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Abstract
This paper considers curves in R™. It defines affine arc-length and affine
curvatures. The family of affine distance functions is generalised, along with
the family of affine height functions. A new basis is constructed that makes
the conditions for Ay singularity types easier to calculate, and applications are
given to geometrical problems.

1 Introduction

In this paper, we consider the affine differential geometry of space curves, i.e.
the geometric properties of smooth curves in R”, which remain invariant under
the actions of SL(n,R) = {X € Mat(n,R) : det(X) = 1} and the translation
group. Such actions are called equi-affine transformations and preserve volume.
In particular we generalise some of the results of S. Izumiya and T. Sano, found
in [2] and [3], from two and three dimensions to n dimensions.

We generalise the classical ideas of affine curvatures, affine arc-length, fam-
ilies of affine distance functions, and families of affine height functions we also
calculate the conditions for Ay singularities of these two families. Our methods
are directly applicable to the study of families of functions and their bifurcation
sets and our proofs are more direct than those in [3]; they show the underlying,
governing dynamic.

In §2 we introduce the affine arc-length parameter for a curve v : I — R™.
Parametrising a curve by affine arc-length ensures the first n derivatives of
with respect to affine arc-length always span a volume of +1. The condition for
such a parametrisation to exist is also found in §2.



In §3 we consider the classical affine curvatures of . These arise naturally
from the affine arc-length parametrisation. A general formula in terms of n
and ¢ is given for calculating the i-th affine curvature of a curve in R™. Finally

a system of affine Serret-Frenet differential equations is given for the classical
curvatures.
The family of affine distance functions on a curve parametrised by affine arc-

length is defined in §4; we also give a formula for an arbitrarily parametrised
curve. Moreover, §5 follows this path exactly, but with the family of affine
height functions.

In §6 a new equi-affine frame is found for the curve. This frame has the
property that its ordered members span a volume of +1; it is defined in terms
of the derivatives of v and the derivatives of the affine curvatures and is denoted
as {Ty,...,Ty}. Moreover, a new system of affine Serret-Frenet formulae arise
with this frame, giving new affine curvatures (which we call affine torsions and
write as 0;). Again formulae in terms of n and i are given for the i-th affine

torsion of a curve in R™.
In §7 we use the new frame {Ti,...,T,} to rewrite the family of affine

distance functions and height functions. Conditions for these two families to
have A, singularities are given in terms of the T; and o;.

Finally, in §§7.1 it is shown that the families are always (p)-versally unfolded
for a generic space curve and geometrical applications are given.

Since determinants measure volume, and volume remains unchanged by equi-
affine transformations, the determinant is an affine invariant and will play a
central role in this study. Let {v1,...,v,} be an ordered set (i.e. a list) of n
vectors in R™. Then let [vg, ..., v,] denote the determinant of the matrix whose
i-th column is the vector v;. Then [v1,...,v,] is equal to the volume spanned

by the vectors in {v1,...,v,}.

2 Affine arc-length

Let I C R be an open interval, and v : I — R™ a smooth space curve. We seek
an affine invariant parametrisation for v of the lowest possible order. As is the
convention for n = 2,3 we choose a parametrisation, in terms of the affine arc-
length parameter s, such that [y,7”,...,7™] = 1 for all s € I. Throughout
this paper, prime denotes differentiation with respect to the affine arc-length
parameter s, thus v = dvy/ds etc, whereas a dot is reserved for differentiation
with respect to an arbitrary parameter t, thus ¥ = dvy/dt etc. Using basic
properties of determinants, it is easy to show that
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Assuming that [y/,~”,...,7(™] = 1 we obtain
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Thus for ¢; < t < to, affine arc-length is given by
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Remark 1 Let J C R and consider a curve o : J — R™ parametrised by
euclidean arc-length. We define the tangent vector Vi to be the unit vector
in the direction of &. The second basis vector Vg is in the subspace (&, &), is
of unit length, is perpendicular to Vi, and together with V; spans an area of
+1. The third basis vector V3 is in the subspace (¢, &, &), is of unit length,
is perpendicular to V; and Vs, and together with V; and V5 spans a volume
of +1. Proceeding in this fashion, the (k + 1)-st basis vector is in the space
(dia/dt’ : 1 < i < k), is of unit length, is perpendicular to {V; : 1 < i < k},
and together with {V; : 1 <4 < k} spans a volume of +1.

Definition 2.1 Given a smooth curve parameterised by euclidean arc-length,
the euclidean curvature is given by Kk = V1V and the higher euclidean torsions

are giwven by 7 = Viy1 - Vigo forall1 <i<n-—2.

Remark 2 Letting t be euclidean arc-length and writing x for the euclidean
curvature of v and {7,...,7,—2} for the higher euclidean torsions gives

n—2
¥4, -y ™) = &7 H it
=1

Then Equation (1) shows that if [¥,%,...,7(™] = 0 for some ¢, then the affine
arc-length parametrisation in unobtainable, since 0 # 1. Hence, if any of the
euclidean curvatures or euclidean torsions become zero at certain points, the
affine arc-length parameter can not be defined at such points. Hence, in all that
follows, I C R shall be chosen such that the image of v has everywhere non-zero
euclidean curvature and euclidean torsions.

3 Affine curvatures

Here we define the affine curvatures of a curve. Let v : I — R" be parametrised
by affine arc-length, so that [y/,~7”,...,7™] =1 for all s € I. Then differentiat-
ing with respect to s gives [/, ...,y 4("+t1] = 0. Hence the set of vectors

{9, ..., 4= 4+ is linearly dependent. Therefore, there must exist func-
tions u; : I — R for 1 <4 < n — 1 such that

D L 4 oy e YD =0 (2)



The functions u; are called the affine curvatures of 7. Notice that
pi = (1) AT O T

The p; are given by determinants; an equi-affine transformation of R™ leaves the
affine curvatures unchanged. These affine curvatures are truly affine invariants.

These definitions give Serret-Frenet type formulae. Let T' = (v/,~4”,...,y™)T
where T denotes transpose; then for M € Mat(n,R)

I/ = MT . (3)
It follows that if M = (m; ;) then
1 ifj—i=1,
m;j; = — M5 ifi=n s (4)
0  otherwise .
Hence det(M) = (—1)"u;.

Example. Let n = 3, so that v: I — R3, then
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4 Affine distance functions

Here we give a general definition of the affine distance function introduced in
two and three-dimensions in [3].

Let v : I — R™ be parametrised by affine arc-length. Given x € R™ and
s €1, weget A:R"xI — R, an n-parameter family of affine distance functions
defined on the curve, where

Ax,s)=[x—7,7,...,y"Y]. (5)

The zero level-set of A(x, s¢) is given by x € R™ such that for some \; € R

X = ’}/(So) + )\1’)/(80) + /\2’}/”(80) + -+ /\nfl’)/(n_l)(SO) .
This is the set of points x € R™ of affine distance zero from ~y(sg). It is easy to
see that the other level-sets are hyperplanes parallel to this one.

Given an open interval J C R, and an arbitrary parametrisation for the
curve v : J — R™. The family of affine distance functions A : R" x J — R is
given by

AGt) =[x =7, YTV, M0 O



5 Affine height functions

Let v : I — R™ be parametrised by affine arc-length. Let S"~! = {x € R" :
[|x|| = 1} be the unit hypersphere in R™. We can define a family of functions on

the curve, parametrised by S”~!. This family H : S~ ! x I — R is the family
of affine height functions, where

H(X’ S) = [X’ ’y/) ’y/I’ A ”}/(n_l)] :

Let J C R be an open interval, then for an arbitrary parametrisation, the

affine height functions are given by H : S"~! x I — R where

H(x,t) = 34,5, 7" VI, A, -y )0

6 Equi-affine frames

Let x € R™ and let {v1,...,v,} be a list of vectors v; € TxR™. The vectors are
said to constitute an equi-affine frame if and ouly if [v,...,v,] = 1. It is clear
that {7/,...,7(™} forms an equi-affine frame with each v ¢ T, s R™ for all

sel.

The aim here is to define a new equi-affine frame for +. This is motivated by
later applications to singularity theory. Furthermore, the affine Serret-Frenet
formulae with respect to this new equi-affine frame will be more analogous to the
euclidean Serret-Frenet formulae. For example, if the euclidean torsion 7,,_5 is
zero then the curve can be contained in R™~!. This means the last basis vector,
say V,,, is constant. (If n = 3 then the binormal vector B is constant and ~
is then a plane curve.) Given the affine Serret-Frenet formulae in Equation (3)

and Equation (4), if p,_1 = 0, this in no way means that y(*~1) is constant.

Given any smooth functions A; j : I — R, the vectors
1—1
’y(z) + Z)\mfym forall 1<i<n
j=1

form an equi-affine frame. The classical case is when A; j(s) = 0 for all s € T

and (i,7) € N x N. Consider the vector given by i = n, that is

v = 'Y(n) + )\n,l'y/ + )\n,2’y” + -+ )\n,n—l’y(n_l) .

We wish the derivative of v to depend on only one other member of the equi-



affine frame. Setting X; ; = 0 for all (i,5) € {Z x Z — N x N} gives

n—1
vo= Z()\;m — )y D + A iy 0D
=1
n—1 )
= (A;z,l - Ml)’yl + )\n,nflf)’(n) + Z(A;z,z i An,ifl)’Y(Z) .
1=2

If v is to be independent of v it follows that A, ,—1 = 0. In order to remove
dependency on other derivatives set A, ;1 = p; — )‘;m' forall2 <i<n-1.
Starting with i = n — 1 gives A\ n—2 = pn—1 — A, ,,_; = fn—1. In turn, putting
i =mn—2gives A\ypn-3 = pin—2 — pl,_q. Putting i = n — 3 gives A\ g =
Mn_3 — ph_o + p_,. Continuing this process for 2 < i < n — 1 gives

i—1

_ j+1, (1—1)
= (_1)j Hp—itj -

)\n,n—i
1

J

Then finally, the vector v becomes

n—1
o' = (Z(l)iufl)) V' =on_1v, say . (6)

i=1

Thus the derivative of v depends only on one vector and is more analogous to
the euclidean Serret-Frenet system.

This has found a new basis vector, namely v. Let us call it T,, and search for
a new basis {T;...,Ty}. It is clear that T; = 4/; this gives the affine tangent

vector. Thus we have the identity T} = —0,—1T};.

We wish to find a new equi-affine frame which satisfies the additional vector
differential equations T} = Ty, T; = T;41 —0;—1T; for all 2 <4 < n—1. These
can be written as T; = T;41 —0;_1T; if we set 09 = 0 and T,,+1 = 0. From the
affine arc-length construction, the functions p; : I — R arise naturally. Thus
the o; : I — R will be expressed in terms of the u; and their derivatives.

Consider the affine Serret-Frenet formulae in matrix form I' = MT, where
I' and M are defined above in Equation (3) and Equation (4). Each new basis
vector T; can be expressed in terms of I :

i—1
Ti =79+ Nij7¥ forall 1<i<n
j=1

This can be written in matrix notation as T' = AI" where T is the matrix whose
i-th row is the vector T;. Furthermore we can write 77 = X7 where X is derived

from the identities T] = Tq, T, = Ti41 — 0,1 Ty for all 2 <4 < n —1, and
T;l = 7Jn,1T1.



Thus we have IV = MT', T = AT', and T" = XT. It follows that A'T' + AT" =
3T. In turn, this gives AT+ AMT = XT. This finally yields A'T+AMT = 2AT,
or simply A" + AM = ¥ A. Here M is known to us, and is given by the identity

,7("'*‘1) +uy ++ Mn—l’)/(n_l) =0.

Writing ¥ = (0,;) gives 0;; = 1 for all j —i = 1, 051 = —o;—1 for all
2 < i < n,and g;; = 0 otherwise. Writing A = (\;;) gives A\;; = 1 for all
it—j=0and A\;; =0 forall j —¢>0,ie Aisalower triangular matrix with
1 in each position along the leading diagonal.

Let X = (x;;) where X = A’ + AM — XA; we wish to make X into the
zero matrix. On the leading diagonal of X we have x; ; = A; ;1 — A\j41,4. Since
A1,0 = 0 it follows that A; ;,—1 = 0 for all 2 < ¢ < n. This implies that A has zero
along the diagonal i — j = 1. Thus each T; will not have a component of (1)

Consider z; ; such that ¢ — j = 1. It follows that x,, ,—1 = Apn—2 — ftn—1,
Tii—1 = Niji—2 — Ait1,i—1 for all 3 < ¢ < mn —1, and z21 = 01 — A3,1. Since
x;; =0 for all (,7) € N x N it follows that

Hn-1=Ann-2=An1n-3=...=Ajj2=...=A31 =071 .

Considering each diagonal in turn, i—j = 1,2,3,...,n—1 gives the following
expressions for the o;, we have

o1 = a1,1Mn-1,
i
Oy = Q21fl,_1 T a22Mn—2 ,
_ " /
03 = a3,1Mp_1 T a320,_o+ a33Un—3 ,
i
R o G=9)

0 = E Qi My s

=1

where the a; ; are entries in an (n — 1) x (n — 1) lower triangular matrix, we

have a; ; =1 for all i = j and a; ; = 0 for all ¢ < 5. When ¢ > j we have

aij = (—1)" ( n—j—1 ) = (1) (n—j—1

i—J (i—)n—i—1)"

It follows that the o; are then given by

(=1
o= Yy (M)

j=1

Given the existence of ¥ and M is known, it is easy to find A for alli —j > 1

ij—k—1{ n—7—k—1 i—j—k—1
(71) Jkl(ij-kl)ﬂfz—i )

In the present section we have proved the following

i—j—1

—J
Aij =Y

k=1



Proposition 6.1 Given a curve v : I — R™ parametrised by affine arc-length.
An equi-affine basis {T1,...,Tyn} satisfying the vector differential equations
T) =T, T, = Tyy1 —0;—;T1 for all2 < i <n-2, and T, = —0,_1T1,

can always be found.

7 Singularities of A(x,s) and H(x, s)

Given a curve v : I — R”, we consider the full bifurcation set of the family
of affine distance functions A : R™ x I — R. Given a fixed xo € R", if there
exists sop € I such that A’(xg,s0) = A”(xg,50) = 0 then the family of affine
distance functions is said to have a degenerate singularity at x = x¢. Given a
fixed xo € R™, if there exists (s1,$2) € I x I such that A(xg,s1) = A(xo, s2)
and A’(xq,s1) = A’(xg, $2) = 0 then the family of affine distance functions is
said to have a multi-local singularity at x = xg.

The full bifurcation set is then the closure of points x € R™ such that
A : R™ x I — R has either a multi-local or degenerate singularity at x. The
bifurcation set is thus a subset of the parameter space. Similar ideas apply if
we replace A:R" x I — Rby H:S" ! xT—R.

We use the standard Ay (k > 2) notation for a degenerate singularity and
A2 Ay A; ete for a multi-local singularity.

Next we consider the condition for A : R™ x I — R to have an Ay, singularity.

Theorem 7.1 Let vy : 1 — R™ be a smooth space curve parametrised by affine
arc-length. For 0 < k < n — 1, the family of affine distance functions A :
R™ x I — R has an Ay singularity at x € R™ if and only if, for \; € R

x=7+MT1+ -+ k-1 Tnp-1+A\Tpn and A_p_1#0.

The family of affine distance functions A : R™ x I — R has an A, singularity
at x € R™ if and only if given o,,—1 #0; ol,_1 # 0, and

X =7+ T, .

On—1

The family of affine distance functions A : R™ x I — R has an A,41 singularity
at x € R™ if and only if given 0,1 #0; 0,,_1 =0, 0//_1 # 0, and

X =7+ T, .

On—1

Proof Consider the equi-affine basis {T1,..., T} C T,R™. We have

A(x,s) = [X—’y,’y’,...,'y("_l)] =x—-7T,...,Tn1].



Notice that T} = Ta, T; = Ti41 — 0,1 Ty forall 2 < i <n—1,and T, =
—0p—1T1. It follows, using also (x — )’ = —T; and T} = Ts, that

3
|
—

A/ = [X_’YaTla'"aTi—laT;7Ti+1a"'7Tn—1] )

@
I|
N

i
L

= x—7Ti,....,Tic1,Tiy1 —05-1T1, Tiga, ..., Troa],
1=

= X_’Yale"aTn—Q;Tn]-

]

Moreover, for all 0 < m < n — 1, one can show that
A =[x — 4 T1,....Tpom-1.Toomiis---, Tal .
It follows that, for \; € R, A(™ =0 if and only if
X—7=MT14+ +Mem-1Thnem-1 + M1 Tremer + -+ ATy

This means that x € R", for 0 < k < n —1, gives an A>}, singularity if and only
if, for some \; € R

x—v=MT1+ -+ i1 Thp—1 + AT .

The additional condition for exactly Ay is Ap,—x—1 # 0.

Thus A’ = ... = A1) = 0 if and only if x — y = AT,, for some X € R.
This gives the condition for A>, ;.

Let us now consider higher singularity types. Since A=Y = [x—v, Ty, ..., T,],
it follows that

A(n) = *1*2 Uifl[vavTQV"7Ti717T17T’L’+15"'5Tn] )

=2

—1 + Z (—1)i+10'i_1A(nii) .
=2

Hence A’ = ... =A™ = if and only if 0,,_; # 0 and x — y = ogilTn. This
gives the condition for an A<, singularity. Next we consider A1) and A(+2)
in turn:
A(nJrl) _ (71)i+1(0_£71A(n7i) + O'Z',lA(niiJrl)) ,
i=2
A = N () o] AT 207 AT gy AlPTIR))

N
|
o



Assume that 0,1 # 0 and A’ = ... = A" =0, it follows that A**TD = if
and only if o/,_ 0! =0, i.e. if and only if ¢/, _; = 0.
In order to express A("+2) in terms of A®) for 0 < k < n —1 it is necessary

to consider the case i = 2 separately in the formula for A("+2), Denoting this
by « gives

a = —(c!AM=2 L o5t A 4 5 AMY

S S N B (1 > <1>i+1az-1a<"i>> ).
=2

Thus A("*+2) can be written in terms of A® for 0 < k < n — 1. Assume that
On_1 #0and A’ = ... = A"+t =0, it follows that A2 = 0 if and only if

U;{_la,:il =0, i.e. if and only if ]/_; = 0.
Since the condition for type Ay, is that A’ = ... = A®) = and A*+D £,
the result follows. O

Theorem 7.2 Let vy : I — R™ be a smooth space curve parametrised by affine
arc-length. Then for 0 < k < n — 1, the family of affine height functions
H: 5" 1 xI =R has an Ay, singularity ot x € S?~1 if and only if, for some
N ER
x=AMT1+...+ k-1 Thg—1 + ATy and Ap_g—1#0.
The family of affine height functions has an A, singularity if and only if there
exists A € R, X\ # 0 such that
x=AT,, 0,-1=0 and o, _;#0.

Moreover, the family of affine height functions has an A,y1 singularity if and
only if there exists A € R, XA # 0 such that

x=AT,, op-1=0,_,= and o) _, #0.
Proof This is proved similarly to Theorem 7.1. O

7.1 (p)-Versality condition

Here we consider the conditions for the two above families to be a (p)-versal
unfoldings, i.e. to be versal when considered as potential functions. Due to
the uniqueness of bifurcation sets, see [1], if a family of functions is a (p)-
versal unfolding then each neighbourhood of its bifurcation set will be locally
diffeomorphic to a standard model. Hence the local structure of the bifurcation
set is determined up to diffeomorphism. Using the basic ideas of unfoldings
found in [1] we have the following:

10



Criterion 7.3 Let F': (R™ x I, (x0,80)) — R be an n-parameter unfolding of
f: (I, s0) — R which has type Ay as so, and consider

S:{jk—l (gf(xo,s)) : 1§i§n}

where j¥~1 denotes the (k — 1)-jet. Let R[s] denote the ring of polynomials in s

and let m denote the maximal ideal consisting of polynomials with zero constant
term. Finally let (s*) denote the ideal of polynomial multiples of s*. Then F is

(p)-versal if and only if the elements of S span the real vector space m/{s*).
Criterion 7.3 is equivalent to the following:

PI’OpOSitiOl’l 7.4 Letjk_l(c’)F/axi(xo, 80))(80) = 041,i8+a27i82+' . '+ak_17i8k_1
for 1 <i<mn. Then F is a (p)-versal unfolding of the singularity of type Ay if
and only if the (k — 1) x n matriz of coefficients (a; ;) has rank k — 1.

Theorem 7.5 Given a smooth space curve v : I — R™ parametrised by affine
arc-length. The family of affine distance functions A : R™ x I — R defined on
the curve is a (p)-versal unfolding of the singularity type A<n+1 if and only if
On—1 # 0, where 0,1 is given in Equation (6). Thus there is no extra condition,

the family is implicitly (p)-versal.

Proof Let v : I — R™ be smooth, and let 4(0) = 0. Consider the frame
{T1,...,Tp} where T} = T3, T, = Tj11 —0;—1T1 forall 2 < i <n-—1, and
T) = —0,_1T;. The affine distance function may be rewritten in terms of the
Ti; thus

A(x,s) = [X—’y,’y’,...,'y("_l)] =[x—-7T,...,Tn1].

Let A,, = 0A/dz;, and consider the vector Ax = (A,,..., Az, ). Then by

Proposition 7.4, to show the family A(x,s) is (p)-versal, one needs to shows

that the first n derivatives of v, with respect to s, are linearly independent.
Let e; = (1,0,...,0), e2 = (0,1,0,...,0), etc, where e; € TyR™. Consider

Ay, we have

Ax = ([el,Tl, e ,Tn_l], ey [en,Tl, e ,Tn_l]) .
Notice that each [e;, T1,..., Tp—_1] is independent of x. In what follows, it is
enough to consider A,, = [e;, T1,..., Tp—1] alone.

11



3
|
—

! !
Azi = [eiaTla---aTj—laTj;Tj-l-l---aTn—l] 5
=1
n—1
= lei,T1,...,Tj—1,Tjp1 —oj 1T, Tjpr ..., Tpoa],
i=2

[ei7T17 . '7Tn727Tn] .

Next, consider A, which is found in the same way. Given that [e;, T}, To,..., Tp_2, Ty] =
[ei, T1, T2, ..., Th2, T, ] =0, we have

n—2
" ’
Azi = [6i,T1,...,Tj71,Tj,Tj+1...7Tn72,Tn] y
Jj=2
n—2
= lei, T1,...,Tj—1,Tj1 —0j1T1, Tjq1..., Tpo, Tyl ,
Jj=2

= [e;,T1,...,Tnos,Trno1, Tl .
Continuing in this fashion gives the general answer:
Al =[e;, T, ..., Toome1, Tncmtt, - - T
for all 1 < m < n — 1. Thus we need only consider the final case m = n. Notice

that A(ﬁ_l) = [e;, T2, ..., Ty], and so it follows

Ag@l) = [ei,Tg,...,Tj_l,T;,Tj_’_l,...,Tn] s

M= 1M-

lei,To,...,Tj—1,Tjx1 —0;-1T1,Tjs1,..., Ty,

<.
/|
N

n
720571[61',':[‘2,. ..7Tj71,T17T]’+17.. ,Tn] 5
=2

n

Z(*l)jJrlO'j,l[ei, Tl, ceey Tj*l; TjJrl, e ,Tn] ,
j=2

n

S (1) ey AL

j=2

The aim here is to show that [Al, ..., A&")] # 0. Due to the fact that

AP =3 (=1 o AR

j=2

12



it follows that A,((n) is a linear combination of {Ay, AL, ..., A&"”)}. It follows
that [AL, ..., A =0 < o, 1[AL, ..., ALY A =0.

The aim now is to show that [AL, ... AL A,] # 0. Consider the n x n
matrix X = (z; ;) where

ZCi,j = [ej,Tl,.. -7Ti—1;Ti+1a-- ,Tn] .

It follows that det(X) = [AL ™Y, AL AL AL = £[AL, .., ALY AL
Let T be the matrix whose i-th column is T;. Furthermore, let A = (a; ;) be

the adjoint matrix of T. Since
Aij = (_1)i+1[ej’ Tla ceey Ti—la Ti-‘rl; s 7Tn]

it follows that a; ; = (—1)""'x; ;, which implies det(X) = & det(A). Next con-
sider the well known identity 7! = det(T)"'A, it follows that det(T)"~1 =
det(A). Thus det(X) = £ det(7)" ! = +1 # 0. From this and the calculations
for type Ay, the result now follows. O
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