = 0, we have
Ry N P 0
J(TO, O) = -2 ’UT1 ’UT2 ’UT3 —rod _roa

v v

U1 UQ U3 —M ’I“o(l"< -1

v
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We know that 0 is not a regular value of g at (r¢,0) if and only if all of the
3 x 3 minors of J(rg,0) are zero. Given 1y > 0, this is true if and only if all of

the following are true, where a, a’, and a* are all evaluated at (rg,0):

a(T1U2 — U1T2) =0 y a(T1U3 — U1T3) =0 y a(T2U3 — U2T3> =0 y
at<T1U2 — U1T2) =0 y at<T1U3 — U1T3) =0 y at(TgUg - U2T3) =0 y

T <r0 <“Z + (at)Q) _ %) o,
T (m (“Z + (at)2) _ )
T (m (“Z + (at)Z) _ )

We have N(To, O) = (T2U3 - U2T3, T3U1 - U3T1, T1U2 - UlTQ) by definition. We

assume that 7', U and N are not zero vectors, so all of the 3 x 3 minors of

Il
o

<l =l
I
@)

J(ro,0) are zero from the above if and only if @ = 0 and a* = 0. Hence we have

the following.

Lemma 3.8.1.1 Consider the medial azis as w(g~'(0)) given by (3.100) and
(3.101). When ~(ro,0) is an A? point (so v* # 1) then g—*(0) is smooth at
v(ro,0). When (ro,0) is an Az point (so v’ = 1) then g~'(0) is smooth at

v(ro,0) if and only if at least one of a, a* is non-zero.

For v* to be smooth near to (rg,0), that is for m(¢g~*(0)) to be smooth,
we require that g~1(0) is smooth (that is that 0 is a regular value of g) and
that, if £ = (&1, &,&3,64, &) is a tangent vector to g~'(0) at (ro,0) in R® and
projects to (0,0,0) in R3 then § = 0. In other words, we require that no
non-zero tangent vectors to g~1(0) are sent to (0,0,0) in R3 by 7. We have the
following, which is true when ~y(rg,0) is an A7 point or an A3 point. (When

v(ro,0) is an Az point, substitute v* = 1.) From 7 : (z,y, z,7,t) — (7,9, 2) we
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see that {; = § = & = 0. Then £ is sent to (0,0,0) by 7 if and only if

0
J(re,0) | 0 | =10 —
€4 0
&5
(x=7) -y =+ D&+ (x=7) - 3m)& = 0,
and ((x—7) )&+ (x=7)-wm—-1& = 0,

where x = 7+, If

(k=) =+ D((x=7) e —1) = (x—=7) - m)* #0,

where the left-hand side is evaluated at (rg,0), then £, = & = 0, and so the
only tangent vector to ¢g~!(0) which projects to 0 under 7 is 0. We have

T 1
ra 9 1
0 (X—=7) Yr = —— F1RY/1-—,
) v
t
ra : 1
) = -,
(X =) - e - Foror .
B m*i t 1
xX—=7) Y% = 2 K — 2

Using these, we get the following.

Proposition 3.8.1.2 (Smoothness of the Boundary) When ~ is locally a
single sheet, the condition for smoothness of the boundary v* at (ry,0) (corre-

sponding either to an A3 point or to an Az point) is

r2 (aa* o
0 # ——3( +(at)2)+L
) )

(For ridge points substitute v* = 1.)
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Proof. By Lemma 3.8.1.1, when v?* # 1 at y(ro,0) we have that ¢~*(0) is
smooth. Then 7(¢g~1(0)) is smooth if (3.102) holds. When v? = 1 at ~(ro,0)
we have that ¢g=1(0) is smooth if and only if at least one of a, a’ is non-zero.
Hence m(g~1(0)) is smooth if, in addition, we have (3.102); in other words if

*

a

0%-7’0(3

+ (at)2> + % . (3.103)

But if (3.103) holds then at least one of a, a' being non-zero follows. Hence

(3.102) with v? = 1 is the condition for smoothness of y* at a ridge point. [

Remark 3.8.1.3 Consider the medial axis in R?. As stated at the start of
this section, the condition for smoothness of the boundary curve at a point
corresponding to an endpoint (Aj3) of the medial axis in two dimensions is that
r”(0) # 0. Using a similar method as was employed to obtain the condition
(3.102) for smoothness in Proposition 3.8.1.2, the same can be done for the

medial axis in R2. The envelope of circles centred on the medial axis ~ is

{x :  there exists s with G = 88—G = O}
S

where G = (x — (s)) - (x —7(s)) — r(s)?. Then, the corresponding boundary

curve is smooth at y(s) (corresponding to an A? point or an Az point) if

0*G
Wzl—ra—'r’r”q:rm/l—r’z;éo.
s

(For an endpoint, substitute ' = 41.)

Smoothness Condition for a General Cylinder

From the first example of the A% case (§3.5) we had expressions (3.84), (3.85),
(3.86), (3.87), (3.88), (3.89) respectively for a;, al, af, k!, k!, 7! for a medial
sheet ; in terms of the radius function 7;(u, z). These expressions are also valid

away from the A3 curve. Hence we can consider the expressions for a single
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medial sheet v which is a general cylinder given by

v(u,z) = 0(u)+2(0,0,1), where §(u) = (X;(u),Y;(u),0),
dX\*  (dy\’ _

and (%) + (%) =1 for all u (§ unit speed) ,

dY —dX

du’  du

so N(u,z) = 77( ,O), where n==+1.

Consider the smoothness condition (3.102) from Proposition 3.8.1.2 for the
boundary surface 4+ corresponding to v as a general cylinder parametrized as
above. Then (3.102) becomes

0 7& —To (TO(TUZ - ruurzz) +

raluu + 27Ty + rﬁrzz)
r2 412
2p i = 2Ty + 120,
1_ 2_ 2 1_ (Tzruu ul zhuz u' zz
+( 7”u rz) ( TO TZ + rg
X, dY;, dX,;d*Y;
:t /1 - 2 o 2 ” 2 o 1 7 2 _ 2 2 ]
7 ri—rilrors £ = 1) ( du? du  du du2)

Hence this is the condition for the boundary v* to be smooth at an A? or an

Az point (for Az, set 72 +r2 =1).

3.8.2 Gauss Curvature on the Medial Axis at an Aj
Point

We want to obtain the analogue of (3.2) in R?, that is to acquire a result
connecting the geometry of the boundary and the geometry of the medial axis
at the edge. A parametrization of the medial axis near to an edge point can be
obtained in Maple by taking the associated boundary in Monge form near to a

ridge point. Let the boundary be (x,y, f(x,y)), where

f(x,y) = 5(mi2® + koy®) + ((0)2® + bia?y + boxy® + byy?)
+(coxt + 123y + c2x®y? + sy + cuy?) (3.104)
+(dor® + dyxty + dya®y® + dsz®y® + dywy* + dsy®) + - -

Since the coefficient of 2? is zero, the ridge corresponds to the z-direction and

a ridge point corresponds to z = y = 0. We proceed by taking two points
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(u,v, f(u,v)), (s,t, f(s,t)) near to 0. From (3.3), the condition for there to be

a sphere tangent to the boundary at these two points is that
(u,v, f(u,v)) +rNi(u,v) = (s,t, f(s,t)) + rNa(s,t) , (3.105)

where 7 is the radius of the bitangent sphere and N;, N, are the unit normals
to the boundary at (u,v) and at (s,t), respectively. Then we solve for u, v
and r as functions of s and ¢ such that (3.105) is satisfied. Using Maple a
parametrization of the medial axis near to an edge point can be calculated
explicitly. We get

1 2h K3 —8co o 201

) = —— L 202 Ty (0
r(s:?) K1 K3 + 2K2 iy K2 + (%)

Ady

s + (%)t + (x)st® + (*)t> + h.o.t. | (3.106)
1

where the more complicated coefficients are denoted (). The parametrization
of the medial axis near to an edge point is then (Gi(s,t), Ga(s,t),Gs(s,t)) =
(s,t, f(s,t)) —r(s,t)Na(s,t) where

b2 2 C1 o (:‘i:{’ - 8C0)b% + (/‘il — KQ)C% + 4b1b2€1 9
G t) = ——t"— —st+4 t
15 1) K1 K * k1((k1 — Kk2) (K3 — 8¢) — 4b3?) °
2l s By gy g ()5t
K/l K;l

+(x)st® + (%)t* + hot. |
GQ(Svt) = <KJ1 —_ /{2) t— b—182 — 2—b28t + (M) f;2 — 6_133

K1 K1 K1 K1

< KqCQ -+ 2:‘6200) 32t 4 (4b1b2 - 3/{103 + 2:‘6201) 3t2
(+)

2
N t3 4 <4b100 — K,ld1> 34

K1

2b 4b 2kady — K1d
+2( €1+ 200+2 Kol — K1 2) 53t+(*)32t2
K1
+(%)st® + (¥)t* + h.o.t.
1 2b1 Ry — 800 2Cl
Gs(s,t) = P /{—%t + (127) s — K—%st + (*)?

—— 8%+ ()s*t + (¥)st” + ()t + h.o.t.
K
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A standard formula for the Gauss curvature K at a point p of a surface is

as follows, where suffices denote differentiation:

2
K %,Where

E = XuXuaF:XuXUaG: v'Xva
¢ = XN, f=Xu N, j=Xu N,

where N is a unit normal to S at p. Using this formula for K and the
parametrization G(s,t) of the medial axis near to an As point we can calculate

the Gauss curvature on the medial axis at (s, ).

Proposition 3.8.2.1 The limiting value (if it exists) of the Gauss curvature
K (which is the product of the principal curvatures on the medial axis) as x, y
tend to zero, that is as we tend towards the edge point, is as follows:

4(4b2d0 — C%)K/ll

K= o ma)(m — o) — 4B

(3.107)

(The reason for the qualifying ‘if it exists’ is that not all of the limiting di-
rections tending towards the edge point (0,0,1/k1) have been considered in the
calculation of (3.107).)

The denominator of the right-hand side of (3.107) is zero only if 0 corre-
sponds to an A, point, which we assume is not true. Compare this value with
the expression for the limiting value of the curvature of the medial axis in R?
at the endpoint given by (3.2). This depends on the third derivative of the
curvature of the boundary, that is it depends on the 5-jet of the boundary at
the corresponding point. The limiting value of K as in (3.107) also depends on
the 5-jet of the boundary in three dimensions.

Equation (3.107) gives a criterion for K = 0 on the medial axis. We can
also express K in terms of derivatives of the principal curvatures x; and ks
at (z,y) = (0,0) on the boundary by using Maple to expand the principal

curvatures k1, ko as functions of x and y near to x = y = 0. (See [HGYGM99,
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pp.128-142].) Then we get

k1(0,0) = k1 (comst.), k2(0,0) = ke (const.),

/'ilzv(O’O) = 2b1, KQZ-(O,O) = 2b2 s
802 — 3K (k1 — ko)

Kflxx(oao) - + 2400 s
K1 — K2
8b1by
+(0,0) = 6,
K1ay(0,0) 51_524‘ c1
3 — 2b1b
F1aaa(0,0) = 24b1< alm — rg) 12 2) +120d, .
(K1 — K2)

Using (3.107) we can express the limiting value of K at an edge point in terms

of the derivatives of x; and ko as follows:

K1 (K1 — K2)? (BRazkiaee — DK1Ly) + 2(K1 — Ko)Kiehorkiey — 2K7,K5,)

5(/11 — /€2)2</€%$ + (:‘il — Hz)/‘il;m;)Q

The above shows that the Gauss curvature of the medial axis at an edge

K =

point depends on up to the third derivatives of the principal curvatures, and so
on the fifth derivatives of the boundary at ridge points. This is analogous to the
situation in R?; from (3.2) the curvature of the medial axis in two dimensions
at an endpoint depends on up to the third derivative of curvature, so up to

fiftth derivatives of the boundary curve.

3.8.3 Local Maximum or Minimum of » Along the Ridge

Here is a result about the ridge, which is the space curve lying on v+ whose

points are obtained from the points of the edge by (3.3).

Proposition 3.8.3.1 At a point of the ridge corresponding to the principal
curvature k1 on the boundary surface given by (3.104), the radius of the sphere
of contact with the boundary surface has a local maximum or minimum if and

only if k1 has a critical point on the boundary.

Proof. From [HGYGM99, pp.144, 162], the tangent to the ridge curve on the
boundary surface given by (3.104) is

(k1 = h2) (8co — #7) + 4by) @ + (2e1(sr — hiz) +4bib) y =0 .
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Then the derivative of r along the ridge at + =y =0 is

) )
(11 — #2) (8co — 2) + 41?) a—;(o, 0) — (2¢1 (k1 — ko) + 4b1by) a_;

(0,0) .
Using (3.106), this is zero if and only if
by (k1 — k2)(8co — KP) +4b7) =0 .
From (3.107) we know that ((k; — K2)(8co — k3) + 4b2) # 0. Hence
r has a local maximum or minimum <= b; =0,

which is the same as x; having a critical point on the boundary. U

3.8.4 Principal Curvatures, Principal Directions of the

Boundary

Now we shall consider the information sufficient to determine the boundary at
ridge points up to second order. Assume we have the edge of the medial axis as
a space curve with curvature x and torsion 7, the tangent planes to the medial
sheet, the radius function r on the edge, and the angle o between the tangent
to the edge and Vr (‘grad(r)’) at a point of the edge.

We can express N* in terms of Vr by using the facts that Vr = T||Vr||

and cos ¢ = —||Vr||, so the formula for N* from (3.5) becomes
N* =VrF/1—||Vr|2N .

Hence, as sin¢ — 0 (corresponding to ||[Vr| — 1) we see that N* — Vr.
Since we are given the tangent to the ridge curve and «, we can determine Vr
and hence N* at each point of the edge. Then, using (3.3), we have each ridge
point and so we have the ridge curve. Since we have the normal N+ along the
ridge, we also have the tangent planes to v* along the ridge. Hence we have

determined the first order geometry of 4 along a ridge curve.
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Now for the second order geometry of the boundary. Given the ridge curve
we have its geodesic curvature, normal curvature, &, say, and geodesic torsion,
741 say. We also know that one of the principal curvatures of the boundary at
a ridge point is 1/r. We label this k&; = 1/r. Let ko be the other principal
curvature on 7+ at a ridge point, let 6 be the angle from the principal direction
corresponding to k; to the tangent to the ridge curve, and &, be the normal
curvature of v* in the tangent direction to 4 perpendicular to the ridge curve.
Equations (3.54), (3.55) give formulae for &1, An2, 741 (These were used in
the A? case, but are valid here too.) We can solve these to obtain formulae for

é, ko, and &2, and we get

~2 ~2
T T
— 7 gl 2o gl
ky = Rpi+ = 2 , Rpa =K1 + = e
Rn1 — R1 Rn1 — R1
Tg1 ‘I‘inl _kl‘

, sinf =

\/%_31 + (A — 1) \/%_31 + (A — 1)

cosh = =+

where sign(cosf) = sign(in; — k1). Hence we can determine the principal
curvatures of the boundary at ridge points. However, these formulae are not
enough to determine the normal curvature of 4 in an arbitrary direction V at
a point of the ridge; we need the angle from the first principal direction to V'
in addition to ki, ko (see Lemma 3.4.4.1).

Now for the principal directions on the boundary. Let (r = ro,t = 0)
correspond to an edge point, so sin¢g = 0 at (rg,0). Let s, s* be respectively
arclengths on ~(r,0), ¥(r,0). Then from (3.3), (3.5), and (3.18) we get

dy* dN*
%(r, 0) = FsingT* —r e where
dNi 3
= (r,0) = (:Fa§i218¢¢ — /{7) T* + (—at cos® ¢ F 7'sin gb) U.

Using these we get

ds* \/(HF sin® ¢ & ra cos® ¢ + rk” sin ¢)2 + r2sin’ ¢ (at cos® ¢ £ 7t sin )

ds sin ¢
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at (r,0). Hence

vt (Fsin® ¢ £ racos® ¢ + r&"sin ¢) T+ + rsin ¢ (a' cos® ¢ + 7' sin @) U
j: )
ds \/($ sin? ¢ & ra cos3 ¢ + rx" sin ¢)2 + r2sin’ ¢ (at cos® ¢ £ 7t sin )
dN* (Facos® ¢ — k" sin @) T* + (—a'’ cos® ¢ F 7! sin ¢) sin U
ds*

\/(IF sin? ¢ + ra cos3 ¢ + rk" sin gb)2 + r2sin’ ¢ (at cos? ¢ £ 7t sin )

both at (r,0). Then as we let r — rg, so that sin ¢ — 0 and cos® ¢ — 1, we get

dN* Fa dy* +a
li = N, lim | —— =—N.
s ( ds* (r, 0)> rolal e (alsjE (r,0) |al

(3.108)

Now let t* be arclength on y*(rg, ). Then from (3.3), (3.5), and (3.19) we
get

dy* dN=*
%(ro,t) = U-—r p , where

dNi t 2
5 (ro,t) = <ia C.OS¢¢+Tt> T* + (a*cos® ¢ £ K'sing) U .
sin

From these we get

dti \/TS (:l:at cos? (b + 7tsin (b)Q + SiIlQ (b (1 — roa* cos2 (b ¥ Tolit sin ¢)2
dt sin ¢

at (ro,t). Hence

dy=  ro(Fa'cos® ¢ — 7' sin¢) T* +sin ¢ (1 — roa* cos® ¢ F rok' sin ¢) U
di=

\/TS (fat cos? ¢ + Tt sin ¢) + sin® ¢ (1 — roa* cos? ¢ T rokt sin ¢)?
(£a' cos? ¢ + 1t sin @) T+ + sin ¢ (a* cos? ¢ & k' sin ¢p) U

dN=
dt

\/7’(2] (dat cos? ¢ + Tt sin @) + sin® ¢ (1 — roa* cos? ¢ T rokt sin @)
both at (ro,t).

Similar to before, as we let t — 0, so that sin¢g — 0 and
cos? ¢ — 1, we get

. [dN* +alcos ¢ . [dy* Fa'cos
11_1)1’01 <dt—i<7’0,t)) = WN s lim <T<T07t)) = —

t—0

Now we shall interpret (3.108), (3.109). We assume that the boundary 4+ is
smooth at all points near to (19, 0) and so, by (3.102) from Proposition 3.8.1.2,
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we know that at least one of a, a' is non-zero at (rg,0). Then (3.108), (3.109)
imply that the derivative of N* in the N direction is parallel to NN itself, and
so N is a principal direction of v* at ridge points. The vector N* becomes
parallel to T at edge points, and so the other principal direction on 4* at ridge
points is U.

Hence, the following has been proved.

Proposition 3.8.4.1 Given the edge of the medial axis as a space curve with
curvature K and torsion T, the tangent planes to the medial sheet, the radius
function r on the edge, and the angle o between the tangent to the edge and Vr
(‘grad(r)’) at a point of the edge; then the principal curvatures and principal

directions of the boundary at a ridge point are determined.

This shows that not much information about the medial axis at an edge
point is needed to give second order information of the boundary at ridge

points.

3.9 The A;A; Case

An A} Aj point on the medial axis is where an A? curve and an Az curve meet
and end, that is the A; A3 point is the centre of a sphere which is tangent to a
surface in three places, but two of the points of contact coincide. The medial
axis near to an A;As point looks like part of a swallowtail surface with a ‘fin’
(another medial sheet) intersecting with the swallowtail in a curve (see the
self-intersection curve of Figure 3.13). The A; Az point is then the point where

the edge curve of the fin meets the other two sheets.

3.9.1 Taking the Limit at Points Tending Towards the
AlAg Point

The equations (3.70), (3.72), (3.74), which are respectively from Theorems
3.4.5.2, 3.4.5.3 and 3.4.5.4, all hold at 7;(ro,0) on the A} curve, so they hold
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Figure 3.13: The A; A3 (or fin point) case. The medial axis is locally part of a
swallowtail surface with another sheet meeting along the curve of self-intersection.
Part of the swallowtail surface above is only on the symmetry set, not on the medial
axis (compare with Figure 3.2). The two sheets of the swallowtail surface that are
on the medial axis are labelled v;41, vj4+2 and the other sheet of the medial axis is

labelled ~; for some j. An A3 curve and an Az curve meet and end at an A; A3 point.

in the limit as we tend towards an A;As point. Hence, in order to obtain
the forms of (3.70), (3.72), (3.74) at an A; A3 point, we need to calculate the
limits of the terms involved as two of the points of contact with the boundary
surface coincide. Let these points be VJJT and v; for some j, which means that
sin ¢; = 0 at the A; A3 point, from (3.3) and (3.5). From (3.39) this corresponds
to sind; = 0 (we dismissed the possibility of sin ¢ = 0 for a generic surface in
Remark 3.4.5.5). Therefore the other two sheets ;.1 and ;1o are part of the
swallowtail surface. Let sin¢; = 0 in (3.30). This gives

sin @41 Nji1 +sing; 9N 10 =0
= Njt1=—Njy2, singjy =sing;o

== COSQJ':N]'+1'NJ‘+2:—1 = ej:¢j+2—wj+1:71'.
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From this and Theorem 3.4.2.1 we can deduce the following at the A; A3 point:

singjy1 = —sinjie , COSYj41 = —COSYPjta
cos b1 = —cosljye, sinb;y =sindj s,
COS Pj41 = — COSPjt2 , SO Vjp1 = —Vjt2 -

From Remark 3.4.2.2 we have sign(v;) = ¢; = sign(cos ;). Hence at the A; A
point we have v; = —1, v;41 = —v,42, which means that we have two of the
velocities negative and one positive at the A; A3 point.

Consider the standard swallowtail surface, which is given by

oF
{(ul,ug,u3) ;o dt with F = E = 0}, where F = t4 +U1t2 +U2t—|—U3 .

A parametrization of this is
X (u,v) = (u, —4v® — 2uw, 3v* + w?) .
The double curve where two sheets intersect transversally is
X(u(t) = —2t*, v(t) = £t) = (=2t,0,*)

and so the swallowtail point is at ¢t = 0.

A general swallowtail surface, S say, is a local diffeomorphism of the stan-
dard swallowtail surface. Then the medial axis near to an A; A3z point is part
of S and another sheet «; which intersects with S in the double curve on S.

We let the local diffeomorphism of the standard swallowtail be H:

RrR> X R? 2R3,
(u,0) — (z,y,2) +—  (H, Hy H3),
H(z,y,2) = (r + a1y + azz + (b112? + biozy + bysy®) + - - -,
azy + aqz + (bo12® + bagwy + bagy?) + -+
a5z + (b312® + bgawy + bssy®) + -+ ) .
(The linear terms have been labelled so as not to be confused with the ac-

celerations aj, ag, az — see §3.2, just above (3.7).) We assume the Jacobian
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of H is non-singular, which means that aszas # 0. Then a parametrization of
S is H(z(u,v),y(u,v), z(u,v)), where z(u,v) = u, y(u,v) = —4v® — 2uv, and
2(u,v) = 3v* + uv? Then the A3 curve is given by substituting u = —2t
v = £t into H(x(u,v),y(u,v), z(u,v)), and so the A; Az point corresponds to
t = 0. Hence we can calculate all of the terms which appear in the A? curvature
constraints and take their limits tending along the A3 curve towards the A; A3
point.
Firstly, Nj,1, N,,2 are obtained along the double curve on S as follows:

J J
H,x H,
Nju(t) = —m(u = 2% 0=1),

H, x H,

_ = —2t2 = —t) .
T, <, "= =

Njya(t)
Then we get
cost; = cos(¢jyo—Vj41) = Njs1- Njpo = -1+ 2;—?52 + 0",
sinf; = \/m =2

t+ Ot (3.110)
along the A% curve, and so sinf; — 0, cosf; — —1, as t — 0, as expected. Let

the A? curve on S be C(t). Then we can calculate T, N, B as functions of ¢,

as

a3

and so obtain k, 7. We get

d
= = A= 4@+ 4bu) + O()

- V(@ + 4521)22Jr (@5 + 4b51)* +0(t?),

poo 12(en(@ Hdbn) = on(@ + b)) |y

(G4 4 4ba1)? + (@5 + 4b31)?
where s is arclength on C. Since we assumed k was never zero when setting
up the [T, N, B] frame, we have that (@4 + 4be1)* + (@5 + 4b31)* # 0, and so at
least one of (@4 + 4b21), (@5 + 4b31) is non-zero. Then we get
(a3(as + 4b31) — as(ay + 4by )t + O(1?))
@3] \/ (@1 + 4b1)? + (@5 + 4b31)?

(—as(as + 4bs1) — @5(@y + 4b2 )t + O(t?))

@3]/ (@s + 4b21)2 + (a5 + 4b31 )2 '

cosj1 = Njpi(t) N(t) =

)

cosjya = Njpat) - N(t) =

157



Since sinj1o = —sin;;; at the Ay Az point, we get the following.

(|ag + 4ba| + O(1))

sin Y, = ,
bt /(@ + Ab3 )2 + (@5 + Absy )2
v (13, + 4ba] + O(1)
i+2 — )
a /(@1 + 4b31)? + (a5 + Abs)?
where 7 = £1. Since sin;yo = —sin;;; at t = 0, then by the power series

for sine;;q, sinv, 4o above and the fact that ;1o # 1;11, this means that
(ay + 4by1) # 0. Using these formulae, we can obtain %, ,, ¥}, , at t:

N ~d(cos 1) 1
T+ dt  sing %
1 ( a5 (ay + 4ba1) + O(2) )
—t \n|as|(|ag + 4bay | + O(t)) (4 — 4(a@y + 4b11 )12 + O(t4)) )
Wy = _ d(cos¢j42) | 1
dt sin 1/1]-+2%
1 < a5 (ay + 4by) + O(1) )
t \nlas|(Jay + 4ba | + O()) (4 — 4(a@y + 4b) 2 + O(th) )

Therefore we have the following.

Lemma 3.9.1.1 The derivatives ¥, , 1V}, tend to infinity like 1/t ast tends

to zero. Then

lim (¢f;sinf;) = — lim (¢}, ,sinf;) = 175 5|

— sign 64 + 4b21
sin 6,;—0 sin 6,;—0 2(1,?,’ & ( ) ’

which 1s finite.

Now to calculate expressions for /-@}Kl, /@}/IJ/FQ at t. Lemma 3.4.4.1 gives an

expression for the normal curvature in a given direction, but its disadvantage
is that it is in terms of the principal directions on the given surface. Another
expression for the normal curvature k,, in the direction AX, + X, for a surface

S parametrized by X (u,v) is

e+ 2f A\ + gu?
EXN +2F A \pu+ Gu2’
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where F, F', G, e, f, g are the coefficients of the first and second fundamental

forms on S. Now consider S. A tangent to the double curve C is

du dv
H,—+ H,— = 2% v =t .
(”dt+ Udt)atu t,v t

Then a tangent vector perpendicular to this is

du dv
Hu Hv Hu_ Hv_
(Hu > Hy) > ( a " dt)

du— dv— du— dv—
= |—F—-—G ) H —FE+ —F )| H
< dt dtG> “+<dt T ) v
evaluated at v = —2t?, v = +t, where E, F, G are the coefficients of the first

fundamental form on S with respect to the parametrization H(u,v). Therefore

o - P T T,
JH1A 41 G111+ G
Ajp1 = 4tF 00 = Gy s pjpn = —4tEjn + Fip
€41 = Huu - Nji1, ?j—i—l = Huy - Njt1 s i1 = How - Nyt
Ejw=H, H,, Fjpn=H,-H,, G1=H,-H,,
all evaluated at v = —2t* , v =1,
and 1, = iraNi o + 2F o roktive + Gjpalis o where

Ej 002 5+ 2F o) jopjpo + Giap?
)\3 = 4t?3 —F@g , M3 = —4tﬁ3 — F3 ,

Ej—i—2 = Huu'Nj+2 ) fj+2 :Huv 'Nj+2 ) §j+2 = va 'Nj+2 >
Ej—i—Q:Hu'Hua Fj—i—Z:Hu'Hv ) aj—l—QZIJU'I{v

all evaluated at uw = —2t* | v = —t .

Using these formulae, we get

W 1 <1286365 + 128as(4aaz — aq4)t + O(t2)>
g2 @3] (1024@3 + O(t)) ’

W 1 <—1285355 + 12805 (4ajaz — aq4)t + O(t2))
itz g2 |a@3|(1024@3 + O(t))

Hence we have the following.
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Lemma 3.9.1.2 The normal curvatures /{}ﬁl, /{}/IJ/FQ tend to infinity like 1/t

as t tends to zero. Then

=3
- W2 _ : w29y _
sir}1€1;110</€j+1 sin”f;) = _sinlgjnﬂooifr2 sin”6;) = 2a;|as|

which s finite.

3.9.2 The A3 Consistency Conditions at an A; A3 point

Using Lemmas 3.9.1.1 and 3.9.1.2 we can obtain the forms of (3.72), (3.74)
when sin6@; = 0. Since v; is not part of the swallowtail surface it is a smooth
sheet, and so a;, a, aj, £}, x%, and 7} are all finite as sinf; — 0. Then, when
we let sinf; — 01in (3.67) for ¢ = j from Lemma 3.4.4.4 and use Lemma 3.9.1.1,
we get that ¢’ is finite at the A; A3 point. Similarly, letting sin6; — 0 in (3.60)
and (3.73) for i = j gives that both giij sinf; and ¢} tend to finite numbers.
From Remark 3.4.5.5 we can use either (3.72) or (3.74), since cos ¢ = cos; = 0
is impossible for any ¢ where Vr; # 0.

Firstly we shall consider the limiting form of (3.72) from Theorem 3.4.5.3.
For this, we assume cos ¢ # 0. For i = j + 1, multiplying (3.72) by sin?§; and
then setting sin 6; = 0 we get

W sin® 6 sin ¢ _ 20 sin 0;(—1)  a} ,sin®0; cos' ¢jyn ay
sin ;44 cos ¢ cos? gsin® 0,5 cos? ¢
@ K < sinz/)j(—l))
- )

+ ; :
cos?psing  sin ¢ cos? ¢

K

which implies a7, sin? 0 is finite at the A; A3 point, since all of the other terms
are finite. Then for i = j + 2, multiplying (3.72) by sin®6; and then setting

sinf; = 0 we get

Kl o sin? 6 sin ¢ _ 20;sin;(—1) a4y sin? 0, cos® ¢, a;
sin 9j+2 COS (b cos? gb sin2 0j+1 cos? (b
! Kk (siny;(—1
v, S

Ccos2gsing | sino cos? ¢

which implies aj 4 sin® 6; is finite at the A; A3 point, again since all of the other

. * « 2 o * s 2 i ] — 1
terms are finite. Note that aj ,sin”60; = aj ,sin”6; when sinf; = 0, since
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Ky sin?6; = —k, sin?6; at sinf; = 0. Finally, for i = j, multiplying (3.72)

by sin6; and then setting sin¢; = 0 gives
W o 2 cos 0j+1 / : / : /
Ky sing = m(em sinf; + 0 ,sin6;) + 2(7 + ;) cos p(—1)
J
cos* 641
cos? ¢ sin® 044

, K
(a1 — ajy)sind; + S—(— cos 1hj cos® @) .

in ¢

Hence (aj,, — aj,,)sinf; is finite when sin 6; = 0. Hence we get the following.

Proposition 3.9.2.1 As an A3 point tends towards an AyAs point along an

A3 curve, the medial sheets must satisfy the following:

lim (a,,sin?6;) = lim (a*,,sin’6;
sinej—>0( j+1 ]) sinGj—>0( i+2 j) ’

lim ((a}, —a},,)sind;) exists

Sinej—>0
W in2 : W .2 .
. (Kj41 807 0;) cos ¢ sin - . (Ko 8in™0;) cos ¢ sin ¢
lim - =— lim .
sin6; —0 Sin 9j+1 sin 0;—0 Sin 9j+1

a*,,sin®6; cos* ¢, ¢ + ksin; — a*sin ¢
= lim |~ L — 4 sind; + L :
sin 6;—0 COS gb Sin 9j+1 COos (b S (b

(a%,) — aj y)sinb;cos® ¢4

lim (k% sing) = lim —2(7 + %) cos
sin 6,—0 ( J ¢) sin 6,—0 < cos? ¢ sin? 0,41 ( ¢]) ¢
41/};-+1 sin 6; cos 041 _ Kcos ) cos? ¢
cos ¢sinfj 4 sin ¢ '

Here cos ¢ # 0 and the notation used is contained in Table 3.1.

Now we shall consider the limiting form of (3.74) from Theorem 3.4.5.4. For
this, we assume cos 6; # 0 for any 7. When cosf; = 0 then Proposition 3.9.2.1
holds, since cos¢ # 0 when cosf; = 0. A similar argument to that which

resulted in Proposition 3.9.2.1 gives the following.

Proposition 3.9.2.2 As an A3 point tends towards an AyAs point along an

A3 curve, the medial sheets must satisfy the following:
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lim (q‘ﬁjﬂ SiIl2 0]) = lim (@H sin2 0]) s

sin6;—0 sin 0;—0
lim ((¢j+1 — ¢j42) sin 9]) exists
sin6;—0
W w20 o W w20 ) o
Y (/-fjJrl sin 0]) sin ¢ ) (,%jJr2 sin 0]) sin ¢
im - = — lim -
sin6;—0 s 0j+1 sin 0;—0 S 9j+1

: -
~ im (_(bjﬂ sin” 6 cos ¢; 1

cos ;11 sin ;41

— 205, sinf; cos ¢ — ¢, sin 0j> ,

lim (/{W sin ¢) — lim <(¢j+2 — <25j+1)sin 6 cos @41 _ 9 (7_ JN//‘) cos ¢

sin 0;—0 sin 0;—0 COS (9j+1 sin 9j+1
+21/1;+1 sin 0 cos ¢ cos(20;11) Kk cos 1, cos? gb)
cos 041 sin ;41 sin ¢

Here cos0; # 0 for any i and the notation used is contained in Table 3.1.

3.9.3 Second Example of A? Case (Continued)

As stated in the first part (in §3.6) of this example we can calculate explicitly
the terms which appear in Theorems 3.4.5.2; 3.4.5.3, and 3.4.5.4. Similarly we
can illustrate Propositions 3.9.2.1, 3.9.2.2 by taking the limit as sinf; — 0.
Two of the points of contact on the parabolic gutter (given by z = by?) were
(z,y,by?) and (z, —y,by?). These coincide when y = 0. Hence the A? point
C(y) from (3.97) is an A; A point when y = 0. Then we can say that -, is the
sheet which is not part of the swallowtail surface, since sinf; = 0, sinfy # 0

and sinfs; # 0 at y = 0. Hence j = 1 in this example. From §3.6 we had

1
a; =0, ay=a5=— ,
! 2 2y /1 + 422
so aj and a} tend to infinity like 1/y? as y — 0. Then, since

2v/2by+/1 + 2b%y>

1+ 4b%y? ’

sin 91 =

we get ajsin®f; — ajsin®60; and (a} — a%)sinf; — a finite number as y — 0,

as in Proposition 3.9.2.1. The latter happens since a5 = a for all (z,y). Also
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from §3.6 we had

¢1005¢1: ,¢2:¢3:0>

1
V2y\/T+ 2022(1 + 4b2y2)3/?

S0 b3 sin®f; — ¢ sin? 0, and (qbQ — ¢3) sin#; — a finite number as y — 0, as in
Proposition 3.9.2.2. Finally, from §3.6 we had

w _
/{2 —_—

1
W
Ky = ,
S 2V2by2 /T + A2 (1 + 2b62y2)
so kY and kY tend to infinity like 1/y? as y — 0. It can be shown that the

results of Proposition 3.9.2.1 are satisfied as y — 0.
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Chapter 4

Transitions on the Euclidean
Symmetry Set and Medial Axis

in Three Dimensions

4.1 Introduction

The complete list of possible transitions on the full bifurcation set of a generic
family of functions of one variable was obtained in [BG86]. Also, the method
of realizing the transitions on a family of distance-squared functions in two
dimensions was described. This involved obtaining conditions on the family
such that the considered singularity was versally unfolded and that the sections
of the bifurcation set of the family were generic. Even though functions of one
variable were considered in [BG86], the methods used were general and so can
be employed in the case of functions of two variables, except when considering
the so-called bad planes. In this case some additional work needs to be done
— see the important Remark 4.2.1.1. Hence, the aim of this chapter is to
carry out a similar study of one-parameter families of symmetry sets and of
medial axes in three dimensions, using the same methods, for certain generic
transitions. Connected to the evolution of the symmetry set in a generic family

of surfaces is work by Bogaevsky [Bog90, Bog02al, which provides a complete
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list of transitions (perestroikas) of generic ‘minimum functions’.

The singularities that we expect to occur on a one-parameter family of
medial axes in three dimensions are A}, A, A5, A;As (two types) and A2A;
(two types) (see [GK02, p.724]). We study these singularities in this chapter
(except for A3}) and one of the singularities which are expected to happen
only on the symmetry set, and not on the medial axis, namely A;A,. For each
considered transition we want to obtain a family of surfaces in three dimensions
for which the distance-squared function has a certain singularity at a value of
the parameter of the family of surfaces. Then we require the singularity to
be versally unfolded and we will obtain conditions for the sections of the ‘big
bifurcation set’ (to be explained below) of the distance-squared function to be
generic. Such conditions below will be interpreted geometrically and involve
naturally occurring objects — most intriguingly the osculating plane of a line of
curvature on a surface in R3.

The local structure of the medial axis as it undergoes such transitions is
described in [GKPO5], where some of the conditions obtained in this chapter
are verified. However, [GKPO05] does not concentrate on the conditions for

realizing the transitions and so a paper which does focus on this would be
desirable (see §4.7).

Definition 4.1.1 A function h where

h:R? (0,00 — R

(1’17372) — h(ﬂflaiUz)

is said to have type Ay at (0,0) when h is right-equivalent (take a diffeomor-

phism of R? and add a constant) to £a3 & 2.

Bogaevsky [Bog02b] produced the following list of possible one-dimensional
strata which can pass through the singularities of symmetry sets in R®. The

stratum D does not occur for the singularities considered in this chapter.
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Possible 1-D strata passing through the considered singularities
One-level strata Two-level strata
A AR /AT
A A A} /A
A3 AT/ A1 Ay
A1As Ag/A1 Ay
Ay A2 /A3
Df Ay/As

As mentioned above we will require unfoldings to be versal, so here is a brief
summary of what this means, using the appendix from [BGG85]. Consider an
n-parameter unfolding g : (R™xR™, (q,ug)) — R of a multi-germ gy : (R™, q) —
R, where g(g;,up) = go(q;) for all i and ¢ = (q1,...,¢,). Let k be ‘sufficient’,
that is not less than the maximal degree of determinacy of the singularities

goi : (R™ ¢;) — R. Then, from [BGG85], g is versal if

the k-multi-jets of s—ugl(—, o) 5., ;—i(—,uo) at ¢ , and (1,...,1)
£(m) £(m)

Span —EBEB— ,
Jgo,l Jgo,n

where £(m) is the algebra of germs at 0 of smooth functions on R™ and J
is the Jacobian ideal of gy ;. The vector (1,...,1) corresponds to the fact that

we are allowed to add the same constant to each go ;.

4.2 The A; Transition

In this section we aim to find a family of surfaces in three dimensions which
exhibits an Aj transition and to give an example with pictures of such a fam-
ily. As in [BG86] we firstly consider the standard versal unfolding of an As

singularity:

G:R2xR' =R, (1)
(X,Y,ul,UQ,U3,U4) — Y2 +X6+U1X4+UQX3+U3X2 +U4X . '
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Here R? corresponds to (X,Y) and R* corresponds to the unfolding parameters

(w1, ug, ug, ug). Now we require the big bifurcation set of G, which is

Bife = {(u1, us, uz,ug) : G has a degenerate singularity for some (X,Y)

or G has two singularities at the same level } .

The sets of Bifg for which G has two singularities at the same level are called
A? sets, and the ones for which G has a degenerate singularity are called A,
sets. This big bifurcation set is a three-dimensional object in R} (that is
(u1, us, us, ug)-space) and the As point is at the origin. Taking sections of the
big bifurcation set with non-singular surfaces near to (0, 0,0, 0) gives one of the
possible full bifurcation sets near to the A5 singularity. Then taking a family
of such non-singular surfaces gives a family of full bifurcation sets which pass

through the Az point. There is only one A? set in Bifg:

{(ug, g, us, ug) :up = —2(X7 + Xo)(2X72 + X1 X +2X2 +uy)
uz = u (X7 +4X, X5 + X32)
+3(X? 4+ 3X1 X + XI)(X2+ X1 X + X3) (4.2)
ug = —2X1 Xo (X1 + Xo)(ug + 3(X2 + X1 X + X3))
for Xy # Xo, X1 #0, Xy #0} .

The A, set of Bifg is given by

{(uy, ug, ug,ug) - ug = =3X(5X3 + 2uy X + uy) | (4.3)
uy = X2(24X3 + 8u1 X + 3up) , for X # 0} . '

4.2.1 Bad 3-spaces
Following [BG86], a three-dimensional subspace through the origin in R% given
by

)\1U1 + )\QUQ + )\3U3 + )\4U4 =0 (44)
is called a bad 3-space if it contains the limit of tangent spaces to a stratum of

Bifg at points tending to the origin. An as yet unresolved problem connected

to this is described in the remark below.

167



Remark 4.2.1.1 In this chapter we have assumed that all limits of tangent
spaces to strata of dimension greater than one contain a limit of tangent spaces
to a one-dimensional stratum. This was the case in [BG86] and in correspon-
dence with Bogaevsky [Bog02b] he has confirmed that this is true in all the
cases he has checked, but there is as yet no general proof. Clearly this is
an interesting topic for further investigation; for the purposes of the present
chapter we note that our list of cases agrees with that of Bogaevsky, but in
principle there might be additional normal forms for generic functions on these

bifurcation sets.

Calculations show that of the possible one-dimensional strata only the fol-
lowing occur for an As transition:
A5 {(ug, ug, us, uy) (-3X2%,0,3X%0)},
AyAs s {(ur, ug,uz,ug) = (—6X24X3 9X* —12X5)}
Ayt {(uy,ug,us,ug) = (—15X2%,40X3 —45X* 24X°)} |
( Ua) (=
( )

AT/AT  {(un, ug, ug,u —6X2,0,9X40)},
— ( 3_'_21/3 22/3) X2 ( (2+21/3)) X3

3
( 3(2%/3) + 44 + 28(21/3)) ¥4

<4+2 (21/3) +22/3) X5)}

A%/An?’: {<U‘17u27u37u4) = X2 O 0 O)}
AzfAs + {(u1, uz,u3,ua) = (—135X2,—40X3,120X4,96X5)},

2 .
Al/A1A2 . { U1, U2, U3, Ug

I

where X # 0. It is easy to see that this limit of tangent vectors is (1,0,0,0).
Hence, when considering the limits of tangent spaces to the one-dimensional
strata, the bad 3-spaces in R are (4.4) for which \; = 0. There might be other
bad 3-spaces (see Remark 4.2.1.1).

In RP3 the 3-space M\ui + Aoty + Aguz + Muy = 0 is represented by a
point (A1 : Ag @ Az : Ag). If A is the set of bad 3-spaces, we are interested the

number of regions in RP? — A, and also the amount of types of transition given

168



by taking 3-spaces which have representations from within these regions. By
doing this we aim to identify the various types of transition and obtain criteria

for realizing them. For the As transition RP3 — A is in
{()\1 . )\2 . )\3 . )\4) . )\1U1 -+ )\QUQ -+ )\3’&3 —+ )\4U4 = O, )\1 7£ O} . (45)

If there are no other bad 3-spaces then RP3 — A has one region and hence there

is only one type of As transition.

4.2.2 Representations of the A; Transition

To obtain pictures of the symmetry set as it goes through an Aj transition, we

choose a particular 3-space which is not a bad space. From (4.5) the choice of
{(uy,ug, us,uy) : uy = k const.}

is not a bad 3-space, provided there are no bad 3-spaces given by considering
limits of tangent spaces to two- and three-dimensional strata. In this case
taking the sections of this with the A? sets of Bifg for various k gives the As
transition on the family of symmetry sets. In Figures 4.1, 4.2 are pictures of
these sections, in (ug, us, uy)-space.

Bogaevsky [Bog02b] suggested the following alternative to Figures 4.1, 4.2.
Let m(uy,us,us,ug) = (&,m) be a projection such that its fibre lies on an
isochrone 7(uy,us, ug,uy) = uy = k. That is, 7(-) = o(n(:)) where o(§,n)
is a smooth function. Consider in the plane with coordinates (£, 7n) the projec-
tion of all one-dimensional strata of the A? and A, sets of Bifg, given by (4.2),
(4.3). For some point (&y, 79) of the complement to this projection we can draw
the curve w1 (&g, m9) N Bifg. This ‘clock face’ with the curve o(&y,19) = 0 helps

to imagine the transition. It can be shown that the choice of

1
m(uy, ug, us, ug) = | ug + 1—O(U3 + ug), Uy

has the fact that 7 restricted to each of the two- and three-dimensional strata
of Bifys is a submersion at smooth points close to the origin. Also, the choice

of 0(§,m) = n means that o(m(uy, ug, ug, ug)) = us.
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Figure 4.1: The sections of the A? sets of Bifg, the big bifurcation set of the standard
unfolding G given by (4.1), with the planes u; = k (const.). In these pictures,
k = —0.5. Top: Two different views of the A? sets and the special curves on them.
Bottom: only the special curves and special points are shown. The blue, red curves
correspond respectively to Az, A$ curves. The green, turquoise curves are AjAs
curves. The black, red and blue points correspond respectively to Aj Az, Ay, A2
points. Not all of the surfaces and curves in these pictures lie on the medial axis;
the A3 (blue) curve would end on the medial axis where it meets the A3 (red) curve,

and the A; Ay curves and Ay, A3 points would not lie on the medial axis.
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Figure 4.2: Left: k& = 0, the moment of transition. All of the structure of the
previous picture has collapsed, except for the As (blue) curve, on which is an Aj

point. Right: k = 0.5. There is a smooth A3z curve on the medial axis.

Figure 4.3 shows the projections under 7 of the one-dimensional strata of
Bifs in the plane with coordinates (£, 7). These are labelled; for example the
one-dimensional stratum corresponding to an Ay singularity of the standard
unfolding (4.1) is labelled A4. Also drawn is the curve ¢ = —0.5, which inter-
sects the projections of the one-dimensional strata in the points labelled p;. The
points on ¢ = —0.5 which lie between the projections of the one-dimensional
strata are labelled ¢;. Finally, the point msy corresponds to the A5 point. Fig-
ures 4.4 to 4.12 show 7 !(p;) N Bifg, 7~ !(¢;) N Bifg and 7~!(my) N Bifg. In
order to obtain 7 !(&, o) N {A? set given by (4.2)} for &, no constants, it is
necessary to solve equal to zero a polynomial in X; and X,. Hence the boxes
in each of Figures 4.4 to 4.12 are the set of X, X5 near to zero for which this
equation is satisfied for (&y,79) corresponding to one of the points p;, ¢; or ms.
Some of the transitions that occur in these pictures can be observed in these

‘pre-sets’ — see the captions to Figures 4.4 to 4.12.

171



Figure 4.3: Representing the As transition. The picture at the bottom is of the
picture at the top, but with the £-axis stretched. The curves labelled Ay, etc. are
the projections under 7 of the one-dimensional strata of Bifg for the Ag transition. A
curve 0 = —0.5 intersects these in points p;. In Figures 4.4 to 4.12, the intersections

71 (p;) N Bifg, 7~ !(g;) N Bifg and 7~ (mz) N Bifg are drawn.
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Figure 4.4: In Figures 4.4 to 4.12, the intersections 7~ 1(p;) N Bifg, 7~ (¢;) N Bifg
and 771 (my) N Bifg are drawn (see Figure 4.3 for an explanation of what p;, g;, ma
are). The intersection with the As part of Bifg is drawn in bold, the intersection
with the A% part is the thinner curve. The boxes underneath the curves are the set of
X1, Xo such that m=1(&y,1m9), for &, 1o constants, intersects with the A2 set given by
(4.2). Some of the transitions that occur in these pictures can be observed in these
‘pre-sets’. Top, from left: q1, p1; bottom, from left: g2, po. Top right: a new piece
of A? set is about to form. Bottom left: this new piece of A? set is a swallowtail
with endpoints coinciding with newly created cusps on the As set. This new piece is
visible on the pre-set. Bottom right: a cusp of the A curve meets a part of the A2

set.
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Figure 4.5: Top: g3 (right: a closer look at the picture on the left); bottom: ps
(right: closer look). Top: there are two newly created cusps on the A? set. Bottom:

a cusp of the Ay set now meets another part of the Ay set.
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Figure 4.6: Top, from left: q4, p4; bottom: ¢5. Top left: the As piece now intersects
the other Ay piece with a cusp in two points. Top right: a cusp of the A? set now
meets another part of the A? set. Bottom right: an A? piece with a cusp meets

another part of the A2 set in two points.
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Figure 4.7: Top: ps (right: closer look); bottom: ¢g (right: closer look). Top: a part

of the A? set passes through the leftmost cusp of the As set. Bottom: the branch of
the A% no longer passes through the leftmost cusp of the A set.
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Figure 4.8: Top: pg (right: closer look); bottom: g7 (right: closer look). Top: there

is now a point where four branches of the A? set meet. Bottom: now there is only a

triple intersection and two double intersections nearby.



N

Figure 4.9: Top: p7 (right: closer look); bottom: gg (right: closer look). Top: the
moment of a nib transition on the A% set — two cusps of the A} set coincide at an
intersection of two pieces of the A, set. After this transition the branches will pair
off differently from before. The moment of transition is visible on the pre-set, since
there are two self crossings here. Bottom: the two cusps of the A? set now lie only
on one piece of the A set and they do not coincide. The branches on the pre-set

and on the A? set are now paired differently.
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Figure 4.10: Top, from left: ps, go; bottom: pg. Top left: one of the cusps of the A2
set meets another piece of the A2 set and a piece of the Ay set. Top right: the same
cusp meets only the A set, not the A% set. Bottom: a cusp of the Ay set now meets

another piece of the As set.
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Figure 4.11: Top, from left: qi0, p1o; bottom, from left: q¢i11, p11. Top left: the

part of the Ay set near to the cusp at the bottom of the picture no longer intersects
another part of the As set nearby. Top right: a cusp of the Ay set meets a part of
the A? set and two cusps of the A? set collapse. Bottom left: the cusp of the A
set no longer meets a part of the A? set, which is smooth nearby. Bottom right: the

moment of a piece of the A2 set vanishing and two cusps collapsing on the A set.
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Figure 4.12: From left: ¢, mo. Left: a piece of the A% set has now vanished and
two cusps of the As set have disappeared, leaving the As set smooth nearby. This
picture is the same as that for ¢;. Right: this corresponds to the As point. There is

a cusp worse than (t2,¢3) on the Ay set.

4.2.3 A Family of Surfaces

Now we shall connect these calculations for the standard unfolding of an Aj
singularity with a family F of distance-squared functions from a one-parameter
family of surfaces in R? to a point in R3. Consider a family of surfaces in Monge

form given by z = f(z,y,t) where

fO(xvy) = f(:E,y, 0)
= (k12 + koy?) + (box® + b12%y + bozy® + bsy?)
cort + 13y + cox?y? + czxy® + cqy?)

(
+(dox® + drxty + doxPy? + dsz?y® + daxy® + dsy°)
(

+

(4.6)

+(eox® 4 12’y + eaxty® + ey + eyt + esxy® + ey®)

+ .
/
where we assume k1 # kg, so that (0,0, fo(0,0)) is not an umbilic, and that

k1 # 0. Then the family F' is given by
F:R2xR%(0,0,0,p0) — R, }

(4.7)
(,y,t,a,b,¢) = ||(z,y, f(z,9,1)) — (a,b, )| .
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Hence F(z,y,t,a,b,c) is the square of the distance from a point (a,b,c) € R?
to a point (z,y, f(z,y,1)).

We want to realize an Aj transition on this family and so firstly we use
Definition 4.1.1. Let Fy be such that Fy(z,y) = F(z,y,0,po). Then we require
F, to be right-equivalent to £y? 4 2.

Right-equivalence to £y* 4 23. We have

F(z,y,0,a,b,c) = (z—a)*+(y—0)"+ (folz,y) — ¢)*
= a®+ b+ —2ar —2by + (1 — cry)2® + (1 — cra)y?
—2¢(box® + biw?y + bywy® + bsy®) + h.ot. in x,y.

Hence for Fy to be right-equivalent to +y*4+ 23 we need a = b = 0 and ¢ = 1 /5y,
so po = (0,0,1/ky). (This is where we require x; # 0.) We need the y? term

to remain, which means that we assume 1 — ky/k; # 0. Let

Azl—@,e:sign()\).
R1

Then take the change of variables

bll’Q + bgl’y + bgyz)
=Y,

T—=T,y—Yy—-
R1 — Ra

1 2,

which makes F'(z,y(y1),0,0,0,1/k1) = — + (1 - @) v — 22% L hot.
le Kfl K/l

Then if we take a further change of variables

oo ({2 ()

R1

we get that [} is right-equivalent to ey? + a3 when by # 0 (since, by [A74], this
is 3-determined). Hence Fy has type Az if po = (0,0,1/k1), k1 # 0, A # 0 and
by # 0.

The following uses the same methods to obtain conditions for Fy to have
Az, Ay, and Ay at o = y = 0. We assume that pg = (0,0,1/k1), K1 # 0, A # 0
and by = 0.
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Right-equivalence to +y* & 2*. If oy # 0 where

K2 b? 2cy
ao = ————
4 K,l(l*{,l — /{2) K1

then Fy is right-equivalent to ey? +nz?*, where n = sign(ay), and so Fy has type
Az at x =y =0.
Right-equivalence to £3% & 2°. Given ag = 0 and 3, # 0, where

_2()1(01(/431 — 52) + blbg) _ Q_d()
/{1(/{1 — I{2)2 K1

Bo =

then Fy is right-equivalent to ey? + 2° and so has Ay at x = y = 0.

Right-equivalence to £y* 4 2°. If oy = By = 0 and vy # 0, where

/@zljL <2b1d1 + C%) bl (bll‘ii’ — 4b1€2 — 8b201)

Yoo = § - /{1(/{1 — I{Q) + 2/‘61(/{,1 — /{2)2
203(bibs +2b3)  2eq
/ﬁ(/ﬁ - I‘i2)3 ki

then Fj is right-equivalent to ey® + va®, where v = sign(vo) and so has A; at

r=y=0.

Summary. If po = (0,0,1/k1), k1 #0, A # 0, by =0, ap = 0, fp = 0 and
v # 0 then Fy has type As. Moreover, if sign(A) = sign(7o) then Fj is right-
equivalent to 4-(y*+ %), which corresponds to an isolated intersection between
the sphere centred at (0,0,1/k1) of radius 1/k; and the surface z = fo(x,y) at
the origin. This is what we want, since we are interested in the As transition
on the medial axis rather than on the part of the symmetry set which is not

on the medial axis.

4.2.4 Condition for Versal Unfolding

Given that Fy has type As we then require the Aj singularity to be versally

unfolded by F. The condition for an unfolding to be versal was described in
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84.1. For the Aj transition we require that the 6-multi-jets of

or or oF OF
ot " Oa B Ob  Oc
€2)
J

Fo

(all evaluated at t =a=b=0, c = 1/ky)

should span (ignoring constant terms),

where Jg, is the Jacobian ideal of Fj, and so is spanned by 0Fy/0x, 0F,/0y.
We need only consider the 6-multi-jets since the Aj singularity is 6-determined.
Strictly speaking we should have 0F/0(c —1/k1), since we allow small changes
in (¢ — 1/k1) in order to obtain all singularities near to As. However, this
does not make any difference to the formulae. We obtain £(2)/Jg, by taking
polynomial multiples of 0Fy/0x, 0Fy /0y to remove monomials in z, y contained
in £(2). If we take f(z,y,t) = fo(z,y) + tx* in (4.6) it can be shown that F
versally unfolds the As singularity if

K1 0 0
0 2bi (k1 — ry) —2b7

1(K1 = K) ' | has maximal rank.
0 K1 — K2 —b

Hence the condition for F' to be a versal unfolding of an Aj singularity is that

Cl</€1 — 52) —+ 2b1b2 7é 0. (48)

4.2.5 Conditions for Generic Sections

We will now connect the unfolding F' given by (4.6), (4.7) and f(x,y,t) =
fo(x,y) + tz* with the standard unfolding G, from (4.1), of the A5 singularity.
Given that F' has the property that Iy has type A5 at x = y = 0 and that it
versally unfolds the Aj singularity (which happens when (4.8) is satisfied), we
can say that F' and G are isomorphic as unfoldings (from [BGGS85]) and so G
can be induced from F' by

G(X,Y,u) = F(A(X,Y,u), B(u)) + C(u) (4.9)
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where A : (R? x R* (0,0)) — R? is a germ with A(—,0) invertible, B :
(R*,0) — (R* (0,pg)) is an invertible germ and C : (R* 0) — (R, —1/k?)
is a germ.

Now the big bifurcation set (Bify) of F is a three-dimensional object in R,
corresponding to (t,a, b, c)-space. Sections of this give the symmetry set and
focal set of the surface z = f(x,y,t) at values of t. We require these sections
to be generic, which imposes restrictions on the family F', obtained from the

following;:

R2xRY ¢ RyRt — R* & R
(AxB)]  (-CxB) Bl /h
R2x R* <% RxRY — R4

Using this commutative diagram we can get the condition for avoiding bad
sections of Bifz by using the condition for a bad 3-space in the standard case.

The tangent space to Bifg is given by the kernel of h:

ker dh : R* — R, which has matrix < Oh Oh Oh  Oh )

8u1 ’ 8’&27 8u3’ 8u4

u=0
Hence, from (4.5), we see that the generic functions h are those for which
Oh/Ou; # 0 at u = 0, with possibly other functions given by considering
tangent spaces to the two- and three-dimensional strata (see Remark 4.2.1.1).
From the commutative diagram we see that h = mo B, where 7 : (¢,a,b,¢) — t

and so some generic sections of Bifp are given by

0B, 0B, 0B 0B, 0
— wt+ — — —|  us=
0u1 u=0 ! 8u2 u=0 2 6u3 u=0 3 6u4 u=0 4 ’
.. 0By .
for which T, # 0, where Bj is the first component of B .
U1 u=0

The remaining task is to link this condition with the unfolding F', which is
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done by using the relationship (4.9) between F' and G. We get

G 9G 9G oG —( x* x3 x2 x
oul Ous Ouz Oug (X,Y,0)

0A; 0A: 0Ar 0A:x

ouy Ous Ous Ouy

_ ( oF  oF y

gz 9y )‘<A<X,Y,0),B<o>> oAy 0A, Ay DAy

du;  Ouz  duz  Ous (X,Y,0)

0B1 0B1 0B1 0B;
ouy Ous Ous Ouy

0B> 0B> 0B> 0B
Ouq Ous Ous  Oug
I ( OF OF OF OF )’ y

o a0 dc J1(A(X,Y,0),B(0)
0Bs3 0Bs3 0Bs 0Bj
ouy Ous Ous Ouy

0By 0By 0By 0By
ouy Ouo Ous Ouy u=0

4 (0o oc oc oc
Ou; Ous Ouz Oug

u=0

Consider the Taylor expansions at X = Y = 0 of the components of both
sides of the above; the left-hand side evaluated at (X, Y, 0), the right-hand side
evaluated at (A(X,Y,0),B(0)). In particular we want the coefficients of X,
X2, X3 X% of these Taylor expansions. Using the relation (4.9) at u = 0:

R1

1
Y24+ X0 =F <A(X, Y,0), (0, 0,0, —)) +C(0) for all X, Y,

it can be shown that the coefficients of X, X2, X3, X* in the Taylor expansions
at X =Y =0 of 0F/0x, and of OF /0y, evaluated at (A(X,Y,0), B(0)) are all
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zero. Hence we get the following:

Iy, = M x JB, where

0B1 0B; 0B; 0B;
ouy Oua Jus Ouy

0B> 0By 0By 0By
Ouq Ous OJuz  Oug

JB = ,
0Bs 0B3 0Bs 0Bs
ouy Oug Jus Ouy
0By 0By 0By 0By
ouy Ousg Ous Ouy u=0
4 OF OF OF OF
coeff. of X* in Taylor exp. of G-, 5-, 55> e
coeff. of X3 in ...
M =

coeff. of X?in ...

coeff. of X in ...

A(X,Y;0),B(0)
and I, is the (4 x 4) identity matrix. Since we have assumed the condition (4.8)
for F' to be a versal unfolding is satisfied, we can say that the determinant of
JB is non-zero and so JB = M. We can calculate the matrix M ~! in the
terms that appear in the of the family F using the relation (4.9). Then we find
that

0B
871(0) 7& 0 <— Cl(lil — K,Q) + 2b1 by 7é 0,
1

which we know is true, since we assumed (4.8) holds. Hence, provided there
are no additional normal forms for generic functions other than the h with
Oh/Ou; # 0 at u = 0, if F' is a versal unfolding of the As singularity, the
sections of Bif p are generic.

So we have the following.

Proposition 4.2.5.1 The necessary conditions for the one-parameter family

of symmetry sets of the family of surfaces z = fo(x,y) + tat, where fo(x,y) is
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given by (4.6), to exhibit an Ay transition are that

4 Hl(:‘il — :‘12) /Q—l
_2()1(01(/431 — KJQ) + blbg) _ Q_d(]

0 = K1(K1 — K2)? K1
0 4 /{_‘11 B (2byd;y + 3) N by (bik3 — 4byco — 8bycy)
8 K1(K1 — Ka) 2k1(K1 — Ko)?
202(b1bs + 2b2)  2e
- /il(/il - 52)3 a fi—l ’

0 7é Cl(l‘f,l - K,Q) + 2b1b2 .

Moreover if the sign of the right-hand side of the fourth condition is the same
as the sign of (k1 — K2)/kK1 then the transition occurs on the medial axis. The
first four conditions ensure that the origin is an As point at the moment of
transition and the last condition means the As singularity is versally unfolded
by F' (given by (4.6), (4.7)) and that the plane sections of the big bifurcation set
are generic, provided there are no additional normal forms for generic functions
given by considering the limits of tangent spaces to two- and three-dimensional
strata (see Remark 4.2.1.1).

4.2.6 Interpretation of the A; Condition

There are several interpretations of the last condition of Proposition 4.2.5.1.
From [HGYGM99, pp.144, 162], the local equation of the ridge corresponding

to k1 at the origin is

3 ((/‘il — KJQ)(SCQ — /‘i?) -+ 4()?) xr + 6 (Cl(/ﬁl — /‘iz) —+ 2b1b2) Y + ... = 0
> (0)x +6(c1(k1 — K2) +201b2)y +--- = 0,
since the origin is an As point and so the first four conditions of Propo-
sition 4.2.5.1 hold. Then the last condition of Proposition 4.2.5.1 is that

0 # c1(k1 — Kg) + 2b1by, which is the same as the ridge curve corresponding to

k1 being non-singular at the origin.
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Another interpretation is given by considering the line of curvature cor-
responding to ;. When the first four conditions of Proposition 4.2.5.1 are

satisfied, this line of curvature is given by z = fo(x, y(z)) where

— 2
y(r) = <7b1 ):E2+ (01(/11 H2)+2 ble)x?’Jr... :
R1 — Ra (/ﬁ - I‘i2)

K1 o K1(KT(K1 — K2)® +4b7) 4

giving fo(z,y(z)) =

2 8(/11 - /€2>2
+/‘€151(C1(/‘€1 — K2) ;F 2blb2)x5 I
(k1 — K2)

Then the torsion 7 of this curve is zero at x = 0 if and only if ¢1 (k1 —rK2)+2b1b =
0. Hence the condition ¢1(k; — k2) + 2b1by # 0 means that the torsion of the
line of curvature corresponding to k; is non-zero. Alternatively, the condition
c1(k1 — Ka) + 2b1by # 0 means that the projection of the line of curvature
corresponding to x1 to the (x,y)-plane does not have an inflexion when b; # 0.

Secondly, choose k1 > ko without loss of generality, since (k1 — Kka) # 0.
Then we want sign(x;) = the sign of the right-hand side of the fourth condition
of Proposition 4.2.5.1 for the transition to be on the medial axis. Given this, it
can be shown that the expansion of x; along the line of curvature corresponding

to K1 1S
k1(x) = k1(0) — (positive const.)z* + - - -

and so k1 has a maximum at x = 0.
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4.2.7 Example

Take numerical values for the coefficients of fy(z,y) so that the conditions of

Proposition 4.2.5.1 are satisfied. Let

. ]‘ 2 1 2 ]‘ 2 3 2 ]‘ 3
Jo(z,y) = 2(56 +4y)+<2x T

(L (2,5, (1863 1Y
—— —— — = — |
24 15 10800 10/

1
that is k1 =1, @ZZ,
1 3 1
Do=0, by ==, by = —, by = —=
0 07 1 27 2 107 3 57
1 d 2 1363 1
& - = —— ep = — — —
0 24" ° 157 %7 10800 10

and all the other coefficients are zero in the formula (4.6) for fy(z,y). All
of the conditions of Proposition 4.2.5.1 are satisfied for these values. Hence
the necessary conditions are satisfied for a generic As transition to occur on
the family of distance-squared functions F' given by (4.7) for fo(z,y) with the
numerical values for the coefficients taken as above. It can be shown that the
right-hand side of the fourth condition of Proposition 4.2.5.1 is positive. Then,
since (k1 — ko) > 0 and k; > 0, the transition takes place on the medial axis of
the surface z = f(x,y,t) at values of ¢t moving from positive to negative.

As an Aj transition occurs on the medial axis, certain events happen on
the surface z = f(x,y,t) at various values of t. See Figures 4.13, 4.14 for an

example of what happens to ridge curves during an Ay transition.
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Figure 4.13: An example of the surface z = f(z,y,t) at values of ¢; on the left
t = 0.03, on the right ¢ = 0. Drawn on each surface are the principal direction field
and the ridge curves corresponding to the larger principal curvature. (The ridge
should be a continuous curve, but owing to numerical errors it sometimes ‘dives’
underneath the surface and so cannot be seen.) The ridge curves on the right of the
surfaces are of interest: as the medial axis goes through the Aj transition, the ridge
curve loses two A4 points, that is points at which the ridge has a turning point and
is tangent to the corresponding principal direction. Left: the A4 points are still on
the ridge curve on the right of the surface. Right: at ¢ = 0 the ridge has degenerate
tangency with the principal direction at * = y = 0 — this corresponds to the As

point.

191



/// = - S
o

—
Y\ L s

-

\\\\\\
\
\
\
\ A\
\
\

Figure 4.14: The continued example of the surface z = f(x,y,t); this picture is at
t = —0.1. This is after the A5 transition and the ridge curve has lost two A4 points,

since there are no points on the ridge at which the ridge has a turning point and is

tangent to the corresponding principal direction.
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4.3 The A7A; Transitions

Now we shall use the same methods for the A2 A3 cases as employed for the As

transition. The standard multi-versal unfolding of an A? A3 singularity is

G :R?xR* — R, given by the three unfoldings

Gr (X1, Yot ., ) = ¥ X0 s
Ga : (Xo, Yo, uy, ug, ug, ug) — Y2 4+ X2+ uy

G : (X3, Y, ug, g, us, tg) — Y2+ X2 4 uy .

(4.10)

4.3.1 The Bad 3-spaces

We need to calculate the bad 3-spaces, in other words those spaces in R% given
by (4.4) which contain any of the limiting tangent vectors to the strata of the
big bifurcation set of G given by (4.10). For (4.10), the one-dimensional strata

are

At {(ug, ug, us, uy) (—2X2%0,-X* X%},
ATAy - {(ur, g, ug, uy) (—
A1 Az {(ug, ug, ug, uyg) (
U{ (w1, u2, us, us) (
A2/AY  {(uy,ug,us,uy) = (— 2X2 0,0,0)},
Ao /A {(uy, ug, us, uy) (—6X7,8X3 —24X* —24X")} |
A3 /AL Ay - {(uy, ug, us, ug) (—6X2 8X3 3X* —24X1)}
( Uyg) (—6X2%,8X° —24X* 3X")}
( ) (

U{U U2, U3, Uy

AQ/A?) { Uy, U2, U3, Ug

We can see that the limits of tangent vectors to these one-dimensional strata
are (1,0,0,0), (0,0,1,0), (0,0,0,1) and (0,0,1,1). Hence the bad 3-spaces are
(4.4) where Ay = 0 or A3 = 0 or Ay = 0 or A\3 + \y = 0, with other possible
bad 3-spaces given by considering limits of tangent spaces to two- and three-

dimensional strata (see Remark 4.2.1.1).

193



As we did for the Aj transition, we need to determine the number of regions
in RP? — A, where A is the set of bad 3-spaces. From this we can decide the
number of types of transition and obtain criteria for realizing each one. Since
Ao is not mentioned in A, we need only consider (A\; : A3 : A\4) as a point in
RP2.

Figure 4.15: The A2Aj3 case: the non-shaded region gives one type of transition, the
lightly shaded region gives another type, and the darkly shaded region gives the last

type of transition.

Given that there are no additional bad 3-spaces, it can be shown that there
are three possible types of A?Aj transition, according to the region in which
(A1 © Az @ Ay) lies in Figure 4.15; the non-shaded region gives one type, the
lightly shaded region gives another type, and the darkly shaded region gives
the last type of transition. From Proposition 4.3.5.1 below, we get that one
of these types of transition cannot be realized by a family of distance-squared

functions. We get the following.

Proposition 4.3.1.1 Provided the bad 3-spaces are (4.4) where \y = 0 or \3 =
0 or Ay =0 or A3+ Xy = 0, then the sections \ju1 + Aaus + Aguz + Ayuy = const.
of the big bifurcation set of the standard unfolding G from (4.10) give one of

three possible transitions, distinguished by the following:
e \3\y < 0 corresponds to A3As-1;
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e sign()\;) = —sign(\3) = —sign(\y) corresponds to A? As-I1;

e sign(A;) = sign(\3) = sign(\y) corresponds to the other possible type of

A2 Az transition.

4.3.2 Representations of the A3A4; Transition

The pictures of the sections of the big bifurcation set of the standard unfolding
G from (4.10) can be obtained in the same way as for the Aj singularity (see
§4.2.2). Hence, when considering the list of bad 3-spaces in Proposition 4.3.1.1,
the three possible cases are illustrated in Figures 4.16 to 4.18. In this case a one-
parameter family of symmetry sets must look like one of the three transitions
in these figures (in fact it will be shown in Proposition 4.3.5.1 below that one of
the cases cannot occur for a one-parameter family of symmetry sets). Pictures
of the medial axis in the two occurring cases can be deduced from Figures 4.16

to 4.18 and are drawn in Figure 4.19.

4.3.3 A Family of Surfaces

Now we shall connect these calculations for the standard unfolding of an A2 A3
singularity with a family of distance-squared functions on a one-parameter

family of surfaces in three dimensions. We consider the unfolding

F:R? xR*(0,0,0,0,0,1/k1) — R, given by the three unfoldings )
Fi(z1,y1,t,a,b,¢) = (21 — a)* + (y1 — b)?

+(fo(z, y) + tgr(z1, 1) — ¢)?, (4.11)
(w2, 42,1, 0,0, ¢) = [|72(22, 92, 1) — (a,D,¢)[1*
F3(x3,y3,t,a,b,¢) = ||v3(2s, y3,t) — (a, b, ¢)

[ )

where fo(z1,y1) is given by (4.6) and Fp; has type As at 1 = y; = 0, where
Foi(zi,y;) = Fi(24,4:,0,0,0,1/k1). This means that by = 0 and
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Figure 4.16: Sections of the big bifurcation set of the standard unfolding G from
(4.10) in the case A%Aj3-I of Proposition 4.3.1.1. Top: two views before the transi-
tion, middle: two views at the moment of transition, bottom: two views after the
transition. The blue, red curves correspond respectively to As, A:{’ curves. This is
one of the possibilities for a one-parameter family of symmetry sets (See Figure 4.19

for pictures of the medial axis in this case).
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Figure 4.17: Sections of the big bifurcation set of the standard unfolding G from

1T of Proposition 4.3.1.1. Top: two views before the tran-

143
sition, middle: two views at the moment of transition

(4.10) in the case A

bottom: two views after the

)

transition. The blue, red curves correspond respectively to Az, A% curves. This is

the second possibility for a one-parameter family of symmetry sets (See Figure 4.19

for pictures of the medial axis in this case).
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Figure 4.18: The third type of transition as listed in Proposition 4.3.1.1 of sections
of the big bifurcation set of the standard unfolding G from (4.10). This does not
occur for a one-parameter family of symmetry sets. Top: two views before the
transition, middle: two views at the moment of transition, bottom: two views after

the transition. The blue, red curves correspond respectively to A3, A3 curves.
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Figure 4.19: The medial axis corresponding to two possible types of A% A3 transition

on a one-parameter family of symmetry sets from Figures 4.16, 4.17 and 4.18. The
third case does not occur. The blue, red curves correspond respectively to Az, A3

curves.
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We also want Fpo and Fp 3 to have type A; at o =y, =0 and at 23 = y3 =0
respectively. This corresponds to the sphere of centre (0,0,1/k1), radius 1/k;
having A; contact at two points on the two families 75, 3 of surfaces at ¢t = 0.
Consider F,. Let the point of contact with the sphere and the surface given
by Y2(z2,y2,0) at z2 =y = 0 be
X02 = (P02, Qo2, Wo2) = %(cos (9 COS Ao, COS g SIN Ao, singpe + 1), (4.12)

where ¢9, Ay are constants. Then the tangent plane to this surface is given by

((xuyu Z) - (p0,27QO,27w0,2)) : (51(]90,27(]0,27100,2) — (0707 1)) =0.

Depending on the parametrization of the surface, we consider three forms of

Fy(x9,99,t,a,b, c) as follows:

Fy = (far(z2,y) + tga1(22,y2) — a)®
+ (Y2 + Qo2 — b)* + (z2 + wop — ¢)° (4.13)
1 — rw
where fo1(72,92) = po2+ 2 (—@) + 9 (ﬁ) +
Po,2 K1Po,2
or [y = (za+po2—a)’+ (faalza, yo) + tgoo(w2,y2) — b)®
+ (y2 + wo2 — ) (4.14)
1 — rw
where fa2(72,92) = o2+ 22 (—@) + s (ﬁ) +
qo,2 K14o,2
or Fy = (z2+Dpo2— a)2 + (Y2 + Qo2 — b)2
+ (fo3(z2, y2) + tga3(22, y2) — c)? (4.15)
K K
where fa3(z9,y2) = wo2+ To ($> + Y2 (ﬁ) + e
1 — Kiwo,2 1 — Kiwo 2

We can choose at least one of these since not all of pg o, qo2, (1 — K1wg2) are
zero. We assume Fj , has type A; at xo = yo = 0, which means the second order
terms of fa1, fo2, fo,3 satisfy certain conditions. We have similar expressions in
the case of F3, given by one of (4.13), (4.14), (4.15), with x4, ¥, (—).2 replaced
respectively by xs, ys, (—).3.
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4.3.4 Condition for Versal Unfolding

Using the end of §4.1 we get that F' is versal if

OF, OF, OFy OF, OF, OFj OF, OFy OF3
<8t’ ot’ 8t)’(6a’8a’8a)’<86’ ob’ 86)’
OF, OF, OF,
(80’ dc’ e

) (all evaluated at t =a=b=0, c = 1/ky)
£(2)

Fo

and (1,1,1) span

@ sp{1} @sp{l},

where we only consider terms of degree < 4 for Fi, terms of degree < 2 for I3
and terms of degree < 2 for Fy. If we let g1(z1, y1) = no+ma1+n2y1 +n323 +- - -

then F' is versal if

770’@% K1 K1
Mo ™ 2 <773 - T) —752 —753

0 1 0 0 COs ¢2 COS A\ COs ¢3 oS A3
K1 K1

1 COS ¢ sin \g cos ¢3 sin A3

0 0 3 |20, (4.16)

1 0 0 —%1 —singy  —sin ¢
1 0 0 0 1 1
0 0 K1 — K9 —bl 0 0

where

2g2.1(0, O)m if I is of form (4.13)

K1

0, 0)7‘:"5¢I(f’ﬂsirl)‘2 if F5 is of form (4.14)
292.3(0, 0)% if Fy is of form (4.15)

and 03 is similarly defined (replace g2, by g3, etc.).

4.3.5 Conditions for Generic Sections

We found that the list of bad 3-spaces included (4.4) where \; = 0 or A3 = 0
or \y =0 or A3+ Ay = 0. Then, given that these hold, Proposition 4.3.1.1 gave
criteria for the type of A?Ajz transition. As in the case of an Aj transition we

have the relation
GZ<X27 Y%a 11) = F<AZ<XZ7 }/;7 U), B(“)) + C(U)
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where each A; : (R? x R* (0,0)) — R? is a germ with A;(—,0) invertible,
B : (R*0) — (R* (0,py)) is an invertible germ and C : (R*,0) — (R, —1/x?)
is a germ. Using this relation in the same way as for the Aj transition we
obtain the geometrical interpretation of the conditions for generic sections and

for the criterion for the type of A?Aj3 transition, as follows.

Proposition 4.3.5.1 The necessary conditions for the one-parameter family
of symmetry sets of the families of surfaces z = fo(x1,y1) + tg1(x1,y1), where

fo(z1,91) is given by (4.6), and those given by v2(w2,y2,t), V3(73,Y3,t) (see
(4.11)) to exhibit an A3As transition are that

that Fy o, Fos have type Ay respectively at xo = yo = 0, x5 = y3 = 0, that the
versality condition (4.16) holds, and that the following necessary conditions for

generic sections hold

oS (g sin Ag(1 4 sin ¢3) — cos g3 sin A3(1 +sings) # 0
2b1(1 + sin ¢g) — K1 (K1 — Ka) COS Pasin Ay # 0

(4.17)
2b1(1 4 sin ¢3) — K1(k1 — K2) cos Pz sin A3 # 0 |
2by (sin g3 — sin ¢2) + Kk1(K1 — Ka)(COS ¢ Sin Ay — cos P sin A3) # 0 .
Moreover, the transition is of type A2Az-1, A2A3-11 when
(201 (1 + sin ¢3) — K1(K1 — K2) COS ¢3 8in A3) (4.18)

X (—2b1(1 4 sin ¢g) + K1(K1 — K2) COS g sin Ag)

is respectively negative, positive, provided there are no additional normal forms
for generic functions given by considering the limits of tangent spaces to two-
and three-dimensional strata (see Remark 4.2.1.1). The third type of transition
as described in Proposition 4.53.1.1 cannot be realized by a one-parameter family

of distance-squared functions.
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4.3.6 Interpretation of the A?A; Conditions

The condition (4.16) for versality of the geometric family F' is difficult to under-
stand, so we consider firstly the necessary conditions (4.17) for generic sections
and the sign of (4.18), which determines the type of transition, provided there
are no further conditions for generic sections. Using [HGYGM99, p.142] we get
the following. Let t, n, be respectively the unit tangent, principal normal to
the line of curvature corresponding to x; on the surface z = fy(x,y), given by
(4.6). Note that the tangent to the line of curvature corresponding to x; at a
point is the same as the principal direction corresponding to x; at the point.

Then, for X2 as a vector as in (4.12) (and similarly for x3), we have

2by
) H(O) || (07 Ky — /{271'{'1) ;
t(O) . (X072 X X073) 7& 0 s

Xo2 - (£(0) x n(0)) # 0,
Xo,3+ (£(0) x n(0)) # 0,
(%02 — Xo;3) - (£(0) x n(0)) # 0.

Hence, the first condition of (4.17) is the same as stating that the tangent

t(0) = (1,0,0

)
the first condition of (4.17)
the second condition of (4.17)
the third condition of (4.17)
(4.17)

(N

the fourth condition of

to the line of curvature corresponding to k1 must not lie in the plane containing
the origin and the points Xo 2, Xo 3. In other words, the first condition of (4.17)
1s the same as stating that the principal direction corresponding to k1 must not
lie in the plane containing the origin and the points Xo2, Xo3. Let € be the
osculating plane of the line of curvature corresponding to x; at the origin. Then
the second condition of (4.17) is the same as stating that the line through the
origin and the point X¢o must not lie in €. Similarly for the third condition of
(4.17) and the point x¢ 3. Finally, the fourth condition of (4.17) is the same as
stating that the line through Xo2 and X¢3 must not be parallel to €.

In a similar way we can get an interpretation of the sign of (4.18):
sign of (4.18) = sign of (x¢3 - (t(0) x n(0))) (—xo,2 - (t(0) x n(0))) .

Hence the symmetry set of the families of surfaces as in Proposition 4.3.5.1

exhibits respectively an A?As-1, A3 A3-11 transition if Xo2, Xo3 are on the same
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side, opposite sides of €2, provided there are no conditions for generic sections
other than (4.17).

Consider the condition (4.16) in a simplified situation. Assume the families
71, ¥3 given by (4.11) do not change with ¢, which means that 79, 71, 72, 73 and
d3 are all zero in (4.16). Then, (4.16) becomes

02 (201 (1 4 sin ¢3) — K1 (k1 — K2) cos ggsin Az) # 0,

where dy is defined immediately after (4.16). Hence the simplified version of
(4.16) becomes

92,1(0,0) cos g cos Ay (2b1(1 + sin ¢3) — K1 (k1 — Ka) cos g3 sin Ag) # 0
when F3 is of form (4.13) ,

92.2(0,0) cos pasin Ay (2b1(1 + sin ¢3) — K1 (k1 — Ka) cos Pz sin Az) # 0
when F, is of form (4.14) ,

92,3(0,0) sin @9 (201 (1 + sin ¢3) — K1 (K1 — K2) cos g sin Az) # 0
when F; is of form (4.15) .

Take each of ¢21(0,0), g22(0,0), g23(0,0) to be non-zero. Using the fact that

the unit surface normal ng, to v, at t = 0 is

1
Ng2 = X2 — (O, 0, —) = (€08 g COS Ag, COS g SIN Ay, sin ¢hg) |
R1

we can obtain an interpretation of the simplified version of (4.16), which is
that the line from the origin to the point x¢3 must not lie in ) and either ng o
must not lie in the (y,z) plane (when Fy is of form (4.13)), or ngo must not
lie in the (x,z) plane (when Fy is of form (4.14)), or ngo must not lie in the
(z,y) plane (when Fy is of form (4.15)). These last three interpretations can
be summarized by stating that ng o must not lie in the plane perpendicular to
the coordinate direction corresponding to change with the family parameter t.
For example, if the family of surfaces vo(xo, yo,t) corresponds to translating the
surface vo(2, Yo, 0) in any direction, then for versality we require the direction
of translation not to lie in the tangent plane to ~s(zg,y2,0) at the point of

contact Xg 2.
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4.3.7 Example

Consider the example from §3.6 of the parabolic gutter with a flat end, but with
slightly changed notation to agree with this chapter. Take the three unfoldings
from (4.11) to be

2

lilfL'%

Fl(x17y17t7a7bvc> = xlayluT —<(I,b,C) )

1 2
F2($27y27t7aabac) = ($27K_+ta92) —(a,b,c) )

1

2
1+ VIt &
Fg(ﬂfg, Ys, t7 a, b7 C) = <x37y37 dy2 + T) - (a’7 b7 C) )
1

for d a positive constant. So Fy is of form (4.14) and Fj is of form (4.15)
(with x5, yo replaced by z3, y3 and so on). Hence we take the parabolic gutter
z = k2% /2 with a roof z = dy+ (1 + /1 + d2)/k; and the flat end y = 1/, +1
as the three local pieces of boundary and consider the medial axis of these
surfaces at values of ¢ close to zero. The effect of changing ¢ is that the end
y = 1/Kk; + ¢t moves away from the origin along the y-axis and the other two
surfaces remain unaltered. Hence g; = 0 (and so n; = 0 for each i), g2o = 1,
933 = 0.

The medial axis corresponding to the local boundary surfaces z = ry2%/2,
z=dy+ (1++v1+d?/k and y = 1/k; + t at values of ¢ can be calculated
explicitly. However, these calculations are very similar to those done for the
example in §3.6 of the constraints on the medial axis in three dimensions, where
local boundary was a parabolic gutter z = by? with a flat end = p, and so
the calculations are omitted. The points of contact on the flat end and on the

roof given by (4.12) are

(0,1,1) (0,-d, 1+ V1+d?)
Y X = Y
K1 03 K1V ]_ + d2

so we can obtain ¢, Ag, ¢3, A\3. Using these we can check that (4.16) and each

of the conditions given by (4.17) hold. For this example

(4.18) = (—Kf (_ﬁ)) (k) > 0
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Figure 4.20: Figures 4.20 to 4.22 are of an example of the A% A3-II transition. This
figure is for ¢t = —0.2, that is before the transition. Top left: the boundary surface;
top centre, top right: the corresponding medial axis from two points of view; bottom:

the medial axis from another point of view. The red curve is an A3 curve.

and so the symmetry set exhibits an A?A3-II transition, provided there are no
conditions for generic sections other than (4.17).

The interpretations of the A2A3 conditions given immediately before this
example can be easily verified in this example, as follows. In this example, the
plane containing 0, X2 and Xg3 is * = 0; and €2, the osculating plane of the
line of curvature corresponding to x; at the origin, is y = 0. It is easy to show
that the tangent (1,0,0) to the line of curvature corresponding to x; does not
lie in the plane z = 0, that x¢2 and x¢3 do not lie in the plane y = 0 and
that the line through xg 9, X¢ 3 does not lie in the plane y = 0. Hence all of the
interpretations of the conditions (4.16) hold for this example. Finally, we see
that the y-coordinates of xq2 and x, 3 have opposite signs and so 0, xp» and
X0 3 lie on opposite sides of y = 0 and so we have an A? A3-II transition on the
medial axis.

Figures 4.20, 4.21 and 4.22 show the transition on the medial axis where
d=1, k =2.
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207



4.4 The A;A, Transition

For this transition, we follow the method as used in §4.2, but omit the details.
This transition is different from the others considered in this chapter in that it
does not occur on a one-parameter family of medial axes, but only on a one-
parameter family of symmetry sets. The family of symmetry sets looks locally
like the pictures in Figures 4.23, 4.24 as it goes through an A; A, transition.
As in the transitions considered previously there might be other cases of A; Ay
transitions — see Remark 4.2.1.1.

Take a family of distance-squared functions on a one-parameter family of

surfaces in three dimensions. Consider the unfolding

F:R?2 xR*(0,0,0,0,0,1/k1) — R, given by the two unfoldings
Fi(z1,y1,t,a,b,¢) = (x1 — a)* + (y1 — b)?

+(folz,y) +tgi(zr,p1) — )%,
Fy(22,y0,t,a,b,¢) = [[7a(w2, Y2, 1) — (a,0,0)|I”

(4.19)

where fo(z1,y1) is given by (4.6) and Fp; has type Ay at 1 = y; = 0, where
Foi(zi,yi) = Fi(24,4i,0,0,0,1/k;). This means that

_2b1 (Cl(/ﬁl - HJQ) + blbg) 2d0
/il(/il - 52)2 K1

We assume Fj, has type A; at 9 = yo = 0 and that F5 has one of the forms
(4.13), (4.14) or (4.15). Then we get the following.

Proposition 4.4.1 The necessary conditions for the one-parameter family of
symmetry sets of the families of surfaces z = fo(x1,y1) + tgi1(z1,y1), where
folw1,31) is given by (4.6), gi(z1,y1) = no+ma1+10y1 + 7327 +1am1y1+ (%)y7 +
nsx3 + -+ and the one given by Y2(x2, Yo, t) to exhibit an A1 A4 transition are
that

4 k(K1 —K2) K1
_2b1 (Cl(lﬁl - 52) + blbg) 2d0
/‘61(/‘61 - 52)2 K1
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that Fyo has type Ay at x9 = yo = 0, that the versality condition holds:

M M 72 (nz — "02—“%> M4 <n5 — "1—27%) —50o
01 0 0 0 0 cos 2 cos e
0 0 1 0 0 0 cosdasinie
1 0 0 —= 0 0 —sing, | # 0, (4.20)
0 0 K1 — Ko —b; —2b,y —c 0
0 O 0 K1 — Ko —by 0
1 0 0 0 0 0 1
where

292,1(0,0)w if Fy is of form (4.13) ,

K1

by = 202.2(0,0)%2925m% it ) s of form (4.14)

K1

292,3(0,0)% if Fy is of form (4.15) ,

and that the following necessary conditions for generic sections hold.

20102 + 1 (K1 — K2) # 0 } (4.21)

2b1 (1 + sin ¢9) — K1(K1 — Ka) €OS Pa sin Ay # 0

There is only one type of A1Ay transition, provided no others arise when con-
sidering the limits of tangent spaces to two- and three-dimensional strata (see

Remark 4.2.1.1).

Interpretation of the A; A, Conditions

The condition (4.20) for the unfolding F' to be versal is complicated, as in the
A2 A3 case. Hence, we consider again a simpler situation, where the family
given by (4.19) does not change with ¢, which means that g;(z1,y;) = 0, and

SO Mo, M1y M2, N3, N4, M5 are all zero in (4.20), which becomes
52 <2b1b2 + Cl<:‘i1 — 52)) # 0 s

where 0, is defined immediately after (4.20). Using the interpretations in §4.2.6,
§4.3.6 and assuming ¢21(0,0), g22(0,0), g23(0,0) are all non-zero, we get that
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this simplified version of the versality condition (4.20) is the same as stating
that the ridge curve corresponding to k1 must be non-singular and that the
unit normal to v, at t = 0 must not lie in the plane perpendicular to the
coordinate direction corresponding to change with the family parameter t. For
example, if the family of surfaces vo(x2,ys,t) corresponds to translating the
surface Y2(x9, y2,0) in any direction, then for versality we require the direction
of translation not to lie in the tangent plane to a(zg,y2,0) at the point of
contact Xg 2.

Now consider the necessary conditions for generic sections. The first condi-
tion of (4.21) is that of the non-singularity of the ridge curve corresponding to
k1. Using §4.3.6, the second condition of (4.21) is the same as stating that the
line from the origin to the point xo o must not lie in the osculating plane of the

line of curvature corresponding to k1 at the origin.
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Figure 4.23: A one-parameter family of symmetry sets looks locally like the pictures
in this figure and Figure 4.24 as it goes through an A; A4 transition. It is possible
that there are other cases of A; A4 transitions (see Remark 4.2.1.1). None of these
surfaces is part of the medial axis. In Figures 4.23, 4.24 the green and yellow curves
are A1 Ay curves, the red curves are A“;’ curves and the blue curves are As curves.
Top: before the transition. Here there is a swallowtail surface and a surface with
a cusp edge. Top right: just the curves are drawn, not the surfaces. Bottom: the
moment of transition. The swallowtail surface intersects with the other surface in a

point, the A; A4 point. Bottom right: the curves all meet at the A; A4 point.
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Figure 4.24: After the transition. The swallowtail surface now intersects with the
other surface in a curve. There is now an A$ curve (red) which meets the (blue) A3
at Aj Az points, where the A3 curve ends — these endpoints coincide with the cusps
of the (green) Aj; Ay curve. The red curve has two cusps which coincide with the
intersections of the two A; Ay curves (yellow, green). The yellow curve only meets
another curve at the cusps of the As (blue) curve. The pictures at the bottom show
just the green and red curves, but these do not self-intersect, which is shown by the

picture on the right.
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4.5 The A;A; Transitions

The A; Az transitions are different from the previous transitions — the big bi-
furcation sets of the standard multi-versal unfolding are products. There are at
least four possible types of transitions for the standard multi-versal unfolding
of an A;Aj singularity, but it is stated below in Proposition 4.5.1 that two of
the four identified are not possible for a one-parameter family of symmetry sets
in R3. Hence a family of symmetry sets looks locally like the pictures in one
of Figures 4.25, 4.26 as it goes through the an A;Aj transition, allowing for
other possible cases of A; A4 transitions (see Remark 4.2.1.1). We take a family
of distance-squared functions on a one-parameter family of surfaces in three
dimensions. Then we consider the unfolding given by (4.19) where fo(z1, 1) is
given by (4.6) and Fj;, where Fy,(z;,v;) = Fi(xi,v:,0,0,0,1/k1), has type A;
at 1 = y1 = 0. We assume Fj» has type A; at 29 = yo = 0 and that [, has
one of the forms (4.13), (4.14) or (4.15).

The method is as follows. We require that when the family parameter ¢ is
fixed, then a, b, ¢ do not versally unfold the A; A3 singularity, but that ¢, a, b, ¢
do. To realize the various types of transition we consider the three-dimensional
space with coordinates (uy,us,ug) of the standard bifurcation set of the stan-
dard multi-versal unfolding of an A; A3 singularity (so we ignore the uy com-
ponent in the four-dimensional space with coordinates (uy, us, usus)). Then we
obtain generic linear functions & on this set and use projections h(uy, us, uz)du?

to realize the various types of transition. We get the following.

Proposition 4.5.1 The necessary conditions for the one-parameter family of
symmetry sets of the families of surfaces z = fo(x1,y1) + tgi(z1,y1), where

fo(x1,y1) is given by (4.6), g1(x1,y1) = no + a1 + n2yr + nsxi + -+ and the

one given by ya(xe, y2,t) to exhibit an Ay As transition are that
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that Fy o has type Ay at x9 = yo = 0, that the versality conditions hold:

K1(R1 — K2) COS ¢g Sin Ao

b = 4.22
! 2(1 + sin ¢) ’ (422)
0 # 5yk3 — 2noK? sin ¢y + 211 K1 COS g COS Ao (4.23)

+21)9K1 €OS g Sin Ay + 413(1 + sin ¢o) .

where

29271(0’())% if Fy is of form (4.13) ,

K1

02 = ¢ 2g92(0,0)2%250% yp 1) s of form (4.14) |

K1
292,5(0,0)2222 if Fy is of form (4.15) .
Generic sections are automatic, provided no other conditions for generic sec-
tions arise arise when considering the limits of tangent spaces to two- and
three-dimensional strata (see Remark 4.2.1.1). Moreover, the transitions of
Figures 4.27, 4.28 do not occur on a one-parameter family of symmetry sets.

The additional criterion for realizing either Ay Az-1 or A1 As-11 is not yet known.

Remark 4.5.2 We require an expression for 9?B;/0u3(0) in order to decide
the type of A;Ajz, since

h(uy, ug,uz) £ uj = 7(B(u)) = B (u) .

This has proved very difficult owing to the very complicated expressions. Hence
we consider a geometric reason to distinguish the two cases. From Figures 4.25,
4.26 we see that in the A;As-II case there is an A} curve through the A;As
point at the moment of transition, but in the A; A3-I case there is no A? curve
through the A;As point at the moment of transition. Hence we can examine
the condition for there to be an A% curve on the symmetry set at points near
to those corresponding to Ay, Az points of contact.

Consider the case where the A; surface 7y3(x2,y9,0) is a plane. It can be
shown that the parameters xy, y; on the Az surface z = fy(z1,y;) can be used
as parameters for the pre-symmetry set, given certain open conditions on the

Aj point. Hence we have a parametrization of the pre-symmetry set given by
Y
(@1,51) — (22, 2) -
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Then it can be shown that the critical set ¥ of 1 is singular if and only if (4.22)
holds. Furthermore, the condition for ¥ to be an isolated point or not can be
calculated, but even in this case it is very complicated and involves the degree
4 terms on the surface ~;(z1,y;,0). Hence the condition for an A} curve to

exist can be calculated, but it is too complicated to be understood.

Interpretation of the A; A3 Conditions

Using §4.3.6, the condition (4.22) is the same as stating that the line through the
origin and the point of contact Xo o on the Ay surface must lie in the osculating
plane of the line of curvature corresponding to k1 at the origin. The condition
(4.23) for the unfolding F to be versal is complicated, as in the A7 A3 and A; A,
cases. Hence, we consider again a simpler situation, where the family v, given
by (4.19) does not change with ¢, which means that g, (z1,y1) = 0, and so 1, 11,
72, N3 are all zero in (4.23), which becomes d§; # 0. Using the interpretations in
§4.3.6 and assuming ¢21(0,0), g22(0,0), g23(0,0) are all non-zero, we get that
in the case of the family of surfaces (22, y2, t) corresponding to translating the
surface y2(xa,y2,0) in any direction, then for versality we require the direction
of translation not to lie in the tangent plane to 7s(xs,y2,0) at the point of

contact Xg 2.
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Figure 4.25: A one-parameter family of symmetry sets looks locally like these pic-
tures, as it goes through an A; As-I transition. Top: two views before the transition,
middle: two views at the moment of transition, bottom: two views after the transi-
tion. In Figures 4.25 to 4.28, the blue, red curves correspond respectively to Az, A3

curves. After the transition an A$ curve has been created.
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Figure 4.26: The A;As-II transition on a one-parameter family of symmetry sets.
Top: two views before the transition, middle: two views at the moment of transition,
bottom: two views after the transition. At the moment of transition the A% and Aj

curves are tangent.
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Figure 4.27: The third type of AjAjs transition — this cannot occur for a one-
parameter family of symmetry sets. This type is possible for the standard multi-
versal unfolding. Top: two views before the transition, middle: two views at the
moment of transition, bottom: two views after the transition. At the moment of
transition the A%, A3 curves are tangent and after the transition there are two A3

curves which end at the (A;As3) points of intersection with the Az curve.
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Figure 4.28: The fourth type of AjAs transition — this also cannot occur for a

one-parameter family of symmetry sets. This type is possible for the standard multi-
versal unfolding. Top: two views before the transition, middle: two views at the
moment of transition, bottom: two views after the transition. At the moment of
transition the A3, A3 curves are tangent and after the transition there are two A3

curves which end at the (A1 As) points of intersection with the As curve.
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4.6 The A} Transitions

The A} transitions are similar to the A; A3 transitions in that the big bifurcation
sets of the standard multi-versal unfolding are products. Hence the method for
the following is omitted. In [GKO02] there are three types of transitions listed
which are possible for the standard multi-versal unfolding of an A} singularity,
but [GKO02| states that only one of these types is possible for a one-parameter
family of medial axes in R3.

We consider four families of surface 7;(x;, y;,t) for ¢ = 1,...,4 and four

corresponding distance-squared functions F; when ~;(x;,y;,t) is one of three

forms:
Eo= (fir(zy) +tgia(zi, i) — a)?
+ (yi + 90 — b)? + (x; + Wo,; — c)? (4.24)
i To — Wo,
where fi1(zi,v:) = Doi+ Ui (— %, ) + x; <u) + -
Po,i Do,i
or F; = (zi+poi—a)+ (fiolzi,vi) + tgio(zi, vi) — 5)2
+ (yi + wo,; — ¢)° (4.25)
i To — Wo,;
where fio(zi,vi) = qoi+ (_po, ) + Yi (u) 4+ .-
qo,i qo,i
or F;, = (xi+po;— a)2 + (yi + qoi — b)2
+ (fis(ws, vi) +tgis(zi, yi) — 0)2 (4.26)
where fi3(zi,yi) = woi+ (L) +Yi (L) +e
To — Wo,i To — Wo,i

where the point of contact on the surface v;(z;,v;,0) at ; = y; = 0 is
X0,i = (P, Go,i» Wo,i) = To(COS @; cos A, cos ¢ sin A, sin ¢; + 1)

where ¢;, A; are constants. Also, 7o (const.) is the radius of the sphere of

contact with the surfaces v;(x;, y;,0) at x; = y; = 0. We get the following.

Proposition 4.6.1 Consider the one-parameter family of symmetry sets of the
families of surfaces ~v;(x;,y;,t) given by one of the forms (4.24), (4.25), (4.26).

Let the point of contact Xq 1 be the origin, so ¢1 = 3w/2 and then we have F} is
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of form (4.26) fori = 1. The family of symmetry sets exhibits an A} transition
if each Fo; has type Ay at x; = y; = 0, fori =2, 3, 4; if the versality conditions
hold:

0= Po2(dostos — doatos) +Pos(doato = Go2to.a) } (4.27)

+po,4(go,2Wo,3 — go,3Wo 2)

0 # 61 (po,2(wo,4 — wo3) + po,s(wo,2 — woz) + Poa(wos — wo2))
+02(Po,3Wo,4 — Po,aWo,3) + d3(Po.aWo,2 — Po,2Wo,4) (4.28)
+04(po,2Wo,3 — Po,3Wo,2)
where
20;1(0,0)rgcos ¢; cos \; if F; is of form (4.24) ,
0 = 20i2(0,0)rgcos ¢;sin \; if F; is of form (4.25) ,
29;3(0,0)rosin¢; if F; is of form (4.26) ,
and that the sections of the big bifurcation set of the unfoldings F; are generic.

Since xo,1 is chosen to be the origin we have that Fy is of the form (4.26) for
i=1 and so 6y = —2¢,;3(0,0)ro.

The above only contains the conditions for versality; the conditions for
generic sections have yet to be calculated. See §4.7 and [GKO02] for more detail

on the A} transition.

Interpretation of the A} Conditions

The first condition for versality (4.27) is the same as requiring the four points
of tangency %o, = (Po, qo,i» Wo,i) on vi(x;,y;,0) for ¢ = 1,...,4 are coplanar.
Again consider a simplified version of the second condition for versality (4.28),
where families 1, 73, 74 do not change with ¢, so that §; = d3 = d4 = 0.
Then (4.28) becomes d2(poswos — poawos) # 0. Using the interpretations in
§4.3.6 and assuming ¢21(0,0), g22(0,0), g23(0,0) are all non-zero, we get that
the simplified version of (4.28) is the same as stating that the unit normal to
Yo at t = 0 must not lie in the plane perpendicular to the coordinate direction
corresponding to change with the family parameter t and that xg 3 X x4 must

not lie in the (z, z)-plane.
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4.7 Further Research

The above contains the necessary conditions for realizing the Az, A;As-I,
A1 As-TT, A2A3-1, A2A3-TT and A, A4 transitions on a one-parameter family of
symmetry sets in R3. Also, there is some work done towards the conditions
for realizing the A} transition. This remains to be completed, along with the
remaining transition on a one-parameter family of symmetry sets which also
occurs on a one-parameter family of medial axes, the A} transition. There are
other transitions besides Ay A4 that are expected on a generic one-parameter
family of symmetry sets, which do not occur on the medial axis. The same
methods as used in this chapter can be used to obtain the conditions for real-
izing these.

For each of the transitions considered in this chapter we did not consider
the limits of tangent spaces to strata of dimension greater than one, since we
assumed all of these contain a limit of tangent spaces to a one-dimensional stra-
tum (see Remark 4.2.1.1). Since this does not necessarily follow from [BG86]
a general proof of this is required. Failing that it will be necessary to check for
each transition that the limits of tangent spaces to strata of dimension greater
than one do not produce additional normal forms for generic functions.

As mentioned at the start of this chapter, a paper summarizing the methods
used in this chapter and the conditions obtained, together with any further

research, would be a natural completion of this area of research.
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