Type III hyperbolic components in V3.
Mary Rees, University of Liverpool.

Every quadratic rational map with a period 3 critical point is represented up to Mobius conjugacy by

halz) = (z — aigz - 1).
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The critical points are 0 and co(a) = and 0 is of period 3. In fact:

ha(0) = 00, ha(00) =1, ha(1) =0,

a — 2 a
ha(ea(a) = =9 _ 10, %ﬂm—ﬂdehJW)—{w, }.

4a a—+1

Write
Va=4hg:ae€C, a#0}

A hyperbolic component is a connected (open) set in which limy, o0 hl'(co(a)) is an attractive periodic orbit, which is either {0, 1,00} (for
types II and III) or a different periodic orbit (for type IV). Each hyperbolic component H in V3 has a unique centre a. = ac(H) such that the
set {hy (ca(ac) : n > 0} is finite. Thus, co(ac) is either periodic under hq (for types II and IV) or strictly preperiodic (for type III). There are
only two type II hyperbolic components in V3, with centres &=1. There are infinitely many of types III and IV.

A type III hyperbolic component wiith centre ax is of preperiod m if co(ac) is of preperiod m under hgy. This happens if and only if a. # 0,

+1 and a,. satisfies one of the equations:
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This happens if and only if a. is a nontrivial root (a # 0, 1) of py(a) — agm(a) or (a + 1)pm(a) — agm(a), where

A (eala)) = a or

In both cases, the number of nontrivial roots is

where the O(1) term is period 6 in m.

Theorem All roots are simple. A full description of the dynamics in all type III hyperbolic components in V3 can be found in [?]. It is
enough to describe the dynamics of the centres of the hyperbolic components. As usual (or always) in dynamics, variation of dynamics with
parameter is defined in terms of dynamics in particular dynamical planes. In this case, we use the three polynomials up to Mobius conjugacy
in V3, the two rabbit polynomials, given up to Mobius conjgacy by a = aq, ag and the aeroplane polynomial given by a = a1. Here, a = aq,
ap, a = aq are the roots of

cola) = vo(a)

A fundamental domain for V3 is chosen to make the description of dynamics of each hyperbolic component unique. The description of dynamics
of (the centre of) each type III hyperbolic component of preperiod < m is then given by the following.

. Ay = aq, aq Or aj.

.a point x in hy "™ ({0,1,00}). In the case of the aeroplane polynomial this point has a symbolic coding by letters L;, R; (j =1, 2 or 3) BC
UC and C.

Ly | Lo| L3|UC |Rs |Ry | Ry
o
OO0 0(O(0
ol

BC
. A path from cy(ax to o, which, apart from endpoints, does not intersect Yy, (ax) = hy, ""({0,1,00}) U {ca(ax) up to homotopy fixing ¥y, (ax).

A path is called a capture path it it intersects the Julia set of hq, in exactly one point. A hyperbolic component is called a emcapture if it can
be describe by a capture path.
Theorem The number of capture type III hyperbolic components is > A2 and < %.Qm + O(1), for some X\ > 1.

[t can be considered a folklore-result that A > 7673
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nontrivial roots of pm(a) — agm(a)

nontrivial roots of (a + 1)pm(a) — agm(a)
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both rabbit captures

3=2+1.
2 rabbit captures, one aeroplane capture.
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b=4+1.
4 rabbit captures, one aeroplane capture.

T4 =

b=4+1.
4 rabbit captures, one aeroplane capture.
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T=0+1.
6 rabbit captures, one aeroplane capture.

s=0+1+41.
6 rabbit captures, one aeroplane capture.
First noncapture, using symbolic code BC'L1R{RoC
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18=14+4
14 rabbit captures, 4 aeroplane captures.

1I8=14+3+1.
14 rabbit captures, 3 aeroplane captures. Second noncapture. with
code BCLlR%RQC.
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Endp oint code BCLlR%RQC.

30 =28+06+1

28 rabbit captures, 6 aeroplane captures up to equivalence, 2 with same
path endpoint, one of these represented by noncapture in fundamental
domain. One other noncapture.
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Endpoint code L3L2R3L3LQC.
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LiLoC.
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BCL1RoR3LoC.

aY]
p— L3LoR3L3LoC.

36 =2847+1
28 rabbit captures, 7 aeroplane captures, one noncapture.

BCL1R3RyC.

609 =04+ 1441

54 rabbit captures, 14 aeroplane captures, 2 with same path endpoint,
both of these represented by noncaptures in the fundamental domain.
One other noncapture.
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L3LoR3L2LyC.

sodgrons oontccd

LsLyR3L2LsC.

Y
— L3LoR3L2LsC.
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BCL1RyR3L3LoC.
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BCL1R1RoR3LoC.

609 =>04+11+4+14
54 rabbit captures, 11 aeroplane captures, 4 noncaptures.

BCL1RiRyC.

BCL1RyBCL1R1RyC.

BCL 1Ry UCL1R1RyC. L2LyBCLIR RoC.




