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On 105.28: Peter Giblin writes: In his interesting Note Clive Johnsa

. . Xy, + b
establishes conditions for a sequence of the form, = c><:+ 3
m=0, 1, 2, ..., wheread # bc andx, is a given real initial term, to b

periodic with a given period. (Traditionally ifcx, + d = 0 thenxy,, 1 is
declared to be- and the next ternx,,,, is a/c. That is the real line is
‘compactified with a single point at infinity’.) In what follows | shall assur
the sequence is real, thataish, ¢, d andx, are real numbers, but this is ni
strictly necessary. Summarising his statements:

The above sequence has penod 1, that isx, = X, for all (real)
choices of initial termx, and this does not hold for smaller values of

n, if, and only if, the matriM = (2 3) has the property thad, is

a scalar matrix (the identity matrix multiplied by a real number), an
this is not true for any smaller value mf Furthermore this holds if,
and only if, the eigenvaluek, 1, of M satisfy (1,/4,)" = 1 and
Ml2, is a primitive nth root of 1. (The (necessarily complex)
eigenvalues oM are the roots of

- (a+da+(@d-bc) =0
andiy, A5 are the eigenvalues bf".)

As the author remarks, it is hard to find explicit references to ti
results, though they are in some sense ‘well known’! It is very useful to
a reference for them, especially as the detailed implications are laid b
have two supplementary remarks, the first of which | owe to a convers
with Bronistaw Wajnryb of the Rzeszéw University of Technology
Poland some years ago.

Let A4/4, =1 say so thata+d =4 + 4 = (@A +7r) and
ad - bc = 44, = ri3. Hence

a+d\? (@a+d? 1
ad - bc r(1+r) so thatad—bc ; +2+r1 =2(Re(r) + 1),
whereRe(r) is the real part of, namelycos(2zk/n) for somé coprime to
n. The point of this is that it shows that all primitia¢h roots of 1 with
distinct real parts givguadratic conditions on the coefficients, b, c, d
determining the sequence. We can take 1 without loss of generality anc
then each quadratic condition is of the faf d)? = 2(ad — b)(Re(r) + 1)
which is a surface im, b, d space given as a graph, witha quadratic
function ofa, c, d. It is not hard to check that far > 2 this surface is a
paraboloid lying in the half-spade < 0 (forn= 2 it is the planea+ d = 0)
and that all the surfaces have as limiting points the constant sequ
wheread — bc = 0, that isb = ad here. The result is particularly strikin
in the casen = 5 where there are explicit formulas foosZ = @ and

cos¥ = —1—?5 which are the distinct real parts of two primitive fifth roc
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of 1. These give an explicit factorization of the condition for a Mok
sequence of period 5, namely

(2a%+ (3+ vB)bc + (1 - v/B)ad + 2d%) (2% + (3 - v/B)bc + (1 + v/5)ad + 2d%) = 0.
Attractive plots can be made of the nested paraboloids arising fron
construction (taking = 1 as above) and these have been incorporated
a number of projects by Nuffield Research Placement sixth formers
example Matthew Temple, whose work is written up in [1].
The second remark is that it is easily proved by induction2ttaisnx
is a monic polynomial in 2 cosx with integer coefficients, that is witt
leading coefficient 1. For example, writi@jfor 2 cosx, we have

2cos3x = C® - 3C
and 2 cos8x = C® - 8C% + 20C* - 16C° + 2.

It follows from this that if2 cosx is rational, say/q in lowest terms with
q > 1, thenx cannot be of the forr@ksz/n. Sincecos2kr = 1 the latter
leads to the equation

2" = p' + agf' Tt + APt i+ L,
for someN and integersy, ay, .... This is impossible ag divides every
term excepp". From this we deduce for example that the Mobius sequ
witha = 1,b = 1,¢c = -2,d = 1 cannot give am-cycle for anyn, since
the ratio of eigenvalues comes ¥6-1 + 2v/2i) with real part-3, that is
2 cosx = —%in the notation above. So the ratio of eigenvalues cannot t
nth root of 1 for anyn. This Mébius sequence is ‘chaotic’.
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