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1 Introduction
String theory is not, in contrast to general relativity and quantum ﬁeld theory, a theory in the strict sense. There is, e.g., no axiomatic formulation and
there is no set of deﬁning equations of motion. Instead there is a set of rules
which have been developed over the years. They have led to rather spectacular results and have passed all conceivable consistency checks. As has become
clear, string theory is more than a theory of strings. This is most apparent
through the rôle played by D-branes. They are additional extended dynamical
objects whose existence within the theory can be inferred from a variety of
arguments. D-branes and other types of p-branes (p-dimensional membranes)
are essential for the web of non-perturbative dualities between the known
perturbative string theories. Since it is not clear whether strings will remain
the fundamental degrees of freedom in the ﬁnal form of the theory, the term
M-theory is frequently used instead of non-perturbative string theory.
However, both notions are programmatic, as the underlying dynamical
principle and, closely related to this, the symmetries of string theory have not
yet been found. It would thus be more appropriate to speak about a ‘theory
under construction’; nevertheless, following common usage, we will always
speak of string theory or M-theory, the later being understood as the working
title for the non-perturbative completion of string theory. At the moment it
is not possible to present a well-rounded-oﬀ view of string theory. All this
non-technical overview is able to accomplish is to recall some of the successes
of the theory, mention some of the current activities and some of the open
challenges.
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2 Beyond the Standard Model
String theory is a proposal for a unifying framework of high energy physics.
At currently achievable accelerator energies of O(1TeV) or, equivalently, at
distance scales > 10−19 m, the standard model (SM) of Particle Physics
(amended with appropriate neutrino masses) provides a successful and predictive theoretical description. It is based on the mathematical framework of
a local quantum gauge ﬁeld theory with gauge group SU (3) × SU (2) × U (1).
Nevertheless it is believed that the SM is merely a low-energy eﬀective description of a more fundamental theory. There are several reasons for this belief.
(1) The standard model has many free parameters (coupling constants, mixing angles, etc.) which have to be ﬁxed by experiments. They could, a
priori, take any value (within a given range such that the eﬀective description is still valid and that perturbative calculations, on which the
comparisons with experiment are based, are justiﬁed). In addition there
is no explanation of the particle spectrum and its symmetries; they are also
experimental input, the only theoretical restriction being the requirement
of cancellation of gauge anomalies.
(2) The standard model does not include the gravitational interactions. While
this can be safely ignored at laboratory energies, there is nevertheless an
energy range where gravity competes with the gauge interactions. This is
a consequence of the fact that the gravitational coupling constant GN has
dimension of (length)2 . One should therefore consider the dimensionless
quantity GN E 2 , where E is the energy scale of the experiment. With
−2
GN ∼ MPl
this means that the gravitational interaction becomes large
at energies comparable with the Planck scale. It is in this regime that a
quantum theory of gravity is needed, provided that we assume that gravity
is a fundamental interaction and not an eﬀective one (which would not be
quantized).
(3) In the standard model space-time is non-dynamical and smooth. The number of dimensions and the geometry (four-dimensional Minkowski spacetime) are ﬁxed and the back-reaction on the geometry is neglected. However, at very high energies this is no longer appropriate; for instance, if a
mass m is squeezed into a volume of a size smaller than its Schwarzschild
radius rs ∼ lp2 m, then we expect that it will collapse into a black hole.
These points make it highly desirable to have a uniﬁed quantum theory of all
interactions. Here ‘uniﬁcation’ can be understood in two ways. The broader,
conceptual meaning of uniﬁcation is to have a consistent framework which
includes both quantum theory and gravity. The predominant belief among
particle physicists is that this mainly requires to ‘quantize gravity’, i.e., to reformulate Einstein’s theory of gravity as a quantum theory. However, one
should bear in mind that ‘quantization’ is only an, albeit successful, formal device for formulating quantum theories. It is quite plausible that the
introduction of a dynamical space-time requires signiﬁcant modiﬁcations of
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quantum theory as well. We will brieﬂy comment on the stringy perspective
on this below.
The ‘conceptual’ type of uniﬁcation is not only aesthetically appealing,
but also mandatory if we want to address the physics of the early universe
and of black holes in a consistent way. The second, more narrow, meaning of
uniﬁcation is that, qualitatively speaking, all forces in nature are manifestations of one single force (as, e.g., in the Kaluza–Klein scenario). The popular
though somewhat over-ambitious terms ‘theory of everything’ or ‘Weltformel’
have been coined to illustrate this idea. More concretely, one can put forward the working hypothesis that there is a symmetry principle, such that
(i) the coupling constants of all interactions can be expressed in terms of one
fundamental coupling constant, and such that (ii) all particles organize into
irreducible representations. While this idea is aesthetically pleasing, it is by
no means a necessary requirement for having a consistent fundamental theory
of nature. However, the idea of uniﬁcation (in the narrow sense) has great
heuristic value, as it has stimulated the formulation of interesting theories.
While the uniﬁcation of the non-gravitational interactions within the
framework of quantum gauge theories does not meet fundamental problems,
this changes once one attempts to include gravity. One way to see this is due
to the perturbative non-renormalizability of the gravitational interaction.1
In this context, the main diﬀerences between the gravitational and the
renormalizable Yang–Mills gauge interactions are (1) the graviton has spin
two while Yang–Mills gauge bosons have spin one; (2) the gravitational coupling constant has negative mass-dimension while the gauge coupling constants are dimensionless. Diﬀerence (2) renders the theory of gravity, based
on the Einstein-Hilbert action, perturbatively non-renormalizable: the UV inﬁnities in Feynman diagrams cannot be absorbed by a ﬁnite number of local
counter-terms. The cure for the Fermi theory of weak interactions, that is
pulling the four-fermion interaction apart by inserting a propagator line of
(massive) gauge bosons, does not work for the theory of gravity with its inﬁnity of interaction vertices. However, if one expands the individual lines of
a Feynman diagram into tubes or strips, thus replacing the world-lines by
world-sheets of closed or open strings, one solves, in one go, the problem with
UV inﬁnities and replaces the inﬁnitely many interaction vertices by a ﬁnite
number of basic three-point interactions (cf. Fig. 1).
In addition, all elementary particles, gauge ﬁelds and matter ﬁelds, correspond to vibration modes of the string, which is the only fundamental
object (in contrast to a quantum ﬁeld for each particle species as, e.g., in
grand uniﬁcation models). Since every consistent quantum theory of strings
necessarily contains a massless spin two particle (which has the kinematical
and dynamical properties of a graviton), it automatically includes gravity.
Therefore string theory is a uniﬁed theory in both meanings of the word.
1

We will not discuss conceptual problems but refer instead to the contributions on
quantum gravity in this book.
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Fig. 1. ‘Thickening’ a ﬁeld theory interaction vertex

While uniﬁcation in the narrow sense is manifest in the formalism, the conceptual uniﬁcation of quantum theory and gravity has not yet been achieved
in a satisfactory way. The reason for this is that the formalism of ‘perturbative
string theory’, to be reviewed in Sects. 2 and 3, only gives a set of rules for
computing on-shell scattering amplitudes in an on-shell background. While
the UV ﬁniteness of string amplitudes, which has been made highly plausible
(though not been proved rigorously), is clearly relevant for the conceptual uniﬁcation, it mainly takes care of a technical aspect. Given that the amplitudes
are indeed ﬁnite, string theory provides only a perturbative theory of quantum gravity. Note, however, that this allows to do more than just to compute
graviton scattering in a ﬁxed background. It also allows to compute an eﬀective action, which encodes quantum corrections to the Einstein–Hilbert term.
This in turn has implications for black hole physics, which will be the subject
of Sect. 8. At this point we just emphasize that conceptual issues of quantum
gravity, such as black hole entropy, have been addressed successfully in string
theory. This said, it must also be stressed that the range of conceptual points
which can be addressed today is quite limited. The main reason is that as a
starting point one always has to specify a reference background space-time.
We will come back to this when discussing open questions in Sect. 10.
Next, let us brieﬂy come back to the question whether the conceptual uniﬁcation of quantum theory and gravity mainly requires to ‘quantize
gravity’, or whether both quantum theory and gravity need to be modiﬁed in
a more drastic way. In perturbative string theory quantization is applied in
the same pragmatic spirit as in theoretical particle physics. Actually, the approach is at ﬁrst glance a bit more naive, as one quantizes the relativistic string
and thus does quantum mechanics rather than quantum ﬁeld theory. The fact
that this procedure results in a consistent perturbative theory of quantum
gravity is a surprising discovery, and the deeper reason behind this remains to
be understood. Heuristically, the improved UV behaviour can be understood
in terms of the ‘thickening’ of propagators and vertices, which we mentioned
above. As a consequence, classical physics is modiﬁed in two ways, not only by
quantum corrections, but also by stringy corrections related to the ﬁnite size of
strings. As we will see later, the string length replaces the Planck length as the
fundamental scale (at least in perturbative string theory), while there are also
transformations (‘dualities’) in the theory, which mutually exchange quantum
corrections and stringy corrections. While the deeper implications of these observations remain to be explored, it indicates that the full theory does more
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than just ‘quantize gravity’. The relation between string theory and quantum
ﬁeld theory is more complicated than suggested by the naive picture of ‘thickening Feynman graphs’. While programmatically string theory intends to supersede quantum ﬁeld theory, in its current state it is deeply entangled with
it. The ﬁrst point which makes this obvious is the rôle of two-dimensional conformal ﬁeld theories, which we will elaborate on in Sects. 3 and 4. While string
scattering amplitudes are ﬁnite, the two-dimensional ﬁeld theories used in the
Polyakov approach are just renormalizable. Therefore the concept of renormalization still plays a rôle. The second point, to be discussed in Sect. 7, is the
AdS/CFT correspondence, which claims that string theory in certain backgrounds is equivalent to speciﬁc quantum ﬁeld theories. Here, and in related
proposals such as the so-called ‘M(atrix) theory’, one even contemplates to deﬁne string theory in terms of quantum ﬁeld theory. Let us further note a trend
shared by string theory and quantum ﬁeld theory, namely the importance of
eﬀective ﬁeld theories. Here again renormalization (understood in a Wilsonian
spirit) plays an important rôle. Of course, the concept of string eﬀective ﬁeld
theories is by itself consistent with the idea that string theory supersedes quantum ﬁeld theory. However, the two previous examples show that in its present
state string theory has a more complicated relationship with quantum ﬁeld
theory. The only systematic approach to go beyond local quantum ﬁeld theory
is string ﬁeld theory, which aims to be a full-ﬂedged quantum ﬁeld theory of extended objects. Unfortunately, string ﬁeld theory has proved to be complicated
that progress was very slow. Moreover, it is not clear how the non-perturbative
dualities, to be discussed in Sect. 6, which nowadays hold a central position
in our understanding of string theory, ﬁt together with string ﬁeld theory.
The optimists hope, of course, that all the exciting observations made
during the last years will ultimately condense into a new principle, which supersedes and conceptually uniﬁes quantum ﬁeld theory and gravity. But so far
only some clues have been found, while the ‘big picture’ is still far from clear.

3 The Free String
The dynamics of the bosonic string in d-dimensional Minkowski space-time is
governed by the Nambu–Goto action


1
dσdτ | det G(X)|.
SNG =
2πα Σ
The world-sheet Σ which is swept out by the string is parametrized by
σ α = (σ, τ ). The integral is the area of Σ measured with the induced
metric Gαβ = ∂α X μ ∂β X ν ημν . X μ (σ, τ ) : Σ #→ M is the embedding of Σ into
the d-dimensional space-time with Minkowski-metric
ημν , μ, ν = 0, . . . , d − 1.
√
1
 is the string scale, a length scale charis
the
string
tension.
l
=
α
T = 2πα

s
acteristic for string theory. It replaces the Planck length lp as the fundamental
length scale.
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(a)

(b)

Fig. 2. World-sheet of a free (a) open and (b) closed string

SNG is the direct generalization of the action of a point-like (i.e. zerodimensional) relativistic particle to one-dimensional strings. The world-sheet
of a freely propagating open and closed string has the topology of a strip and
cylinder, respectively (Fig. 2). For the latter, X μ (σ, τ ) is periodic (in σ) on
the cylinder.
For the open string one can impose either Dirichlet (D) or Neumann (N)
boundary conditions for each of the d ﬁelds X μ at each of the two ends of
the string. The physical meaning of Neumann boundary conditions is that
space-time momentum does not ﬂow oﬀ the ends of the string. With Dirichlet
boundary conditions the position of the end of the string is ﬁxed while spacetime momentum ﬂows oﬀ. d-dimensional Poincaré invariance demands that
the total space-time momentum is conserved. This means that momentum
must be absorbed by other dynamical objects. These objects, on which open
strings end, are called Dirichlet branes, or D-branes, for short (cf. Fig. 3). If
p of the spatial components of X μ at one end of the string have Neumann
boundary conditions and the remaining d − p − 1 components have Dirichlet
boundary conditions, this string ends on a Dp-brane. A D0-brane is also called
D-particle and a D1-brane is called D-string. Fundamental strings (F-strings)
and D-string are quite diﬀerent objects. One diﬀerence is that an open F-string
must end on a D-brane (but not vice versa). Other diﬀerences will be discussed
below.
Propagation of the particles which correspond to the excitations of the
open string is restricted to the world-volume of the D-brane while excitations
of the closed string propagate in the full d-dimensional space-time.

.

. .
.

Fig. 3. Open strings end on D-branes; closed strings explore the d-dimensional
space-time
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Quantization of string theory simpliﬁes if one uses the Polyakov action SP
which is classically equivalent to the Nambu–Goto action:


1
SP = −
dσdτ | det h|hαβ ∂α X μ ∂β X ν ημν .

4πα Σ
SP is the action of d scalar ﬁelds X μ (σ, τ ) which are coupled to twodimensional gravity with metric hαβ (σ, τ ). SP is invariant under (i) global
space-time Poincaré transformations X μ → aμ ν X ν + bμ , aμ ρ aν σ ημν = ηρσ ;
(ii) local reparametrizations of the world-sheet σ α → σ̃ α (σ, τ ); and (iii) under
local Weyl-rescalings of the metric hαβ → Ω 2 (σ, τ )hαβ . Local Weyl invariance
implies tracelessness of the energy–momentum tensor Tαβ = − √ 4π δhδαβ Sp
| det h|

of the world-sheet ﬁeld theory, i.e. hαβ Tαβ = 0. Reparametrization invariance
can be used to go to conformal gauge2 where hαβ = e2ϕ(σ,τ ) ηαβ . In the classical theory the Weyl degree of freedom ϕ decouples. Violation of the local
Weyl invariance in the quantized theory is signalled by a conformal anomaly.
It is measured by the central charge of the Virasoro algebra, the algebra of
constraints (Tαβ = 0) in the quantized theory.
In the (1,1) supersymmetric version of the Polyakov action, every bosonic
μ
of positive and negative
ﬁeld X μ and its two Majorana–Weyl superpartners ψ±
chirality are coupled to two-dimensional world-sheet supergravity (hαβ , χ±
α ).
In the classical theory, in addition to the metric degrees of freedom also those
of the two world-sheet gravitini χ±
α are unphysical. This is a consequence of
two-dimensional local world-sheet supersymmetry.
μ
The fermions ψ±
on the world-sheet of the closed string can be periodic
(Ramond) or anti-periodic (Neveu–Schwarz), where the periodicity condition
can be chosen independently for each chirality. This leads to four diﬀerent sectors of the closed string theory.3 Excitations in the (NS,NS) and the (R,R) sectors are space-time bosons while excitations in the two mixed sectors, (R,NS)
and (NS,R), are space-time fermions. For the open string the boundary conditions couple the two chiralities to each other. This leads to two sectors: the
NS sector with space-time bosons and the R sector with space-time fermions.
Quantization of string theory in Minkowski space-time is only possible in
the critical dimension dcrit , unless one is willing to accept that the quantum
theory of strings contains an additional degree of freedom, the Liouville mode.
2

3

Going to conformal gauge does not ﬁx the reparametrization invariance completely. The remaining transformations are (in Euclidean signature on Σ) conformal transformations and the two-dimensional ﬁeld theory on Σ in conformal
gauge is a so-called ‘conformal ﬁeld theory’.
Classically, one could deﬁne diﬀerent theories by taking any subset of the possible
boundary deﬁnitions. However, the quantum theory includes multiply connected
world-sheets, and the theory must be invariant under the so-called ‘modular transformations’, to be discussed below. This in turn implies that all combinations of
boundary conditions have to be included, and thus each type of boundary condition deﬁnes a sector of the quantum theory.
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The status of Liouville string theory, also known as non-critical string theory,
is not completely understood. Throughout this chapter we will ﬁx the number
of space-time dimensions to be dcrit . The critical dimension is dcrit = 26 for the
bosonic string and dcrit = 10 for the fermionic string.4 One obtains a positivedeﬁnite Hilbert space (no-ghost-theorem) and space-time Poincaré invariance
as well as (super)Weyl invariance on the world-sheet are anomaly free. In the
covariant BRST quantization the gauge ﬁxing of the local symmetries leads
to ghost ﬁelds, the reparametrization ghosts (b, c), and their superpartners
(β, γ). In the critical dimension their contribution to the conformal anomaly
is compensated by X μ and ψ μ .
The resulting spectrum of the theory contains a ﬁnite number of massn
less and inﬁnitely many massive excitations with mass2 = 2α
 with n ∈ N.
Among the states there are also tachyons with negative mass2 . They imply
an instability of the vacuum. This is unavoidable in the bosonic string. However, the spectrum of the fermionic string must be truncated by an additional
projection, the Gliozzi–Scherk–Olive (GSO) projection. This projection can
be chosen such that the tachyon is projected out and the remaining spectrum
is space-time supersymmetric. The GSO projection is necessary and can be
understood as a consistency condition (modular invariance, locality of the
CFT operator products) which must be imposed on the quantum mechanical
scattering amplitudes, to be discussed in the next section. In a theory with
only closed strings the spectrum has N = 2 space-time supersymmetry. Two
possible, inequivalent GSO projections lead to the non-chiral type IIA and to
the chiral type IIB theory. Their massless spectra are those of ten-dimensional
type IIA and type IIB supergravity, respectively.
The spectrum of type I theory with both open and closed strings is N = 1
supersymmetric. Its massless spectrum is that of supersymmetric Yang–Mills
theory, coupled to supergravity. The degrees of freedom of the Yang–Mills
theory are excitations of the open string. The two ends of the open string
carry charges in the fundamental representation of the gauge group (Chan–
Paton factors) such that the open string has the quantum numbers of a gauge
boson. The supergravity degrees of freedom are, as in the type II theories, the
massless excitations of the closed string. Consistency requires the gauge group
to be SO(32). Only in this case gauge and gravitational anomalies vanish.
Type I and type II theories are also called superstring theories. In addition to the type I theory, there are two further string theories with N = 1
space-time supersymmetry. These are the heterotic E8 × E8 and SO(32) theories. These theories have, like the type II theories, only closed strings. In
contrast to the local (1,1) world-sheet supersymmetry of the superstring,
4

Strictly speaking, one does not need to ﬁx the number of space-time dimensions,
but the number of degrees of freedom, as measured by the central charge of the
world-sheet conformal ﬁeld theory, which must be c = 26 and c = 10 in order to
cancel the contribution from the reparametrization ghosts. The surplus degrees
of freedom need not have the interpretation of string coordinates along extra
dimensions.
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heterotic theories have local (1,0) supersymmetry. The superpartner of X μ is a
μ
single Majorana–Weyl fermion ψ+
. Absence of gravitational anomalies on the
world-sheet requires, in the fermionic formulation of the theory, 32 additional
Majorana–Weyl fermions λa− , a = 1, . . . , 32. In the bosonic formulation these
32 fermions are replaced by 16 periodic chiral scalars ΦI (τ + σ), I = 1, . . . , 16
which are the coordinates of a 16-dimensional torus. Modular invariance restricts the allowed tori to those which are generated by a 16-dimensional
self-dual even lattice Λ via T 16 = R16 /Λ. There are precisely two such lattices
which lead to the two allowed gauge groups E8 × E8 and SO(32). The massless spectra of the two heterotic theories are again those of supersymmetric
Yang–Mills theory, coupled to supergravity, now with gauge group E8 × E8
or SO(32).

4 The Interacting String
The discussion in Sect. 3 was based on the free string theory. Interactions
are introduced through the inclusion of topologically non-trivial world-sheets.
Figure 4 shows the decay of a closed string into two closed strings, while Fig. 5
shows the joining of two open strings into a closed string.
The strength of the interaction is controlled by the value of the dimensionless string coupling constant g, which is dynamically determined through the
background value (vacuum expectation value) Φ0 of the dilaton Φ, g = eΦ0 .
The dilaton, as the graviton, is part of the massless spectrum of every string
theory. Diﬀerent values of g do not correspond to diﬀerent theories but they
parametrize ground states5 of a given theory. The coupling constants of the
diﬀerent string theories are, however, a priori independent.
In string theory, the quantum ﬁeld theoretical computation of scattering
amplitudes by summation over Feynman diagrams is replaced by the summation over world-sheets of diﬀerent topologies (cf. Fig. 6). Which topologies are
ι

Fig. 4. Decay of a closed string into two closed strings
5

By a (perturbative) string ground state (‘string vacuum’) we mean a conformal
ﬁeld theory with the correct properties, i.e. the correct central charge, modular
invariant partition function, etc. A geometric realization can be provided by speciﬁc background conﬁgurations of the massless ﬁelds. In this section we choose
Gμν (X) = ημν , Φ = Φ0 with all others set to zero. More general backgrounds will
be mentioned in later sections.
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(a)

(b)

Fig. 5. Two open strings join to a closed string (a) in a space-time diagram and
(b) in a world-sheet diagram

allowed depends on the string theory. In particular, in type I both orientable
and non-orientable world-sheets must be summed over while the world-sheets
of the four other theories must be orientable.
Scattering amplitudes A can be computed in perturbation theory. A is
expanded in a power series in the string coupling g

g n A(n)
A=
n

where each term A(n) is computed separately. The validity of perturbation
theory requires g  1. The power of g with which a given world-sheet contributes is the negative of its Euler number, i.e. it is determined by its topology.
The scattering amplitudes A(n) of physical states are correlation functions of
BRST-invariant vertex operators of the quantum ﬁeld theory on Σ as speciﬁed
by the Polyakov action. In the path-integral formulation one has to sum over
all metrics hαβ on Σ and over all embeddings X μ of Σ in space-time M . The
computation of scattering amplitudes is most easily done with the methods of
conformal ﬁeld theory. Using the local symmetries on Σ one goes to (super)
conformal gauge and the inﬁnite dimensional integration over hαβ (χ±
α ) is reduced to the ﬁnite dimensional integration over the (super) moduli of Σ and
the integration over the Faddeev–Popov ghosts. For closed strings, requiring
invariance of the amplitudes under those reparametrizations which are not
continuously connected to the identity transformation (modular invariance)
restricts the range of integration of the modular parameters to a fundamental
region. Requiring modular invariance for the one-loop amplitudes guarantees

Fig. 6. One-loop quantum correction to the propagation of a closed string
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the anomaly freedom of the space-time spectrum. It also is equivalent to imposing the GSO projection on the spectrum. For open strings one has to
impose, in addition, a tadpole cancellation condition for the (R,R)-ﬁelds.
For external
momenta which are small compared to the characteristic scale
√
ls−1 = 1/ α , the scattering amplitudes coincide with those of an eﬀective ﬁeld
theory. Expanding the amplitudes in powers of α corresponds to an expansion
in powers of derivatives in the eﬀective ﬁeld theory. In leading order the lowenergy eﬀective action of each of the ﬁve string theories coincides with the
action of the appropriate classical supergravity theory. The relations between
the coupling constants of supergravity (the ten-dimensional Newton’s constant
(10)
GN and the ten-dimensional Yang–Mills coupling gYM ) and g and ls are
(10)
2
2
∼ g 2 ls6 (heterotic), and gYM
∼ gls6 (type I). (Computable)
GN ∼ g 2 ls8 , gYM

corrections in α result, e.g., in a modiﬁcation of the Einstein–Hilbert action
by terms which contain higher powers of the Riemann tensor.
The
√ ﬁnite extent of the string becomes relevant for external momenta
O(1/ α ) where deviations from quantum ﬁeld theory become noticeable. For
instance, in contrast to quantum ﬁeld theory, string scattering amplitudes are
UV ﬁnite. Heuristically this can be understood as follows: the point-like interaction vertices of QFT are now smeared. Perturbative ﬁniteness of string theory6 is a consequence of modular invariance which restricts the analogue of the
Schwinger proper time-integral to a so-called ‘fundamental region’. (Modular
invariance is a property of string theory and requires, as a necessary condition,
the excistence of an inﬁnite number of excitations.) Within the framework of
string theory one can compute perturbative corrections to the gravitational interaction. It is in this sense that string theory (in its supersymmetric version)
is an UV ﬁnite and unitary perturbative quantum theory of gravity.

5 Compactiﬁcation
So far the discussion was restricted to string theories in a given dcrit dimensional Minkowski space-time with metric ημν . However, it is possible
to formulate string theory in topologically and metrically non-trivial spacetimes where, e.g., only d dimensions are inﬁnitely extended and the remaining
dint = dcrit − d are curled up and compact. One possible realization of such a
compactiﬁcation starts with a direct product Ansatz M d × K int for the tendimensional space-time. Here M d is d-dimensional Minkowski space and K int
6

A complete all-order proof of perturbative ﬁniteness has not been worked out yet.
While there are technical diﬃculties related to gauge ﬁxing of the supermoduli at
higher loops, there is no apparent obstruction to extending the existing ﬁniteness
results to all loops. (These diﬃculties seem to be absent in Berkovits’ covariant and manifestly space-time supersymmetric quantization of the superstring.)
This is diﬀerent from the situation in maximally extended supergravity, where
counterterms are possible, and, hence, to be expected, at higher loop level.
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a dint -dimensional compact manifold. In the Polyakov action this corresponds
to replacing ημν by the metric gμν (X) of the product space. This leads to
a two-dimensional non-linear σ-model with target space M d × K int . Consistency of the compactiﬁcation requires a conformally invariant σ-model and
thus implies strong restrictions on K int . The resulting d-dimensional theory
depends on the geometry and topology of the compact manifold. For instance
d-dimensional supersymmetric theories require that the manifold K 10−d admits Killing spinors.
The simplest consistent compactiﬁcation of a closed string is on a circle S 1
with radius R. One requires X(σ + 2π, τ ) = X(σ, τ ) + 2πwR, w ∈ Z, for one
of the coordinates. This leads to additional massless and massive states: On
the one hand, the Kaluza–Klein excitations with mass2 = (n/R)2 , n ∈ Z
which decouple for R → 0 and, on the other hand, winding states with
mass2 = (wR/ls2 )2 , which become massless for R → 0. These winding
states are characteristic for string theory and are not present in compactiﬁed ﬁeld theories. They lead to a symmetry of the spectrum and the scattering amplitudes of the bosonic string under the T -duality transformation
R → ls2 /R, g → gls /R under which Kaluza–Klein and winding states are exchanged. In other words geometrically diﬀerent compactiﬁcations correspond
to physically identically ground states of string theory. This symmetry implies
to regard ls as minimal length: Compactiﬁcations on a large circle is indistinguishable form compactiﬁcation on a small circle. In both cases the limits
R → ∞ and R → 0, respectively, lead to a continuum of massless states which
is interpreted as the decompactiﬁcation of an additional dimension. The compactiﬁcation on S 1 leads to an additional free parameter, the radius R of the
circle. Similar to the string coupling g it can be interpreted as the vacuum
expectation value of a massless scalar ﬁeld (modulus); e.g. G25,25 = R2 for
the bosonic string compactiﬁed on a circle in the X 25 direction.
The ground states of the compactiﬁed theory are restricted via T -duality
to either one of the two fundamental regions R ∈ [ls , ∞) or R ∈ (0, ls , ]. While
T -duality is a symmetry of the bosonic string this is not the case for type
1
II strings: T -duality transforms type IIA theory on SR
to type IIB theory
1
on Sl2 /R .
s
A simple generalization of a compactiﬁcation on a circle is the compactiﬁcation on a dint -dimensional torus T dint . Here T -duality is a non-Abelian
discrete symmetry on the parameter space (moduli space) of the compactiﬁcation whose local coordinates are, among others, the components of the
metric on T dint .
Of physical interest is the case d = 4. For type II theories compactiﬁcation on T 6 leads, at the level of the low-energy eﬀective action, to N = 8
supergravity and for the type I and the two heterotic theories to N = 4
Super–Yang–Mills (SYM) theory coupled to N = 4 supergravity. N = 1(2)
supergravity is obtained by compactiﬁcation of the heterotic (type II) string
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on six-dimensional Calabi–Yau manifolds.7 The large number of topologically
diﬀerent Calabi–Yau manifolds leads to many diﬀerent four-dimensional theories which diﬀer in their spectra of string excitations. This, in turn, leads
to diﬀerent low-energy eﬀective actions which diﬀer from each other in gauge
group, spectrum of massless particles, and interactions. Size and shape of the
Calabi–Yau manifold are parametrized by the (perturbatively) undetermined
vacuum expectation values of neutral (under the gauge group) scalar ﬁelds,
the moduli ﬁelds.
Discrete symmetries which act on the moduli space of a given compactiﬁcation and which are exact in every order of string perturbation theory
are called T-duality. Mirror symmetry of Calabi–Yau compactiﬁcations is a
non-trivial example of a T-duality. It states that compactiﬁcations on a pair
of topologically diﬀerent Calabi–Yau manifolds, a so-called ‘mirror pair’, are
completely equivalent and undistinguishable. This, as already the simple example of the compactiﬁcation on a circle, demonstrates that strings probe
the geometry of a manifolds quite diﬀerently than point particle probes. One
therefore speaks of ‘string geometry’.
In the language of conformal ﬁeld theory, compactiﬁcation of a superstring
theory means that one replaces (10 − d) of the free superﬁelds (X i , ψ i ) by a
superconformal non-linear sigma-model with target space K int and the same
central charge cint = 3dint /2. More generally one can take an ‘internal’ superconformal ﬁeld theory of the same central charge as long as it satisﬁes
consistency conditions such as modular invariance. Such a theory has, in general, no formulation as a sigma-model and does thus not admit a geometric
interpretation. An analogous discussion also holds for heterotic theories where
the contributions of the additional ﬁelds λa or ΦI have to be taken into account.
More general compactiﬁcations than the one discussed so far are not only
speciﬁed by the metric on K int but by additional non-trivial background values of other massless bosonic ﬁelds. For example, a consistent compactiﬁcation
of type IIB on AdS5 ×S 5 needs a non-trivial background value for the self-dual
ﬁve-form ﬁeld strength F5 which provides the necessary vacuum energy density to balance the curvature of each factor. As for Calabi–Yau manifolds this
compactiﬁcation is an exact conformal ﬁeld theory and it plays a prominent
rôle in the AdS/CFT correspondence which we discuss in Sect. 7.
For more general compactiﬁcations with background ﬁelds, their backreaction on the geometry demands that one gives up the (geometric) direct
product structure of the Ansatz and replaces it by a warped product where the
metric of the inﬁnitely extended space-time depends on an overall scale factor – the warp factor – which can be a non-trivial function of the coordinates
of the compact space. Examples are compactiﬁcations where the Calabi–Yau
manifold is replaced by a manifold with SU (3)-structure (rather than SU (3)
holonomy). Such generalized compactiﬁcations arise when localized sources
7

Calabi–Yau manifolds are compact Kähler manifolds with SU (3) holonomy.
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for the background ﬁelds (D-branes, orientifold planes) and/or background
ﬂuxes are present, i.e. non-vanishing VEVs for the (R,R) and (NS,NS) antisymmetric tensor ﬁelds (see also Sect. 6).

6 Duality and M-Theory
So far we have only discussed the perturbative quantization of strings which
propagate through a ﬁxed classical background space-time. A complete theory
of quantum gravity should, however, dynamically generate the background
space-time. At this time, string theory has not yet achieved this, but there
has been recent progress within the AdS/CFT correspondence.
The main problem in taking space-time to be dynamical ab initio is that a
non-perturbative formulation of the theory does not yet exists. This situation
is quite unusual. One often encounters that a theory is, at least in principle,
known but in order to compute quantities of interest one must develop perturbative methods which allow approximate computations. In string theory
the situation is quite diﬀerent: only the perturbation series is known while the
fundamental formulation from which it can be derived is still lacking.
One possible way to access the non-perturbative regime is via the duality between weakly and strongly coupled theories, a concept which is well
known for supersymmetric quantum ﬁeld theories. It provides control over
the strongly coupled regime of a given theory via perturbative methods applied to the dual theory. The two theories which comprise a duality pair are
often very diﬀerent perturbatively; they might diﬀer, e.g., in their degrees of
freedom and their symmetries. The perturbative degrees of freedom of one
theory might be solitons, i.e. localized solutions of the classical equations of
motion of the weakly coupled dual theory. These solitons are not part of the
perturbative spectrum since their masses diverge as the coupling constant
g approaches zero. If the solitons become very light and weakly coupled as
g → ∞, they might play the rôle of the elementary degrees of freedom of the
dual theory. A duality between a weakly and a strongly coupled theory is called
S-duality.
S-duality in string theory is non-perturbative in the power series expansion
in the coupling constant g, but it is perturbative in the expansion in ls . For Tduality the situation is reversed. The non-perturbative nature in the expansion
in ls manifests itself, e.g. in mirror symmetry, through the contribution of
2 2
world-sheet instantons ∼ e−R /ls , where R is the overall size of the Calabi–
Yau manifold. A discrete symmetry which is neither perturbative in g nor in
ls is called U-duality.
To prove S-duality (or U-duality) is diﬃcult, since it presupposes a nonpertubative formulation of the theory. However, one can check the duality
hypothesis on those solitonic states whose quantum corrections are controllable and whose masses, as functions of the coupling constants, can be exactly
determined at weak coupling. For these states an extrapolation to strong
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coupling is allowed and the comparison with perturbative states of the dual
theory is then possible. Such Bogomolny–Prasad–Sommerﬁeld (BPS) states
are present in ﬁeld and string theories with extended supersymmetry. They
have the distinctive property that they preserve some of the supersymmetries,
i.e. they are annihilated by some of the supercharges, the generators of the
supersymmetry algebra.
The BPS-spectrum of string theory contains, in particular, the D-branes.
In analogy to the coupling of an electrically charged particle to the Maxwell
potential A(1) , an ‘electric’ p-dimensional Dp-brane couples to a (p + 1)form potential C (p+1) . In addition to the electrically charged branes there
are also ‘magnetically charged’ branes. They are characterized through the
ﬁeld strength (∗H)(8−p) which is dual to H (p+2) = dC (p+1) . This means that
the object which is dual (in the sense of Hodge duality) to an electrically
charged Dp-brane is a magnetically charged (6 − p)-dimensional D(6 − p)brane. The potentials C to which branes couple are the massless ﬁelds in the
(R,R) sectors of superstring theories.
The (NS,NS) sector of the type II and the heterotic string theories also
contains an anti-symmetric tensor ﬁeld Bμν to which their fundamental string
(F1) couples. The dual magnetic object is the ﬁve-dimensional NS5-brane.
The massless bosonic ﬁelds and the D-brane spectra of the diﬀerent string
theories are summarized in Tables 1 and 2. The massless fermionic ﬁelds are
determined by space-time supersymmetry.
Branes were ﬁrst discovered as classical solutions of the eﬀective
supergravity theories. The supergravity solutions describe extended objects
and contain, in addition to a non-trivial space-time metric and the dilaton,
a non-vanishing (p + 2)-form ﬁeld strength H (p+2) . Subsequently the solutions which couple to (R,R) ﬁelds got their string theoretic interpretation
as D-branes, namely the dynamical objects on which open strings end and

Table 1. Bosonic massless ﬁelds in type II theories, the closed string sector of type
I and in the heterotic theories. Gμν is the space-time metric, Bμν an anti-symmetric
tensor ﬁeld (Kalb-Ramond ﬁeld), and Φ the dilaton. Aμ is the vector potential of
the gauge groups E8 × E8 and SO(32), respectively. C (p) is a p-form ﬁeld with ﬁeld
strength H (p+1) = dC (p) . The ﬁeld strength of C (4)+ is self-dual, H (5) = ∗H (5) , and
H (0) is a non-propagating 0-form ﬁeld strength. (The type I string also has SO(32)
gauge bosons from the open string sector)
Sektor

(NS,NS)

(R,R)

Type IIA

Gμν , Bμν , Φ

H (0) , C (1) , C (3)

Type IIB

Gμν , Bμν , Φ

C (0) , C (2) , C (4)+

Type I

Gμν , Φ

C (2)

Heterotic

Gμν , Bμν , Φ, Aμ
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Table 2. D-brane spectra of superstring theories. The D(−1) brane of type IIB is
a D-instanton. The D9 brane in type I is degenerate. It implies that open strings
can move freely in the ten-dimensional space-time. All remaining D-branes are in
one-to-one correspondence to ‘electric’ (R,R)-potentials and their ‘magnetic’ duals. D-branes couple to these potentials as sources. T-duality changes the boundary
conditions of open strings, N↔D. This means that T-duality maps Dp-branes to
D(p ± 1)-branes, depending on whether the T-duality direction is along (−) or perpendicular (+) to the world-volume of the brane. Type II and heterotic theories also
have a NS5 brane
Dp-branes

p

type IIA

0,2,4,6,8

type IIB

-1,1 3 5 7

type I

159

to which they transfer space-time momentum. Those which couple to Bμν
or its dual are identiﬁed with the fundamental string and the NS5 brane,
respectively. If one computes the tension (energy density) of the F1 solution
(which carries ‘electric’ B-charge) one ﬁnds that it is independent of the string
coupling constant. The tension for the NS5-brane (which carries ‘magnetic’
B-charge) however, behaves as τNS5 ∼ 1/g 2 while that of D-branes depends on
the string coupling as τD ∼ 1/g. This means that the NS5- and the D-branes
are heavy and decouple in the weak coupling limit g → 0. They are part of the
non-perturbative sector of the respective pertubatively deﬁned string theory.
At strong coupling, g  1, the BPS-p-branes become light. In some cases they
can be viewed as the fundamental objects of a dual theory which possesses a
perturbative expansion in powers of gdual = 1/g.
An example of this in d = 10 is the S-duality between the heterotic SO(32)string and the type I string. The coupling constants of these two theories are
inverse of each other, and the D-string of type I is mapped, in the limit of
strong coupling, to the fundamental heterotic string.
The type IIB theory in d = 10 possesses both an F-string and a D-string.
The relation between their tensions is τF1 /τD1 = g, i.e. at strong coupling the
D-string is much lighter than the F-string. The type IIB theory is self-dual
under S-duality, i.e. it is invariant under g → 1/g and simultaneous exchange
of D- and F-strings and their dual magnetic objects, the D5 and NS5 branes.
T-duality relates the type IIB theory with the type IIA theory. T-duality also
relates the two heterotic theories with each other.
The type IIA theory has BPS bound states of n D0-branes with mass
m ∼ n/(gls ). These states can be interpreted as Kaluza–Klein excitations
of an 11-dimensional theory which has been compactiﬁed on an S 1 with radius R11 = gls (cf. the discussion of S 1 compactiﬁcation in Sect. 5). In the
strong coupling limit g → ∞, the type IIA theory possesses 11-dimensional
Poincaré invariance. At low energies the massless excitations and their
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interactions are described by the unique 11-dimensional supergravity the(11)
(10)
−9
ory. Using GN ∼ R11 GN ∼ M11
, the characteristic mass scale of the
−1/3 −1
11-dimensional theory is M11 = g
ls . At energies O(M11 ), neither string
theory nor supergravity are adequate descriptions. Both have to be superseded
by an as yet unknown theory which has been given the name M -theory. The
strongly coupled E8 ×E8 heterotic string can also be interpreted as a compactiﬁcation of M-theory, namely on an interval. The gauge degrees of freedom of
one E8 -factor are located on each of the two ten-dimensional boundaries at
the end of the interval.
The duality relations imply that the ﬁve string theories are merely different perturbative approximations of one and the same fundamental theory.
The fact that 11-dimensional supergravity also appears indicates that the ﬁve
string theories cannot provide a complete description in the strong coupling
regime. The hypothetical theory, from which the ﬁve string theories and 11dimensional supergravity can be derived in diﬀerent approximations, is called
M-theory. The elementary excitations of this theory depend on the approximation. As 11-dimensional theory it possesses membranes, i.e. M2-branes, and
their dual objects, M5-branes. The fundamental string of type IIA arises upon
compactiﬁcation on a circle of radius R11 where the M2 branes is wrapped
around the circle.
In addition to the duality relations which was we have discussed here, there
are other connections between various string theories, in the critical dimension
as well as in the compactiﬁed theory. In all non-perturbative dualities branes
play an essential rôle.
In the presence of D-branes one has, besides the excitation modes of the
closed string, also those of the open string whose endpoints move along the
world-volume of the branes. For instance, at low energies (ls → 0), the dynamics of the massless modes of N coincident D3-branes is described by a
four-dimensional N = 4 SYM-theory with gauge group U (N ). This gauge
theory is localized on the world-volume of the D3-branes. Its gauge coupling
2
= g. In the limit ls → 0 the modes of the open string and gravconstant is gYM
ity decouple. Many diﬀerent theories can be constructed by an appropriate
choice of D-brane conﬁgurations and e.g. many features of the vacuum structure of the supersymmetric extension of QCD (SQSD) can be ‘understood’ in
the brane picture.

7 AdS/CFT
String theory dates back to the pre-QCD era, as an attempt to understand
the scattering data of hadrons. Veneziano ‘guessed’ a formula (known as the
Veneziano formula) which correctly incorporates the empirically motivated
duality hypothesis, which states that the complete four-point amplitude can
be written either as a sum over only s-channel poles or as a sum over only
t-channel poles. It was soon realized that the Veneziano amplitude can be
derived from a theory of (bosonic) strings. Serious problems related to the
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high-energy behaviour of the Veneziano amplitude and, in particular, the discovery of QCD as a renormalizable QFT made string theory as a theory of the
strong interaction obsolete. Furthermore, the discovery of a critical dimension
and the presence of a massless spin-two particle were considered as indications
that string theory might be the correct framework for a theory of quantum
gravity. This has become the prevailing point of view.
However, more recently, based on the AdS/CFT conjecture of Maldacena,
string theory has become a powerful analytic tool for studying strongly coupled gauge ﬁeld theories. The most interesting such theory is QCD at low
energies. While no gravity dual has yet been found, many (supersymmetric)
generalizations have been studied using the so-called ‘gauge theory - gravity
duality’.
In its simplest version, the AdS/CFT correspondence arises from analysing
2
N , i.e. for small ’t
a system of N coincident D3 branes. For small gN = gYM
Hooft coupling, the world-volume theory on the branes is the conformally invariant U (N ) N = 4 supersymmetric gauge theory. Its degrees of freedom
arise from the massless excitations of the open strings ending on the branes.
This theory is coupled to supergravity in the ten-dimensional space-time. The
supergravity ﬁelds arise from massless excitations on the closed strings. As
long as gN is small, one can neglect the backreaction of the branes on the
geometry and the assumption of the D3 branes embedded in ten-dimensional
Minkowski space-time is appropriate. In the limit ls → 0 the gauge theory on
the brane decouples from the gravity theory in the bulk. If gN becomes large,
the backreaction can no longer be neglected and the system is better described
by the geometry of the brane solutions of type IIB supergravity. The above decoupling limit now leads to a decoupling of the region close to the branes, the
so-called ‘near-horizon region’ which has AdS5 ×S 5 geometry, from the asymptotic region, where one obtains a theory of free gravitons in ten-dimensional
Minkowski space-time. Comparison then suggest a correspondence between
four-dimensional N = 4 SYM theory and type IIB string theory compactiﬁed
2
N beon AdS5 × S 5 . It also implies the relations (R/ls )4 = 4πgN = 4πgYM
tween the string scale ls , the curvature radius R of the background geometry,
the string coupling constant g, the rank of the gauge group N , and the gauge
2
. One can think of the gauge theory degrees of freedom
coupling constant gYM
to be located at the conformal boundary of AdS5 which is four-dimensional
Minkowski space-time (up to global issues). In this sense, the AdS/CFT correpondence is a very concrete realization of the holographic principle (see also
Sect. 8). One can further interpret the radial coordinate as the energy scale
in the ﬁeld theory.
As long as the radius of curvature is large and the string coupling constant
is small, one can approximate the type IIB string theory by IIB supergravity
on this background. One then obtains a duality between a quantum ﬁeld theory – N = 4 SYM in the large-N limit – and a classical gravity theory.
Evidence for this duality is provided by a matching of the symmetries: the
isometry group of the space-time coincides with the global symmetries of the
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gauge theory (conformal invariance and R-symmetry) and this extends to
the supergroups. In particular the AdS-factor of the geometry indicates that
the dual ﬁeld theory is conformally invariant (which N = 4 SYM is).8 More
detailed checks, which do not rely entirely on the symmetries, have been performed. For instance, the conformal anomaly of N = 4 SYM, which is clearly
a quantum eﬀect of a four-dimensional ﬁeld theory, can be computed via a
classical gravity calculation. A precise matching between Kalazu–Klein states
of the supergravity theory and gauge invariant operators is possible and many
of their dynamical properties can be computed on both sides of the correspondence. Needless to say that they match precisely.
One obstacle to go beyond the supergravity approximation on the string
theory side is that this requires the quantization of string theory compactiﬁed on AdS5 × S 5 , which consists, in addition to a background metric, of a
non-vanishing value of the self-dual (R,R) ﬁve-form ﬁeld strength. At present,
quantization in (R,R) backgrounds (as opposed to (NS,NS) backgrounds) is
still an unsolved problem, at least in the so-called ‘RNS’ (Ramond–Neveu–
Schwarz) formalism on which most of the string literature is based. But it has
been shown that AdS5 × S 5 is a consistent background for string compactiﬁcation to all orders in string pertubation theory.
Considerable progress has been made in the so-called ‘BMN’ (Berenstein–
Nastase–Maldacena) limit where relevant conﬁgurations on the string side are
classical solutions of the string sigma-model which correspond to macroscopically large strings rotating in the background geometry. On the gauge theory
side the dual operators are those with large conformal dimension and R-charge
(which is dual to the SO(6) isometry of S 5 ).
Many generalizations of the correspondence have been constructed. For
instance, in order to reduce the amount of supersymmetry one replaces S 5
by a ﬁve-dimensional compact manifold X 5 which can serve as the base of
a six-dimensional Ricci-ﬂat Kähler cone, i.e. X 5 must be a Einstein–Sasaki
manifold (e.g. for X 5 = S 5 the Kähler cone is simply R6 ). Generalizations
to non-conformal theories are neccessary if one wants a dual description of
conﬁning gauge theories (such as QCD). In fact, one can give a rather general
criterium which the background geometry has to satisfy in order that the
dual gauge theory is conﬁning. This relies on the picture of the QCD string
as a fundamental string which connects two quarks which are located on the
‘boundary’ of the dual geometry, but which plunges into the bulk (cf. Fig. 7)
as this is the geodesic which connects its two endpoints. The expectation value
of the Wilson loop W [C] ∼ e−T E(L) , where E(L) is the potential energy, is
the exponentiated area of the world-sheet of the open string which boundary
C, computed with the Nambu–Goto action in the given background geometry.
If one does this in the AdS5 × S 5 geometry one ﬁnds E(L) ∼ T /L, i.e. the
Coulomb law. In a conﬁning dual geometry one ﬁnds instead E(L) = σT L,
8

More generally, asymptotic AdS geometries are dual to ﬁeld theories which are
conformally invariant (ﬁxed point of the beta-function) in the UV.
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Fig. 7. ‘QCD’ string

where σ is the QCD string tension. Such a conﬁning geometry must contain
an additional scale which breaks conformal invariance, in terms of which σ
can be expressed.
However, the regions in parameter space where, on the one hand, the
gauge theory is weakly coupled and perturbation theory appropriate and, on
the other hand, where the string coupling is weak and the space-time curvature small, i.e. where the supergravity approximation of string theory is good,
do not overlap. Therefore, a direct comparison is only possible for protected
operators which exists in ﬁeld theories with extended supersymmetry (BPS
states). But one can use the conjectured correpondence to arrive at ‘predictions’ about strongly coupled gauge theories, e.g. about their phase structure,
the spectrum of mesons, chiral symmetry breaking, etc. in regimes where other
analytical methods are not available. All these concepts have a geometric analogue within the dual gravity description. Also, the interpretation of the radial
coordinate as the energy scale has been made precise, e.g., in extracting the
gauge theory beta-function from geometrical data.
Other generalizations of the Maldacena conjecture lead to holographic descriptions of theories in other than four dimensions. For instance, compactiﬁcation of 11-dimensional supergravity on AdS7 × S 4 leads to a six-dimensional
theory of interacting tensor multiplets on the world-volume of coincident M5branes. Again, the number of branes N is related to the radius of curvature
of the geometry (R ∼ lp N 1/3 ). Nothing is known about this theory from the
ﬁeld theory side but deﬁnite predictions, e.g. about the number of degrees
of freedom, i.e. that it grows as N 3 , can be obtained from its dual gravity
description.
Perhaps the most important lesson from these developments is the duality between quantum ﬁeld theories (without gravity) and higher-dimensional
gravitational theories (such as supergravity or string theory). A dual description of real QCD (four-dimensional, non-supersymmetric, SU (3) gauge
group, etc.) has not yet been found. But it has been demonstrated that the
high energy behaviour of the Veneziano amplitude, when interpreted within
AdS/CFT context (generalized to non-conformal backgrounds) where the
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radial coordinate serves as the energy scale, changes and that it is no longer
in disagreement with experiments.

8 Black-Hole Entropy
Black holes are a major testing ground for ideas about quantum gravity. They
are subject to the laws of black-hole mechanics which formally have the same
structure as the laws of thermodynamics. Combining this with the Hawking
eﬀect, which allows to assign a temperature to a black hole, this leads to the
identiﬁcations

 3
c
A
κS 
, Sthermo =
.
(8.1)
T =
2π c
4 GN 
Here T is the Hawking temperature, Sthermo is the Bekenstein–Hawking entropy, κS the surface gravity, and A the area of the event horizon.9 The occurrence of  and GN clearly shows that black-hole entropy can only be described
within the framework of a theory of quantum gravity. Below we will often use
Planckian units and set c =  = GN = 1. In analogy to the relation between
thermodynamics and statistical mechanics, this suggests that while Einstein
gravity describes black holes at the macroscopic level, a theory of quantum
gravity should provide the microscopic description. In particular, it should be
possible to relate the thermodynamical entropy to a statistical entropy, which
measures the degeneracy of microscopic states for a given macroscopic state,
Sstat = log N (M, Q, J) .

(8.2)

Here the macroscopic state of a black hole is characterized by its mass M ,
charge Q, and angular momentum J, and N (M, Q, J) denotes the number
of microscopic black-hole states with given values for these quantities. It is a
benchmark for any candidate theory of quantum gravity whether such microscopic states can be identiﬁed and counted, and whether the thermodynamical
and statistical entropies agree.
The simple fact that the entropy is proportional to an area (the area of
the black -hole’s event horizon) rather than a volume, leads to the concept
of holography. The information contained inside the region enclosed by the
horizon is represented as a hologram on the horizon: all information about
the inside is stored on the holographic screen.10 This is in sharp contrast with
9
10

&2
%
N
For a Schwarzschild black-hole κS = c4 /(4GN M ) and A = 4π 2McG
.
2
More generally, the holographic principle asserts that the information contained
in some region of space can be represented as a ‘hologram’ – a theory which
‘lives’ on the boundary of that region. It furthermore asserts that the theory on
the boundary of the region of space in questions should contain at most one bit
2
.
of information per Planck area lPlanck
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what we expect from statistical mechanics and local quantum ﬁeld theory
where the entropy is an extensive quantity and should thus be proportional
to the volume of the system. The lesson we learn from this is that the nature
of the degrees of freedom of quantum gravity is quite diﬀerent from that of a
local quantum ﬁeld theory.
In this section we discuss some of the research done on black-hole entropy
in string theory. Except for the initial discussion of the heuristic string–black
hole correspondence, we restrict ourselves to BPS black holes, i.e. black holes
which are invariant under a subset of the supersymmetry transformations of
the underlying string theory. For BPS black-holes, string theory provides a
quantitative explanation of black-hole entropy. The agreement between thermodynamical and statistical entropy extends beyond the leading term in the
semiclassical limit. Moreover, the calculations show that at subleading level
the entropy of stringy black holes follows Wald’s generalized formula for blackhole entropy, which deviates from the simple area law once quantum corrections (higher derivative corrections) to the Einstein–Hilbert action are taken
into account.
We ﬁrst discuss the heuristic string–black hole correspondence which, while
qualitative, has the virtue to apply to Schwarzschild-type black holes. The
basic idea is that ‘heavy strings states are black holes’. Let us start with
string perturbation theory in ﬂat space. Free strings have an inﬁnite tower of
states of ever increasing mass, m2 ∼ αn , n ∈ N. If we take the string coupling
g to be ﬁnite, but small, the feedback of a suﬃciently light string state on its
ambient space-time is negligible. A rough way of estimating this √
feedback is
to compare the characteristic length scale of string theory, lS = α , to the
gravitational scale
radius
√ of a string state of mass m, i.e. its Schwarzschild
2 
rS ∼ GN m ∼ nα g 2 . Here we used the relation GN ∼
g
α
between
the
√
four-dimensional Newton constant GN , the string scale α , and the string
√
coupling constant, together with the mass formula.11 The string length α
is the smallest length scale which can be resolved by scattering string states.
Since the feedback of√a string state on the space-time geometry is estimated by
rS , it is negligible if α  rS . For given coupling this requires that the mass
of the state is suﬃciently small, while for given mass the coupling must be
suﬃciently small. In this regime the number of string states of given mass can
be counted, since we know the spectrum of free strings in ﬂat space-time. The
asymptotic number
√ of states is governed by the Hardy–Ramanujan formula
and grows like e n . In other words the statistical entropy of string states
grows like
√
(8.3)
Sstat ∼ n
for large n.
Let us now either increase the mass, at ﬁxed coupling,
or increase the
√
coupling, at ﬁxed mass. Then rS will grow relative to α . While we do not
11

We assume that the additional dimensions required for consistency have been
compactiﬁed on a manifold of size (α )3 .
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know what happens in detail,√we know qualitatively what happens in the opposite extreme regime rS  α , where the gravitational scale is much larger
than the string scale. Here we can use that the long-wavelength approximation of string theory is provided by an eﬀective ﬁeld theory, which can be
constructed using string perturbation theory. The eﬀective action has an expansion in string loops, controlled by g, so that we need to keep the string
√
coupling small enough. Moreover, it has an expansion in the string length α .
The long-wavelength or low energy expansion of the action is an expansion in
derivatives. σ-model loop corrections (i.e. higher orders in α ) which appear
in each order in the genus expansion (higher orders in g) give rise to higher
derivative terms.
In this regime gravity is described by the Einstein–Hilbert action plus an
inﬁnite series of higher curvature terms. For the time being, we only take into
account the leading Einstein–Hilbert term. Then we are in the realm of general
relativity and expect that an object which sits within its Schwarzschild radius
forms a black hole. Therefore our original string state should correspond to
a black-hole solution of the eﬀective ﬁeld theory. The associated thermodynamical entropy is the Bekenstein–Hawking entropy. For a Schwarzschild-type
black hole carrying the mass of the string state we obtain
Sthermo =

A
4GN

GN m2

g2n .

Comparing this to the statistical entropy of string states (8.3), we see
that both entropies are diﬀerent, in general. However, they agree, up to a
numerical constant of order unity,
√ when the Schwarzschild radius is of the
α , or, equivalently, for a string coupling
order of the
string
scale,
r
S
√
1. The observation that the entropies of strings and black
of order g 2 n
holes match here support the idea of a phase transition (or maybe a smooth
crossover) from a perturbative string regime to a black-hole regime. In particular, this provides a scenario for the endpoint of the decay of black holes
through
Hawking radiation: once the black hole has shrunk to a size of order
√
α , it converts into a highly excited string state, which then decays according to the rules of string perturbation theory. It is encouraging that a string
has the right number of states to account for the states of a black hole with
equal mass. This scenario is compatible with unitarity, and elaborates on the
old idea of a correspondence between black holes and elementary particles.
The idea of a phase transition is further supported
√ by the observation that
the Hawking temperature of a black hole of size α equals the Hagedorn
temperature, which is interpreted as the limiting temperature for a grand
canonical ensemble of strings.
While this scenario is broad and appealing, it is very qualitative. In particular, the string and black-hole entropy only match up to a multiplicative
factor of order unity, and the interpolation between the perturbative string
regime and the black-hole regime is bold, because one has no control over the
intermediate regime. There is no a priori argument which connects the number
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of states in the two extreme regimes, which in principle could change drastically. And indeed, we saw that the two entropies are diﬀerent in general,12
indicating that the number of states changes when going from one extreme
regime to the other.
Therefore we will now focus on a subset of states which are under much
better control. Here, the entropies of strings and black holes will not just match
for some particular value of the coupling, but they will be equal. Here ‘equal’
means equality up to additive terms which are subleading in the semiclassical
limit, corresponding to large mass. In particular, there is no undetermined or
mismatching factor between the leading terms of the two entropies. The relevant subclass of states are the BPS states, which sit in special, so-called ‘short’
or BPS representations of the supersymmetry algebra. BPS states carry central charges under the supersymmetry algebra, and have the minimal mass
compatible with their central charges. In supergravity the central charges
are determined by the electric and magnetic charges under gauge interactions which are mediated by the gauge bosons in the supergravity multiplet
(graviphotons).
In string perturbation theory, BPS states appear as a special subset of
the string states. In the corresponding eﬀective supergravity theory, BPS
states are realized as supersymmetric solitons, more speciﬁcally as extremal
black-hole solutions with Killing spinors. The comparison of black hole and
string entropy proceeds by constructing BPS black-hole solutions with given
charges and by comparing the resulting entropy to the number of string BPS
states with the same mass and the same charges. In various examples where
both entropies have been computed in their respective regimes, it has been
found that they agree, even when including subleading corrections.
Let us discuss an explicit example for the quantitative version of the string–
black hole correspondence. We consider four-dimensional string compactiﬁcations with N = 4 supersymmetry. For concreteness, we employ the realization
through the heterotic string, compactiﬁed on a six-torus. For generic moduli
the gauge group of this compactiﬁcation is U (1)28 , and the electric charges
carried by elementary string states can be combined into a vector q which
takes values in a 28-dimensional lattice Γ22,6 , which comes equipped with an
indeﬁnite bilinear form of signature (22, 6). Incidentally, the problem of counting BPS states of charge q is equivalent to counting the number of states for
the open bosonic string in 26 dimensions. Hence the result follows from the
Hardy–Ramanujan formula. The corresponding entropy is

|q2 |
+ ··· .
(8.4)
Sstat = 4π
2
Here q2 is the (indeﬁnite) scalar product of the charge vector q ∈ Γ22,6 with
itself. We have displayed the leading contribution in the limit of large charges
12

Note that the black-hole entropy is bigger than the string entropy if we are in the
black-hole regime, and vice versa.
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|q2 |  1 (which, through the BPS condition, implies large mass). There are
corrections, starting with a term proportional to log |q|2 , followed by an inﬁnite series of terms which involve negative powers of |q2 |, plus further corrections which are exponentially suppressed for large charges.
The corresponding eﬀective ﬁeld theory is, to leading order in derivatives,
an N = 4 supergravity theory coupled to 22 vector multiplets. It turns out
that BPS solutions with charges q always have a null singularity, i.e. the
event horizon coincides with the singularity and has vanishing area. As a
consequence, the Bekenstein–Hawking entropy is zero
Sthermo =

A
=0,
4

and disagrees with the statistical entropy of string states. This is, however,
not the end of the story. Since space-time curvature becomes large close to the
horizon, one cannot trust the two-derivative eﬀective action. Once the leading
curvature-squared terms are taken into
account, the null singularity is replaced
1 2
2 |q |.

The corresponding Bekenstein–

1 2
Hawking entropy SBekenstein−Hawking = A
4 = 2π
2 |q | is ﬁnite, but disagrees
with the statistical entropy by a factor 2. However, as pointed out some time
ago by R. Wald, the area law has to be replaced by a more reﬁned formula,
once the gravitational action contains higher derivative terms. In contrast to
the naive area law, Wald’s modiﬁed law assures that the ﬁrst law of blackhole mechanics remains valid. For the case at hand, Wald’s modiﬁed formula
amounts to an additive correction term A
4 , which leads to precise agreement
between the leading term of the thermodynamical entropy

|q2 |
+ ···
(8.5)
Sthermo = 4π
2
by a smooth horizon of area A = 8π

and the statistical entropy. Like the statistical entropy, the thermodynamical
entropy is further modiﬁed if subleading corrections are taken into account.
For the thermodynamical entropy, the corrections come from further subleading terms in the eﬀective action. As for the statistical entropy, these corrections
are logarithms, inverse powers, and exponentials in |q2 |.
The next step is therefore to compare the subleading contributions to
both entropies. In the above example, no full agreement between statistical
and thermodynamical entropy has been achieved to date. The problem seems
to be related to the fact that for BPS black holes in N = 4 compactiﬁcations,
which carry only electric charge, the scalar ﬁelds take values in a particular
subspace of the moduli space, which is singular unless instanton corrections
are taken into account. This reﬂects itself in the fact that black-hole solution
has a vanishing horizon area at leading order. While further work is needed to
better understand this class of BPS black holes, the situtation is much better
for generic BPS black holes, which carry both electric and magnetic charges.
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The most general BPS black-hole solution of an N = 4 compactiﬁcation
carries 28 electric charges q, but also 28 magnetic charges p, which lie on a
lattice of the form Γ22,6 .13 When using the two-derivative eﬀective action, the
entropy of such dyonic BPS black holes is

Sthermo = π p2 q2 − (p · q)2 .
(8.6)
Observe that for purely electric charge the entropy vanishes. This is the
subcase we discussed above. What are the corresponding string theory microstates? Fundamental strings do not carry magnetic charges with respect to
the gauge group U (1)28 . However, magnetic charges are carried by heterotic
ﬁve-branes, which are solitonic objects occurring in the heterotic string theory.
Dyonic BPS states with arbitrary electric and magnetic charge correspond to
bound states of fundamental heterotic strings and heterotic ﬁve-branes. The
number of BPS states with given charges is known in terms of an integral
representation. When evaluating this integral at its leading saddle point, one
recovers (8.6). But as in the case (8.4) there are subleading corrections to
both the statistical and thermodynamical entropy. This time the corrections
agree even when including contributions which are exponentially suppressed
for large charges. At the level of the eﬀective action, this corresponds to including the contribution of an inﬁnite series of instanton corrections to the
higher-derivative terms. The agreement crucially depends on using Wald’s
modiﬁed formula instead of the naive area law.
There are several other types of brane conﬁgurations where a quantitative
agreement between statistical and thermodynamical entropy, including subleading corrections, has been found. In particular, the ﬁrst examples of such
a matching involved D-branes, rather than fundamental strings and solitonic
ﬁve-branes. With this amount of evidence, it is fair to say that string theory
can account quantitatively for the entropy of BPS black holes. String theory
is unrivaled in that the matching of statistical and thermodynamical entropy
does not involve the tuning of free parameters, and that the matching extends
to subleading corrections and is sensitive to the distinction between Wald’s law
and the area law. This success also illustrates that a consistent perturbative
theory of quantum gravity accounts for much more than ‘graviton scattering in a ﬁxed background’. In particular, string perturbation theory can be
used to derive higher curvature corrections to the Einstein–Hilbert action.
These in turn modify black-hole solutions, smooth singularities, and give contributions to the entropy. These are genuine quantum gravity eﬀects, as the
higher-derivative terms are generated by quantum corrections.14 While the
13

14

By Dirac quantization, electric and magnetic charges lie on dual lattices. However,
the charge lattice turns out to be self-dual, so that one has two copies of the same
lattice.
To be precise, the terms relevant for the N = 4 compactiﬁcations discussed above
are ‘tree-level plus instantons’ (in the string coupling g) for the heterotic string
and ‘one-loop’ for the dual description by the type-II string.
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agreement of statistical and thermodynamic entropy strongly suggests that
string theory has the right number of degrees of freedom to account for the
microstates of BPS black holes, a more direct understanding of these states as
states of black holes is certainly needed. Recently, an intriguing proposal has
been put forward by H. Ooguri, A. Strominger, and C. Vafa, which deﬁnes a
‘black hole partition function’ and relates it to the partition function of the
topological string. This could be a major step forward in this direction.
A clear limitation of the approach described here is that it relies on supersymmetry, or, to be precise, that it applies to supersymmetric states only.
However, there are other approaches to black holes within string theory, which
we are not able to discuss here for lack of space. But let us mention that recently there has been considerable interest in studying non-supersymmetric
extremal black holes. It turns out that many features of supersymmetric black
holes carry over, and in particular that higher derivative corrections can be
taken into account. Moreover, black-hole entropy has been studied extensively
in the context of the AdS/CFT correspondence, which can be viewed as a concrete realization of the ‘holographic principle’.15 Finally, a new line of thought
is the ‘fuzzball proposal’, which views BPS black holes as superpositions of
smooth geometries, one for each black-hole microstate. This approach might
be a ﬁrst step towards a detailed understanding of the interpolation between
the string perturbative regime and the black-hole regime.
So far, string theory does not yet provide a complete account of black-hole
physics. Nevertheless, black-holes are clearly the most successful application
of string theory in the gravitational realm. They will continue to be a major
subject of interest in the string community, and, maybe, the results will even
reshape our understanding of what string theory is.

9 Approaches to Phenomenology
As we discussed in Sect. 5 the spectrum of excitations of a string compactiﬁed,
e.g., on a Calabi–Yau manifold, contains a ﬁnite number of massless excitations L and an inﬁnite number of massive modes H. Their mass is of the order
of the characteristic scale of the string Ms . Among the massless modes one
ﬁnds generically a spin–2 degree of freedom which is identiﬁed with Einstein’s
graviton. In addition massless spin–1 gauge bosons of some gauge group G,
families of massless chiral fermions in fundamental and anomaly free representations of G and elementary spin–0 bosons which can serve as candidates
for Higgs-like ﬁelds can appear among the massless modes. Such string backgrounds are not only a candidate for a consistent quantum gravity but also a
candidate for a uniﬁed theory of all known particles and their interactions.
In order to check this proposal, it is necessary to identify the standard
model (SM) as the low energy limit. This amounts to the identiﬁcation of the
15

The duality with a unitary quantum ﬁeld theory strengthens the claim that there
is no information loss during black-hole evaporation via Hawking radiation.
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particle spectrum of the standard model (or some generalization thereof) as
well as their couplings in a low-energy eﬀective Lagrangian Leﬀ . The eﬀective
Lagrangian can be computed systematically in perturbation theory by studying string scattering processes at energy scales E far below the characteristic
scale Ms . Demanding that the S-matrix of the eﬀective ﬁeld theory coincides
with the string S-matrix for energy scales, E  Ms determines the eﬀective
Lagrangian.
However, the programme just outlined has a number of serious drawbacks.
First of all, the S-matrix elements in string theory can currently only be reliably computed as a perturbative expansion in the string coupling g. Second
of all, a large class of consistent S-matrices, each corresponding to a twodimensional conformal ﬁeld theory, do exist. This in turn leads to a large
number of diﬀerent eﬀective theories with diﬀerent Leﬀ . Every set of S-matrix
elements (or equivalently every consistent CFT) can be viewed as a diﬀerent vacuum of the same string theory. Each string vacuum is as good as any
other or, in other words, the vacuum is degenerate and there is presently no
understanding what selects one vacuum over another and lifts the vacuum
degeneracy. Finally, string theory only contains one scale Ms and one dimensionless coupling g and hence all light modes L are exactly massless. This
is reminiscent of a standard model without the Higgs mechanism where all
fermions and gauge bosons are also exactly massless. Thus, one has to understand what mechanism generates the weak scale MZ (and why it is so
small).
Given this state of aﬀairs there are a number of possible strategies to make
further progress. One approach – commonly called ‘string phenomenology’ –
does not attempt to explain the mechanism which lifts the vacuum degeneracy
and chooses the true vacuum. Rather it surveys the whole space of string
ground states and looks for particularly ‘promising’ candidate vacua. The
criteria of what is a ‘promising’ string vacuum is of course ambiguous and
diﬀerent aspects have dominated this ﬁeld over the years. After the discovery
of the heterotic string and its Calabi–Yau compactiﬁcation in 1984/85 all
of string phenomenology focused on vacua of the E8 × E8 heterotic string
with four ﬂat space-time dimensions with Minkowskian signature, a gauge
group G ⊂ E8 × E8 which is big enough to contain the SU (3) × SU (2) ×
U (1) of the SM and at least three light chiral generations. In addition, N =
1 local space-time supersymmetry was imposed at Ms since it seems very
diﬃcult to understand how the hierarchy MZ /Ms can be generated and kept
stable without supersymmetry.16 Furthermore, most of the known consistent
string vacua with space-time fermions are already supersymmetric and within
our current understanding supersymmetry appears to be a plausible (if not
necessary) symmetry of string theory.

16

N = 1 is chosen since such supersymmetric theories can easily have chiral
fermions. This is not possible for N > 1.
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Almost all string vacua contain gauge neutral scalar ﬁelds M i (‘moduli of
the compactiﬁcation’) which are ﬂat directions of the perturbative eﬀective
potential. Thus their vacuum expectation values (VEVs) are undetermined
in perturbation theory and therefore they are additional free parameters of
−2
and the
a given string vacuum. They set the (inverse) gauge couplings gYM
Yukawa couplings Y of the theory. Thus, as in any QFT, both the gauge
couplings and the Yukawa couplings are free parameters of the eﬀective lowenergy string theory. However, the situation here is slightly better than in a
QFT. First of all, the fact that the couplings depend on scalar ﬁeld VEVs
opens up the possibility of a dynamical determination of the couplings. If we
understood what mechanism lifts the ﬂat directions and induces a M i  we
would have a dynamical way of understanding the values of the dimensionless
couplings gYM and Y . Furthermore, it is quite possible that for a given vacuum
the ratio of Yukawa couplings displays some special properties which can be
tested experimentally.
The perturbative heterotic string has the additional feature that the gauge
coupling is universal:at the tree level. The generic gauge group is a product of
simple factors G = a Ga with gauge couplings ga for each factor Ga which
are identical even without the existence of a covering GUT group
ga−2 = ReΦ

for all a ,

(9.1)

where Φ is the dilaton ﬁeld. (Strictly speaking there is an integer normalization factor ka in (9.1) which we have omitted here for simplicity.) Thus the
perturbative heterotic string very generically predicts a universal gauge coupling. It also predicts the scale at which the coupling constants unify to be
Ms ≈ 5 · 1017 GeV. Current electro-weak precision data seem to favour a uniﬁcation of the gauge couplings at approximately 3 · 1016 GeV which is indeed
remarkably close to the string value. However, given the present precision the
mismatch of a factor of 20 cannot be simply ignored.
Despite some of the successes of the heterotic string vacua there are a
number of questions left unanswered in the perturbative approach outlined
above. We still have to understand how the light modes get their masses,
how MZ and the hierarchy is generated, what lifts the vacuum degeneracy
and induces VEVs for the M i , and ﬁnally how supersymmetry is broken at
low energies. The belief (and hope) is that all of these problems are just
an artefact of string perturbation theory and that once we understand the
non-perturbative phase of string theory these problems will have a (hopefully
realistic) solution.
Since we lack a fully developed non-perturbative formulation of string theory there are various ways to argue the structure of possible non-perturbative
corrections. First, one might assume that the dominant non-perturbative effects arise at energy scales well below Ms and therefore can be described by
ﬁeld-theoretic means. Clearly these non-perturbative eﬀects are part of string
theory and the real assumption is that they dominate over the ‘stringy’ eﬀects.
This assumption is partly motivated by the fact that in order to generate a
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hierarchy these non-perturbative eﬀects have to occur at an energy scale well
below Ms . An example of such a non-perturbative eﬀect is gaugino condensation in a hidden sector which can be analysed already in supergravity. The
hidden sector which has no renormalizable interactions with the observable
sector is taken to be an asymptotically free non-abelian gauge theory which
is weakly coupled at Ms but becomes strongly coupled at
Λc = MPl e

−

8π 2
bg2
YM

 MPl ,

(9.2)

where b is the coeﬃcient of the one-loop β-function. Such hidden sectors do
indeed exist in string theory, the matterless E8 of Calabi–Yau compactiﬁcation
of the heterotic string is only one example. As we already discussed, the gauge
couplings are ﬁeld dependent in string theory and thus a non-trivial potential
for M i is generated
−2
(M i ) → Λc (M i ) → Vnp (M i ) .
gYM

(9.3)

At the minimum of V supersymmetry can be spontaneously broken and
non-trivial VEVs for M i can be generated. However, generically a large cosmological constant arises in almost all of the models considered so far and
no realistic scenario satisfying all phenomenological constraints has been constructed. As a consequence a more detailed low-energy phenomenology of such
models has not been developed.
In recent years a slight variation on this setup has been studied which
goes under the name of ‘Brane World Scenarios’. Here the standard model
or its generalization lives on a stack of space-time ﬁlling D-branes in a type
II bulk. Supersymmetry is spontaneously broken by additionally turning on
background ﬂuxes in the bulk already at the tree level. The ﬂuxes generate
a potential which ﬁxes some of the moduli but in general additional nonperturbative eﬀects have to be employed in order to ﬁx all of them and to
obtain a (meta-stable) ground state. This aspect is particularly important if
one attempts to construct de Sitter vacua with a small cosmological constant.
A detailed analysis of these ‘Brane World Scenarios’ is currently under way.
If the gauge degrees of freedom of the standard model arise as excitations
of a D-brane they can be viewed as localized on a three-dimensional plane
within a higher-dimensional space. This implies that the ‘extra’ dimensions
can only be probed by the gravitational interaction. Currently Newtons 1r
law is experimentally established down to the sub-millimeter range while the
Coulomb 1r law has been established in Bhabha-scattering at LEP down to
10−18 m. This opens up the theoretical possibility of ‘large extra dimension’
which are only transparent for gravity. If they are large enough they can be
seen as deviations from Newtons 1r law in gravitational torsion experiments or
at LHC by producing appropriate Kaluza–Klein excitations. The phenomenological signatures of such scenarios have been studied in detail.
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10 Open Questions
The most obvious shortcoming of ‘perturbative string theory’ is that it is limited to a set of rules for computing on-shell scattering amplitudes in an on-shell
background. If we want to address conceptual issues of quantum gravity this is
a double handicap: quantities can only be computed as formal power series in
the string coupling, and one has to ﬁx an on-shell background in advance. Perturbative and non-perturbative dualities have certainly enhanced the range
of quantities which can be computed, but without changing these points fundamentally. Direct non-perturbative methods, such as an instanton calculus,
are in a very early state of development. One might hope that string ﬁeld
theory supersedes the (conceptually) cumbersome ‘ﬁrst quantized’ formalism
which is still mostly used. However, string ﬁeld theory is very complicated to
work with. With the notable exception of tachyon condensation, string ﬁeld
theory has mainly been used to reproduce results obtained before in the ‘ﬁrst
quantized’ approach.
Manifest background independence is certainly a desirable feature of any
theory of gravity. String theory is background independent, in the sense
that diﬀerent on-shell backgrounds are diﬀerent solutions of one underlying
theory. Formally, this is clear from the fact that deformations of on-shell
backgrounds correspond to marginal deformations of the world-sheet action,
which in turn are equivalent to inserting the vertex operator for a coherent
string state into correlators. However, background independence is not manifest, as one needs to ﬁx a reference background, or equivalently a world-sheet
conformal theory before being able to deform it. Therefore there is always an,
albeit conventional, cut between the space-time geometry (plus other background ﬁelds) and the dynamics in the background. Compared to approaches
to quantum gravity which focus on quantizing four-dimensional Einstein gravity, string theory faces additional challenges. The various perturbative and
non-perturbative dualities clearly indicate that there is a huge redundancy between the consistent string backgrounds. In particular, since dualities mix the
gravitational with other degrees of freedom, one gets identiﬁcations between
space-time geometries with diﬀerent topologies. The most prominent example
of this is mirror symmetry, which relates Calabi–Yau threefolds with opposite Euler numbers (and reﬂected Hodge diamonds), and ‘second quantized
mirror symmetry’, which relates type-II string theory on certain Calabi–Yau
threefolds to the heterotic string on K3 × T 2 (together with a certain choice
of gauge ﬁelds inside the K3-surface). While this appears to be a deep observation, what is lacking so far is a suﬃciently abstract and general concept of
‘state’, which allows one to understand why these apparently diﬀerent spacetimes (amended with other background ﬁelds) represent the same state. One
closely related question is, what is the geometry underlying string theory?
Both quantum corrections, controlled by g and stringy corrections, controlled by α , have consequences for space-time geometry. Since dualities can
exchange quantum eﬀects and stringy eﬀects, both kinds of modiﬁcations are
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related, and the distinction between them depends on the ‘duality frame’ one
is using. So far, Calabi–Yau compactiﬁcations, in particular in the setting of
the topological string, have been the major playground for exploring ‘string
geometry’. More work needs to be done in this framework before addressing these questions within the full theory. Note that topological string theory
is rich enough to address issues such as background independence, quantum
space-time structure (‘space-time foam’), and the quest for a non-perturbative
formulation.
The problem of ‘string geometry’ can also be rephrased from another perspective, by highlighting the distinction between ‘geometrical backgrounds’
and ‘observed geometry’. Geometrical backgrounds are classical data, which
are used to deﬁne the world-sheet conformal ﬁeld theory, while observed geometry is the geometry one infers by probing space with string or brane states.
This is illustrated by the example of strings in Minkowski space-time. While
Minkowski space-time does not have a minimal length scale,
√ the shortest
length resolved by scattering string states is the string length α . Thus there
is a qualitative diﬀerence between the classical background used to deﬁne the
world-sheet theory, and the geometry ‘seen’ by strings. Things become more
complicated if we probe the same geometry using diﬀerent objects. In particular, D-particles (D0-branes) resolve a diﬀerent minimal length scale, the
11-dimensional Planck scale, which is related to the string length scale through
the vacuum expectation value of the dilaton. This again illustrates the high
redundancy in the description of observable quantities. What is needed here
is a disentanglement between observables and gauge symmetries. While all
this is ‘well known’ within the string community, and has been discussed in
several publications, a more focused eﬀort might be needed to make progress
in these important conceptual questions.
The simplest consistent string backgrounds are ten-dimensional Minkowski
space, populated by either of the ﬁve supersymmetric perturbative string theories, and 11-dimensional Minkowski space, for which only the massless sector
and the BPS states are known. This clearly presses the question why we live
in a four-dimensional universe. Moreover, even when taking the attitude to
impose that the additional space dimensions are unobservable at the presently
realizable energy scales, one still meets the problem that there is a huge number of ways to compactify the theory to four dimensions. This is, ﬁrst of all,
a serious obstacle for testing the theory empirically based on its predictions.
And, second, it leaves us with the question whether the particular solution
which describes our universe (assuming that such a solution really exists) has
been chosen by a historical accident, or whether there is a dynamical explanation. Since currently no convincing dynamical explanation is at hand, an
eloquent group within the string community advocates the use of the anthropic principle within the context of eternal inﬂation. Not surprisingly, this
move has provoked harsh criticism, which in its most pointed form discards
anthropic reasoning as being unscientiﬁc. Before commenting on the anthropic
principle, let us point out that it is not clear a priori which properties of our
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universe can be explained by recourse to laws and which properties are just
historical facts. This is, of course, closely related to the distinction between
‘equations’ and ‘initial conditions’ which is the key point of a famous essay
by E. Wigner. While for most branches of physics it is not controversial that
science explains ‘regularities among events’, while initial conditions are contingent (true but not necessarily true), we nowadays tend to expect more
than this of quantum cosmology. However, the idea that a theory could dispense itself from initial conditions, or could, in some sense, explain them,
might just be wrong. This said, we need to stress that there are alternatives
to anthropic considerations, which are worth exploring. As a matter of fact,
the present state of string theory does not allow us to study generic timedependent space-times in the full theory. Therefore the main problem with
anthropic reasoning is that it could prevent us from further developing the
theory. A moderate goal, which has been subject of some recent activity, is to
use eﬀective ﬁelds theories, which incorporate some relevant stringy features,
to show that string vacua with rich spectra of light (compared to string or
Planck scale), stable, charged particles are preferred dynamically. Another,
more demanding question is why four large space-time dimensions should be
preferred. Ultimately, one needs to develop the formalism of string theory
beyond the framework of ﬁxed background on-shell amplitudes before these
questions can be addressed properly.

11 Some Concluding Remarks
String theory has to a large extent been developed by exploring internal requirements of consistency, often in a formal rather than mathematically rigorous way. The underlying mathematical structure is very rich, and has lead to
very non-trivial predictions, insights, and developments, which in turn have
stimulated work by pure mathematicians and a vivid exchange of ideas between physicists and mathematicians. Some observations made in string theory, such as mirror symmetry, have already been put on ﬁrm ground. Topological string theory, which is not only a toy version of string theory but
also a tool which allows to compute various quantities relevant for particle
phenomenology, is well understood perturbatively, while a non-perturbative
formulation is currently in the center of interest and might be within reach.
This supports the expectation that a mathematically satisfactory formulation
of the full string theory will be found eventually, although it is hard to estimate how long this will take. While there are good indications that the theory
is consistent, its relevance for physics is less clear. Certainly, many ideas which
have grown out of string theory, notably the AdS/CFT correspondence and
the idea of extra dimensions, have had considerable inﬂuence on quantum ﬁeld
theory, particle physics, and gravitational physics. While some of these ideas
are purely technical, like methods for the computation of amplitudes which are
now commonly used in QCD (helicity amplitudes), other ideas are conceptual.
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In particular, string theory makes it very natural to express physical phenomena, including non-perturbative quantum phenomena in terms of geometry.
Two prominent examples are the geometrical realization of strong–weak coupling dualities, as in the Seiberg–Witten solution of N = 2 gauge theories and
its lifts to type-II string theory and 11-dimensional M-theory, and the holographic renormalization group, where the energy scale of a four-dimensional
quantum ﬁeld theory is literally treated as an extra dimension. But without
direct empirical evidence, string theory might just be a technical tool, or a
catalyser for ideas which one could also have developed independently. While
this would not necessarily be bad in the sense of invalidating the work done
in this ﬁeld, most people working on string theory do certainly hope that it
captures fundamental features of space, time, and matter. Then, ﬁnding ways
of testing the theory through experiment or observation is indispensable.
From the perspective of the standard model one is eagerly waiting for experimental signatures which lead us beyond its domain of validity and, hopefully, indicate a particular type of extension. Whether signals of new physics
will give us clues about the relevance of string theory will strongly depend
on what kind of new physics will be found. Low-energy supersymmetry, with
a rich spectrum of supersymmetric particles, would certainly be very attractive for particle phenomenology. It would also ﬁt with the idea that physics
at higher-energy scales is organized by higher symmetries, and would thus
indirectly support string theory as the ultimate form of uniﬁed theory. However, it would also indicate that string eﬀects only become relevant at the
(four-dimensional) Planck scale, and then it will be very diﬃcult to distill
direct evidence for string theory out of the data.
The situation would be much better in the alternative scenarios with ‘large’
(TeV-scale rather than Planck scale) extra dimensions. This would involve
gravity and it would also take us beyond the realm of renormalizable QFTs.
In this case new concepts, such as those oﬀered by string theory, become
relevant already at the TeV scale.
Considerations of string theory have led to the discovery of very nontrivial mathematical structures, which might hold key for formulating a uniﬁed
quantum theory of all interactions. This also gives conﬁdence that there is a
mathematically consistent and physically relevant theory underlying all the
facets of what we today mean by string theory, whose complete fundamental
structure and symmetries are still to be uncovered.
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