MATH102
Solutions Week 9 (Set 8)

49a)
Vi=(yz)i+ (zz)j+ (zy)k = Vf(P)=i+j+k

Vg = (22)i+4y)j+ (62)k = Vg(P) = 2i+ 4j+ 6k.

So
Vf(P) x Vg(P) = 2i — 4j + 2k.

This is the direction of the tanget of the curve at P = (1,1,1). So the equation
of the tangent line to the curve at P is

r=14+2t, y=1—-4t, z=1+ 2t,

r(t) =i+j+k+t(2i —4j + 2k)
b)
V= (0)i+ 2y = Vf(P)=2V2(i+]).
Vg=(2z)i+2y)j—k = Vg(P)=2V2(i+j) -k
So

Vf(P) x Vg(P) = 2v2(—i+]).

So the line is in the direction —i + j, and the lequation of the tangent line to
the curve can be written as

xzx/i—t, yzx/i—i—t, z=4.

50. Let Vf(P) = ai+ bj. Then

Vf(P).(i:/rij)zm/i = a+b=4,
Vf(P).(_—;j):—B = b=3 => a=1

Hence Vf(P) =i+ 3j. We have | — i — 2j| = v/5. So the derivative of f in
the direction of derivative in the direction of —i — 2j is
(-i-2j) 7

(i+8)—=" =~

bla) fo=2zx+y+3, fy=x+2y—3.
foa=fy=0 = z+2(-2x-3)-3=0 = z=-3,y=3.



fx:z: = 27fyy = 27fmy =1 = fzz > 07fx:1:fyy - ;12jy =3>0.

Hence there is a minimum at (—3,3) and f(—3,3) = —5.

It is an absolute minimum, because f is a conic — that is, at most quadratic
in z and y — and if a conic has a maximum or minimum it is always absolute.
The easiest way to see this completely is to write f as a sum of squares minus
a constant:

y 3\> 3
= >+s5 ~(y—3)*>—5.
f(z,y) (w+2+2> +5W=3)
b) fo=2x-4y, f,=-4x+2y+6.
fm:fy:() = —drx+x+6=0 = x=2y=1.
fzw:z’fyy:27fwy:_4 = fwwfyy_ %y:_12<0.
Hence there is a saddle point at (2,1).

¢) fr=12z— 62+ 6y, f, = 6y + 6.

fa=fy=0 = 1220 —622 —62=0 = 2=0,y=0 or z=1,y=—1.

fow =12 — 12z, fy, = 6, fuy = 6.

At (0,0) : fou =12>0, fyy =6, fo, =6

Hence there is a local minimum at (0,0) and f(0,0) = 0.

At (1,-1): foz =0,fyy =6, fay =6 = foufyy — gy =-36<0.

Hence there is a saddle point at (1, —1).

The point (0, 0) is not an absolute minimum because, for example, f(x,0) —
—o0 as ¢ — 400, for example f(4,0) < 0= f(0,0).

—2x —2y
d = s, = 7
) f (x2+y2—1)2 fy (x2+y2—1)2
fa=fy=0 = x=0,y=0.
Fon = -2 n 82 £ = -2 n 8y?
T — (x2—|—y2—1)2 (:c2+y2—1)3’ vy — (x2+y2—1)2 (122—|—y2—1)37
foy = Y
NG

At (070) t e = _2afyy = _2afwy =0 = fwlfyy - ggZy =4>0, fzz <O0.

Hence there is a maximum at (0,0) and f(0,0) = —1.

It is not an absolute maximum since f — +oo as 22 + 3% — 1 — 0. for
2 +y? > 1.

e) fe=y+2—2a"' f,=x—y "
fa=fy=0 = y+2-2y=0 = zz=1/2,y=2.
fa::r = 21’727fyy = y72afacy =1
At (1/2,2) : for =8, fyy =1/4, foy =1 = fmfyy—fgy =1>0, fea > 0.
Hence there is a local minimum at (1/2,2) and f(1/2,2) =2+ 1n2.
It is not absolute since f(z,y) < 0 when, for example, z = —2,y = 1.
f) fo= —z7? +yafy =T — 972~
fa=fy=0 = z=1y=1.
fx:z: = 2x_37fyy = 2y_3vfxy =1
At (L1): fow =2, fyy =2, fay =1 = faulyy — f2, =3 >0, fax > 0.



52.

Hence there is a local minimum at (1,1) and f(1,1) = 3.
It is not absolute since f(z,y) < 0 when x = —1,y = —1.

Interior: T, =2z —1,T,=4yand T, =T, =0 = x=1/2,y=0.
Too =2,Tyy = 4Ty =0 = Ty Ty — T2, =8> 0, frp > 0.

Hence there is a minimum at (1/2,0) and T(1/2,0) = —0.25.
Boundary: T(x,y)=2—2? -2 = f(x),f' = —2r—1and f’ = -2.
Hence there is a maximum at the points z = —1/2,y = +/3/2.

At these points T = 2.25.

On the boundary —1 <z < 1. f(1) =7(1,0) =0, f(-1) =T(-1,0) = 2.

Hence hottest points are at © = —1/2,y = +v/3/2, when T = 2.25 and
the coldest point is at © = 1/2,y = 0, when T = —0.25.



