Meémoires

de la SOCIETE MATHEMATIQUE DE FRANCE

Numéro 106 A FUNDAMENTAL DOMAIN FOR V;
Nouvelle série

Mary REES

2 010

SOCIETE MATHEMATIQUE DE FRANCE

Publié¢ avec le concours du Centre National de la Recherche Scientifique




Comité de rédaction

Daniel HUYBRECHTS

Jean BARGE
Antoine CHAMBERT-LOIR Yves LE JAN
Jean-Marc DELORT Wilhem SCHLAG
Marie-France VIGNERAS

Julien DUVAL

Emmanuel GIROUX
Raphaél KRIKORIAN (dir.)

Diffusion
Maison de la SMF AMS
Case 916 - Luminy P.O. Box 6248
13288 Marseille Cedex 9 Providence RI 02940
USA

France

smf@smf .univ-mrs.fr WWW.ams.org

Tarifs 2010

Vente au numéro : 28 € ($42)

Abonnement Europe : 247 €, hors Europe : 281 € ($424)

Des conditions spéciales sont accordées aux membres de la SMF.

Secrétariat : Nathalie Christiaén
Mémoires de la SMF
Société Mathématique de France
Institut Henri Poincaré, 11, rue Pierre et Marie Curie
75231 Paris Cedex 05, France

Tél: (33) 01 44276799 e Fax: (33) 01 40 46 90 96

revues@smf.ens.fr e http://smf.emath.fr/

© Société Mathématique de France 2010

Tous droits réservés (article L 122-4 du Code de la propriété intellectuelle). Toute représen-
tation ou reproduction intégrale ou partielle faite sans le consentement de l’éditeur est illicite.
Cette représentation ou reproduction par quelque procédé que ce soit constituerait une contre-
facon sanctionnée par les articles L 335-2 et suivants du CPI.

ISSN 0249-633-X
ISBN 978-85629-286-0

Directeur de la publication : Stéphane JAFFARD



http://smf.emath.fr/

MEMOIRES DE LA SMF 106

A FUNDAMENTAL DOMAIN FOR V;

Mary Rees

Société Mathématique de France 2010

Publié avec le concours du Centre National de la Recherche Scientifique



Mary Rees

Department of Mathematical Sciences,, University of Liverpool,, Peach St.,,
Liverpool L69 7ZL, U.K.

E-mail : maryrees@liv.ac.uk

Url : http://www.liv.ac.uk/ “maryrees/maryrees.homepage.html




A FUNDAMENTAL DOMAIN FOR V;

Mary Rees

Abstract. — We describe a fundamental domain for the punctured Riemann surface
V3.m which parametrises (up to M&bius conjugacy) the set of quadratic rational maps
with numbered critical points, such that the first critical point has period three, and
such that the second critical point is not mapped in m iterates or less to the periodic
orbit of the first. This gives, in turn, a description, up to topological conjugacy, ofi
all dynamics in all type III hyperbolic components in V3, and gives indications of a
topological model for V3, together with the hyperbolic components contained in it.

Résumé (Une Domain Fondamentale pour V3). — On décrit une domain fondamentale
pour le surface de Riemann V3 ,,, qui parametrise (& conjugaison prés) I’ensemble de
fonctions rationelle avec les points critiques nombrés , tel que le premier point critique
a périod trois, et tel que le deuxiéme point critique n’est pas envoyé au premier point
critique en m itérations ou moins, ce qui décrit, en plus, a conjugaison toplogique prés,
les dynamiques dans toutes les composantes de type III en V3, et donne les indications
d’une modéle topologique pour V3, avec l’ensem,ble des composante hyperboliques
contenues dedans.
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CHAPTER 1

INTRODUCTION

In this paper, we give a complete description of half the hyperbolic components in
a certain parameter space of quadratic rational maps. The parameter space is known
as V3, and consists of all maps

ha:z»—>7_, a€C, a#0.

This map has two critical points,

2a
c1 =0, CQZCQ(G):G+17

and c; is periodic of period 3, with orbit
O—ocor—1—0.

There is thus one free critical point, c;. Describing the hyperbolic components in
V3 — and in fact only half, or in numerical terms, two thirds of them — might seem
rather a modest project, but has, in fact, been ongoing for some twenty years, and has
generated an extensive theory, which will be summarised, as far as it concerns us here,
in Section 4. It is essentially because of technical difficulties in the development of the
theory that only half the hyperbolic components in V3 are described. A conjectural
picture for the remaining half is not too hard to obtain. Remarks are made on this
at various points, but no explicit description is given.

One can obviously ask why V3 has been chosen. The space V,, is the quadratic
rational maps with one critical point of period n, quotiented by Mébius conjugacy. A
quadratic rational map with one fixed critical point is M6bius conjugate to a quadratic
polynomial. Any quadratic polynomial is affinely conjugate to one of the form

foizm 22 4c

for some ¢ € C, and this, thus, is the space V3. This parameter space must be one
of the most studied in all dynamics. There are several reasons for this. One is that
dynamics within this parameter space is rich and varied. Another is that there is

SOCIETE MATHEMATIQUE DE FRANCE 2010



2 CHAPTER 1. INTRODUCTION

a pretty full description of the variation of dynamics within this parameter space,
at least up to topological conjuacy, and at least conjecturally. Another is that this
conjectural desciption of the dynamics, which is very detailed, but not fully complete,
and which includes a conjecture on the topology of the Mandelbrot set, is still not
proved, although there has been very interesting progress recently. The missing piece
has analogues in the theory of Kleinian groups — where the corresponding problem
has been solved [3, 4, 5, 8, 9, 26, 32] — not to mention other, less well-understood,
parameter spaces of holomorphic maps. So there are attractively simple questions one
can ask, even in this case, which have very detailed, but not complete, answers, and
one hopes that this case will shed some light on other parameter spaces of holomorphic
maps.

Actually, the parameter space of quadratic polynomials differs from most other
parameter spaces in one very fundamental respect. There is a natural “base” map
in the space of quadratic polynomials, namely, the map fy : z — 22, and for any
hyperbolic map f (and hopefully some nonhyperbolic also) in the connectedness locus
— also called the Mandelbrot set — there is an essentially unique description of the
dynamics of f in terms of fy. This is because the complement of the Mandelbrot set
is simply connected, and the Mandelbrot set itself has a natural tree-like structure.
There appears to be essentially one natural path from fy to f within the Mandelbrot
set. This is very far from being the case in other parameter spaces of quadratic
rational maps, although the structure of V5 is quite simple, as we shall indicate —
but not prove — in Section 2.

For n > 3, V,, identifies with the family of quadratic rational maps

fodtzm1+ 942
z oz
(d # 0) for which the critical point 0 is constrained to have period n. If n > 3, then
the maps f.q € V;, are in one-to-one correspondence with Md6bius conjugacy classes
of quadratic rational maps f with named critical point c¢;(f) of period n, where we
use only conjugacies which map ¢;(f) to 0. These parameter spaces were the main
objects of study in [29, 30, 31]. The main point of [29, 30] was that it is possible
to describe dynamics of hyperbolic maps f.q in V, in terms of a path from some
fixed base map go - and, of course, in terms of that base map go. In [29] we used a
polynomial (up to Mobius conjugacy) as base, and the resulting theorem was called
the Polynomial-and-Path Theorem. It was shown that a path in parameter space from
go to fcq gave rise to a path in the dynamical plane of go. So the theorem showed
how to define f. 4 in terms of gy and the path in the dynamical plane of go. The main
problems with such a result were, firstly, identifying which paths in the dynamical
plane of gy were associated with paths in V,,, and therefore, with hyperbolic maps
in V,,, and secondly, to determine when two paths gave rise to a description of the
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CHAPTER 1. INTRODUCTION 3

same map in V,,. Some progress was made in [30] in restricting the set of path in the
dynamical plane of gg to a smaller set, which still described all hyperbolic maps in
V. Further progress along these lines looked difficult.

In [31] there was a fundamental change of policy. The underlying idea in [29,
30] had been to attempt a conjectural description of parameter space V,,, with its
hyperbolic components, as a quotient of a subset of some sort of univeral cover of the
dynamical plane of some suitable base map gg. This “universal cover” was an artificial
construct. Basically, the idea was to remove all points in the full orbit of the period
n critical point of gy, but it was not clear what was the right way to do this.

In 1990 I decided to stop guessing on this, and just attempt to describe finitely
many - but arbitrarily finitely many - hyperbolic components at a time, by looking
at the universal cover of the complement, in the dynamical plane of a base map go,
of just finitely many points in the full orbit of the period n critical point. There was
at least no problem about what this universal cover was. Immediately, a whole lot
of structure became clear. Nevertheless, the proofs of the structure took a little over
10 years to write down correctly. Moreover, this was just a start. This was basically
a topological result, describing the topology of parameter space minus finitely many
hyperbolic components in terms of the complement of finitely many points in the
dynamical plane of gg. So there was no comprehensive view of the whole of parameter
space. In fact, technical difficultes meant that about half of all hyperbolic components
- those of type IV - were omitted from consideration.

Hyperbolic components of quadratic rational maps come in four types. There is
only one type I component, for which both critical points are attracted to the same
attractive fixed point. This hyperbolic component intersects V,, only for n = 1, and
contains z — 22 + ¢ for all large ¢. So it can be omitted from consideration if we
are considering V,, only for any n > 2. A type II component of period m is one in
which both critical points are in periodic components of the attractive basin of an
attractive periodic point of period m. In this case, the critical points must be in
different components of the attractive periodic basin. For any fixed period n, there
are only finitely many type II hyperolic components for attractive periodic basins of|
period n. A type III component of preperiod m is one in which both critical points
are in the full attractive basin of a single attractive periodic point, with one critical
point in a periodic component (there must be at least one such), and the other in a
nonperiodic component whose m + 1’st forward iterate is periodic.

A type IV hyperbolic component is one in which the critical points are in periodic
components of attractive periodic points in distinct orbits. The intersection of a
type IV component with V,, has period m if the period of the immediate attractive
basin containing ¢y is m. There are finitely many type III (or type IV) components
of preperiod (or period) m intersecting V,,, for any integer m, but infinitely many
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4 CHAPTER 1. INTRODUCTION

altogether. We shall see that the number of type III components in V3 of preperiod
m can be computed exactly, and is (14 2).2™+1 + O(1) . This is also the number of
type IV components of period m + 1 in V3.

The description of the hyperbolic components in V7, the space of quadratic polyno-
mials, is part of a description which conjecturally gives much more information, not
just combinatorial, but topological and possibly geometric. Exactly one hyperbolic
component in V; — the type I component mentioned above — is unbounded, and
was shown by Douady and Hubbard [10] in the 1980’s to be simply connected, once
oo is added. The complement is a closed set known as the Mandelbrot set. Hyper-
bolic components in V; are in 1-1 correspondence with subsets in the combinatorial
Mandelbrot set. The Mandelbrot set M is conjecturally homeomorphic to the combi-
natorial Mandelbrot set M.. There is a natural monotone map ® : M — M,., which
is rather easily shown to be continuous, in the same way as a monotone map defined
on a subset of R, with dense image in R, can be shown to extend continuously. The
question, therefore, is whether ® is injective. Injectivity at parabolic points is rela-
tively easy, though far from trivial. Much deeper results derive from use of the Yoccoz
parapuzzle. It is known, for example, that ® is injective at all points of M that are
not infinitely renormalisable. (This is equivalent to the more usual statement that the
Mandelbrot set is locally connected at all points that are not infnitely renormalisable.)
Recently, some 15 years after Yoccoz first demonstrated his methods, these techniques
have been used by Kahn and Lyubich and collaborators [2, 13, 14, 15, 16, 17] to
prove similar results about unicritical polynomials, and to extend the results to some
infinitely renormalisable quadratic polynomials.

Given the history of these techniques, it is over-optimistic to expect imminent ap-
plication in other examples of parameter spaces, but there are certain features of the
Yoccoz parapuzzle, and the Branner-Hubbard parapuzzle ([6, 7]) for the complement
of the connectedness locus for cubic polynomials, which it is certainly worth noticing
and trying to emulate. These parapuzzles are decompositions of parameter spaces,
arise from Markov partitions of maps in the parameter space, Markov partitions which
persist at least locally in parameter space. Such parapuzzles arising from Markov par-
titions have also been used by Kiwi [21] to describe other familes of cubic polynomials
and to describe polynomials and rational maps on a certain nonArchimedean field. In
the case of quadratic polynomials, Yoccoz uses a different Markov partition in each
limb. In summary, persistent Markov partitions can give rise to parapuzzles and can
be used to extract topological information about parameter spaces. So it seems in-
teresting that the description of hyperbolic components in V3 does involve the use of|
Markov partitions, three simple finite partitions and one countably infinite partition.
They do give a topological model for the parameter space (V3, H), where H is the
union of type III hyperbolic components, together with dynamical information about
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CHAPTER 1. INTRODUCTION 5

the components. The model essentially identifies the parameter space locally with
a subset of a fixed dynamical plane. But there is a difference from other models of|
parameter spaces, which may be significant. The identification of parameter space
with dynamical plane is not one-to-one, but unboundedly-finite-to-one, on the part of
parameter space associated with the countably infinite Markov partition mentioned
above. The topological picture is purely conjectural, and in fact no conjecture is be-
ing formalised at this stage, but it is a start. Countable Markov partitions have not
arisen as parapuzzles before, to my knowledge, and they are not likely to be easy to
use. Nevertheless, the way this one arises, and its nature, is perhaps the most striking
aspect of the current work. See Section 9 for some very preliminary remarks on how
this might develop.

The organisation of this paper is as follows. In Section 2 we collect together es-
sentially elementary information about V3, and recall some of the key concepts to
be used, such as Thurston equivalence, captures and matings. Most of this material
has, at least, been around for some considerable time. This section ends with a first
statement of the main theorem. In Section 3, we describe some less trivial equiva-
lences between captures. This section ends with some straightforward counting, which
might seem rather basic, but counting provides a very important check. In Section 4
we summarise theory from earlier papers as it will be needed, in particular the Resi-
dent’s View of [31]. In Section 5 we consider the simple question of how fundamental
domains are found in general, and specialise to our context. We give a second, rather
vague, statement of the main theorem. In Section 6, we give the final statement of
the main theorem in the three “easy” cases, and prove these. Section 7 is largely given
up to examples, showing how to calculate the fundamental domain for the first few
preperiods in the “hard” region, and illustrating factors that have to be taken into
account as the preperiod increases. The final statement of the “hard” case of the main
theorem is given at the end of the section. The proof is given in Section 8. In Section
9 we give some questions arising from this work.

I am greatly indebted to Vladlen Timorin, who read an earlier version of this
paper, who made very perceptive suggestions on how to improve the presentation of|
the work, both on general strategy and on the level of detail. I have tried to respond
to his suggestions as best I can. His suggestions and comments were concentrated on
the first half of the work. During revision, quite substantial errors were found in the
“hard” case of the theorem, necessitating a restatement, and, of course, new details
of proof. This version of the paper is therefore quite significantly different from the
2005 version.

I should like to thank the referee of this paper for some very helpful comments,
undoubtedly produced after a lot of hard work.
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CHAPTER 2

THE SPACE V;

2.1. About V,

The map
fc,d(z) =1 + ; + =

has critical points

and critical values )

fe,d(0) =00, fea(—2d/c)=1- z%d
Also fc.q(o0) = 1. So if n > 3, the set of maps f. 4 for which 0 is of period n is an
algebraic curve minus finitely many punctures, defined by a polynomial in (¢, d). For
example, V3 identifies with the plane 1+ c¢+d =0 (d # 0). It is shown in Stimson’s
thesis [37], and also in Chapter 7 of [31], that V;, is nonsingular, that is, the only
singularities on the algebraic curve containing it occur at points with d = 0 or with
both ¢, d — oo. See also [24, 25].

We shall sometimes refer to 0 as the first critical point c1, and its image co under
fe,a as the first critical value v1, to —2d/c as the second critical point co or, more
precisely, ca2(fe.q), and the image 1 — (¢?/4d) under f. 4 as the second critical value v2
or va(fe,q) For m > 0, we define V,, ,,, to be the set of f. 4 for which the m’th image
of vy is not in the periodic orbit of 0 = ¢, that is, fC"de(—Zd/c) # fcj’d(O) for any
j > 0, equivalently, for any 0 < j < n. This is the complement in V;, of finitely many
points. If n = 3 and m = 0, then this identifies with the set of d in C\ {0,+1} with
1+c+d=0. The set V, o is the complement in V,, of the centres of the type II
components. For m > 1, the set V,, ,,, is the complement in V,, o of the centres of type
ITI components of preperiod < m. So V,, my1 C Vp ., for all m. For all n > 3, the
universal cover of V,, ,,,, for any m > 0, is conformally the unit disc D. We write P, ,,
for the set of punctures of V,, ,, that is, the union of the sets of singularities of V,,,
of centres of type II components, and of centres of type III components of preperiod
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8 CHAPTER 2. THE SPACE V3

< m. In the case n = 3, we have 0, oo, £1 € Ps ,, for all m > 0. The other punctures
are the centres of the type III hyperbolic components of preperiod < m. The space
Vi,m identifies naturally with subspace of a larger space B, ,,. The structure of B,, ,,
was the main subject of [33]: it is a countable union of geometric pieces connected
by handles. One of the geometric pieces is V,, ,,,. For a degree two branched covering
g, we number the two critical values v; = v1(g) and vy = vo(g). Suppose that vy is
periodic, of period n. Write

Zm(9) =97 " ({g’ (v1) : 5 > 0}), Yim(g) = Zm(g) U{va}.

Then B, ,, is defined to be the space of all triples [g,Z,,(g),v2(g)], such that
v1(g) is of period m and vs(g) ¢ Zn(g), where [.] denotes the quotient by Mobius
conjugation preserving the numbering of critical values. Hence, [g, Z,,(9),v2(g)] =
[hy Zm(h),v2(h)] if and only if there is a Mobius transformation o such that
cgogoo~t = h, and o(v;(g)) = v;(h) for i = 1, 2. This automatically implies that
0(Zm(9)) = Zm(h). We write N, ,, for the set of topological (Freudenthal) ends of
B,.m. Then P, ,, identifies with the set of ends of V,, ,,, and with a subset of N, ,,.
Overall, it turns out that many of the ends of B,, ,, identify naturally with spaces of
critically finite branched coverings with vy of preperiod < m [31].

For the remainder of this paper, we retrict to the study of the case n = 3, with
some reference to the case of n = 1, that is, the space V; of quadratic polynomials,
and a few references to the case n = 2. Note that V3 ., is a punctured sphere for all
m > 0. Also, we can dispense with Mo6bius conjugation in the definition of Bs ,, if]
we take all branched coverings g in Bj ., to have ¢; =0, v1 = 0o and g(v1) =1, as is
true for V3 ,,,, which identifies with a subset of Bj ,,. In Chapter 1 of [31] it is shown
that (V3,0,Ps,0) is homotopy equivalent, under inclusion, to (Bs g, N3 ). But for all
m > 0 inclusion of (V5 m, Psm) in (Bs m, N3 m) is injective, but not surjective, on .
That is a long story.

2.2. Polynomials and Type II components in V3

We start with a picture of V3, in which polynomials (up to Mébius conjugacy) and
type II hyperbolic components are marked.
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2.2. POLYNOMIALS AND TYPE II COMPONENTS IN V3 9

Vs
We write ( \( )
z—1)(z—a
ho(z) = pe .
The critical points are 0 = ¢; and
2a
ce = ca(a) = P
The critical values are co = v; and
a—1)2
vy = va(a) = —%( - ) .

There are three polynomials up to Moébius conjugacy in V3, represented by the con-
jugate parameter values a = ag or ap and the real value a = a; < —1. There are
two type II hyperbolic components, containing +1 respectively, and h4; is the unique
critically finite map in its hyperbolic component. For h;, the critical points are 0 and
1 and the critical values are oo and 0. For h_1, the critical points are 0 and oo, and the
critical values are co and 1. The hyperbolic components Hy; are drawn, identifying
them with subsets of C and, as the very rough sketch indicates, their boundaries meet
in three accessible points: 0, z and Z, where z € C satisfies Im(z) > 0. The points ag,
ap and a1 are then contained in distinct components of the complement of H; U H_;.
The points ag and @g are contained in bounded components of C\ (H; U H_;), and
hence their hyperbolic components H,, and Hg; are also contained in these bounded
sets. The point a; and its hyperbolic component are contained in the unique un-
bounded component of C\ (H; U H_1). This hyperbolic component is also drawn,
and, as indicated, it also has as accessible boundary points x and Z. Proof of accessi-
bility of  and T is very similar to case 4b) of the Theorem of [28]. There is a natural
parametrisation of H; (or H_;) by the unit disc, using the Béttcher coordinate of the
second critical value. Write ¢, for the map such that

a(2) = hg 0 ¢a(2), 9a(0) =1, ¢,(0)=1.
Then |p, *(v2(a))| < 1 and
@1 :ae o, (va(a))
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10 CHAPTER 2. THE SPACE V3

is a degree three branched covering map from H; to the open unit disc, with 0 as the
unique branch point. The result of 4b) of [28] says that each of the three components
of ®7({r¢ : 7 € [0,1)}) has a unique limit point as r — 1, if ¢ is a root of unity,
¢ # 1. The limit point is a parabolic parameter value, also in the closure of a type
IV hyperbolic component. The Thurston equivalence class of the centre of this type
IV hyperbolic component can be computed from the centre of the type II hyperbolic
component — in the current case, the hypebolic component is H;, with centre h;
— and the choice of ¢ and component of ®7({r¢ : r € [0,1)}). The result also
holds for ¢ = 1, and a particular component of ®7'({r : 7 € [0,1)}) if the associated
critically finite branched covering is known to be Thurston equivalent to a rational
map. (This is proved in exactly the same way as the result in [28].) In the case of Hy,
the branched coverings associated to two of the components of ®;'({r : r € [0,1)})
are indeed equivalent to rational maps. The branched covering associated to the third
component is not equivalent to a rational map, but in that case the component has
a = 0 as a unique accumulation point. It is not possible to be more precise without
pre-empting the definition of mating in Section 2.6, and the subsequent results.

Now we fix some notation which will be used later. For any a such that h, is
hyperbolic, we write H, for the intersection with V3 of the hyperbolic component ofi
ha. We write V3(a) for the component of V3 \ (H; U H_1) containing a, a = ag or ag.
respectively. Write V3(aq,—) for the bounded component of Vs \ (H; U H_1 U H,,)
— which intersects only the negative real axis — and V3(a1,+) for the unbounded
component of V3 \ (Hy U H_1 U H,, ) — which intersects only the positive real axis.
We write V3 ., (a) = Va(a) N\ V3, Ps m(a) = P3N Va(a), and so on.

The polynomial represented by ag is often known as the rabbit polyonomial, be-
cause of the shape of its Julia set. The Julia set for ag is the conjugate of that for
ag. The rabbit polynomial for a = ag has the critical attractive basin rotated anti-
clockwise to the critical value attractive basin, the next one round. To check this, it
suffices to show that for @ near 0 in the upper half plane in the hyperbolic component
of ag, the multiplier at the fixed point in the common boundary of the attractive
basins is near 27%/3. Now this has to be a repelling fixed point, and, since a is in the
hyperbolic component of a polynomial, there also has to be an attractive fixed point,
and the multiplier there has to be near e~2"*/3, Now this is easily checked. The fixed
points of h, are the roots of

F(z,a)=1-

which for a near 0 are near the roots of

1
F(z,0)0=1—-—2=0,
z
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2.3. LAMINATION MAPS 11

that is
z2—1-22=0
or z = e*™/3 The multiplier at a fixed point is
a+1l 2a
22 23"

Fix ¢ with F(¢,0) = 0. Thus, ¢ = e*7/3, Let z(a) be continuous in a near a = 0
with 2(0) = ¢ and F(z(a),a) = 0.Then the Taylor expansion of z(a) in a near 0 is
z = ((1+ ca) + o(a) with ¢¢ = —(0F/0a)(¢,0)/(0F/0z)(¢,0). So
(¢ - Im(¢)
= = -2
TR T T

which is purely imaginary, and the derivative is

—C(a+1)(1 = 2ca) + 2a + o(a) = —¢(1 +a(1 + 2¢?) — 2ca).

So the modulus is < 1 if and only if
Re(1 + a(1 + 2¢?) — 2ca) < 0.
Since 1+ 2¢? is purely imaginary and equal to 2Im(¢), the modulus is < 1 if and only
if
Im(¢)
11+ ¢J?

If the multiplier at ¢ is near e~27%/3, then since the derivative is approximately ¢ =2,
im/3

2Im(¢)Im(a) + 4

Im(a) > 0.

we must have ( = e and Im(a) > 0, as claimed.

The immediate disc regions containing ao and a@g indicate the sets H,, and Hg;.
The next largest regions in parameter space are the regions V3 o(ag) and Vs(ag). It is
known that all hyperbolic components in these regions are matings or captures with
ha, Or hgy. These include a mating with the polynomial represented by a; in each
case. These hyperbolic components are adjacent to the points x and T respectively.
The points = and T are also common boundary points of the sets H; and H_;, and in
the boundary of the set H,,, which is unbounded. There are two other regions of V3
which contain infinitely many hyperbolic components. One is the region V3 o(a1, —)
bounded by H_; and H,,, and the other is the region V5 ¢(a1,+) bounded by H; and
H,,.

2.3. Lamination maps

Invariant laminations were introduced by Thurston [39] to describe the dynamics
of polynomials with locally connected Julia sets. The theory is most developed for
quadratic polynomials, but a number of people have worked on developing the theory
for higher degree polynomials, e.g. [18], [19], [20]. See also [29] (and [31]) for a
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12 CHAPTER 2. THE SPACE V3

slightly more detailed summary in the quadratic case than is given here. The leaves
of a lamination L are straight line segments in {z : |z| < 1}. Invariance of a lamination
means that if there is a leaf with endpoints z; and zo then there is also a leaf with
endpoints 22 and 22, a leaf with endpoints —z; and —z,, and a leaf with endpoints
w; and wy where w? = z; and w3 = z5. A leaf with endpoints e?™"% and 27?2
for 0 < a1 < as < 1, is then said to have length min(as — a1,a1 +1 —az). Gaps of]
the lamination are components of {z : |z| < 1} \ (UL). If the longest leaf of L has
length < % then there are exactly two with the same image which is called the minon
leaf. A lamination is clean if finite-sided gaps are never adjacent. Minor leaves of]
clean laminations are either equal or have disjoint interiors. For a clean lamination,
the lamination equivalence relation ~j, is closed, where the nontrivial equivalence
classes are the leaves of L and closures of finite-sided gaps of L. The quotient space
C/ ~r is a topological sphere. A partial order on minor leaves is therefore defined
by: w1 < pg if py separates po from 0. For any minor leaf p, the set {u' : p/ < u}
is totally ordered, and has a unique minimal element. If the gap containing 0 has
infinitely many sides, then it is periodic, and one can define a lamination map s = s,
which maps L to L, s(z) = 22 for |z| > 1, and maps gaps to gaps. Such a lamination
is uniquely determined by its minor leaf. The laminations with this property are

2miaz  wwhere a; and as

precisely those with minor leaf with endpoints 2™ and e
are odd denominator rationals, of the same period under the map =z +— 2x mod 1.
We can then choose s so that 0 is critical and periodic under s, of the same period
as the gap containing 0, and as the endpoints of the minor leaf, which bounds the
gap containing s(0). Since a lamination map sj, preserves L, it descends to a map
[sz] : C/ ~— C/ ~r. Any quadratic polynomial f. : z — 22 + ¢, for which 0 is
periodic, is Thurston equivalent (to be defined in the next section) to exactly one
such lamination map s, and topologically conjugate to the quotient lamination map

[s], and conversely.

Let p be any odd denominator rational. We write L, for the invariant lamination
with minor leaf with endpoint at e?™, and u, for this minor leaf. Thus, L, = L,
if and only if either p = ¢ or e2™ and e?™% are at opposite ends of the minor leaf
of L, = L,. We write s, for s;,. The maps h, for a = ag, ap and a; are conjugate
to quotient lamination maps [s; /7], [s¢/7] and [s3/7] respectively. These will feature
large in our description of the type III hyperbolic components in V3.

2.4. Thurston equivalence

Thurston’s notion of equivalence of critically finite branched coverings, and
Thurston’s Theorem which characterises those critically finite branched coverings
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2.4. THURSTON EQUIVALENCE 13

which are equivalent to rational maps, underpins this work. A topological branched
covering f : C — C is critically finite if

X(f)={f"(c) : n >0, ccritical}

is a finite set. In the current work the definition of f also includes a fixed identification
of X(f) with a finite set Xy with dynamics such that the identification preserves
dynamics. Two critically finite maps fo and f; are (Thurston) equivalent if there
is a homotopy f; from fy to f; such that #(X(f;)) is constant in ¢, and thus the
finite set X (f;) varies isotopically with ¢, and the isotopy between X (fp) and X (f1)
preserves identification with Xgo. If #(X(f;)) > 3, this is equivalent to the existence
of homeomorphisms ¢ and v : C — C with ¢ and 1 isotopic via an isotopy mapping
X (fo) to X(f1), preserving the identifications of X (fy) and X (f1) with Xy, and such
that
pofooy™t = fi.

Thurston’s theorem gives a characterisation of those critically finite branched cover-
ings which are equivalent to rational maps. For this characterisation the reader is
referred, for example, to 1.8 and 2.4 of [31], or to [L1]. But it is worth noting that, if]
fo and f; are equivalent to a hyperbolic rational map, then Thurston’s Theorem says
that the rational map is unique up to Mo6bius conjugacy, and its Thurston equivalence
class in the space of branched coverings is simply connected if #(X(fo)) > 3. This
depends on our definition of Thurston equivalence as being via isotopies preserving
identification with Xy. It follows that ¢ and 1 are unique up to isotopy constant
on X (fo), and 9 is actually unique up to isotopy constant on fo_l(X(fO)). In the
situation described here, we write

fo ~¢ f1,

which is slightly dubious notation as =~ is not an equivalence relation, although
Thurston equivalence certainly is. We shall sometimes write

(fo, X (fo)) =4 (f1, X (f1)),

meaning that conjugacy by ¢ is followed by an isotopy constant on X (f1). Note that
since ¢ and 1 are isotopic via an isotopy constant on X (fy), there is a homeomorphism
15 : C — C which maps f; (X (fo)) to f; '(X(f1)) defined by the relation

fooe =1po fo.
'We thus have
fo =y f1,

or more precisely

(for fo (X (fo))) =y (fr, f (X (F1))).
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14 CHAPTER 2. THE SPACE V3

Similarly we have
(fo, fo (X (fo))) =2y (fr, fT2(X(f1)))-

We can similarly define v,, for all n with

(fos fo " (X (fo))) =y, (fr, fr "(X(1))-
See also 1.7 of [31] and 1.3 of [29].

2.5. Some notation

Throughout this paper we shall use the notation og to denote a certain type of
homeomorphism associated to a path 3 in C. If 3 : [0,1] — C is an arc, then og
is the identity outside a small disc neighbourhood of 3, and o(5(0)) = 5(1). More
generally, if * denotes the usual multiplication on paths, and 8 = (3 * - - - % 3, where
each (3; is an arc, then

03 =0B,0:::00p.
This does not of course define o3 pointwise, but if we take a sufficiently small neigh-
bourhood of 3, then og will be defined up to isotopy constant on any finite set which
intersects S at most in the endpoints §(0), B(1). In this paper 8 will always (as it
turns out) be either an arc, or a simple closed loop, and we shall describe maps up to
Thurston equivalence by compositions of the form og o f for various 8 and various f.

Throughout this paper, if 3 : [a,b] — C is a path then 3 : [a,b] — C is the reverse
path defined by 8(t) = B(a + b —t).

2.6. Captures and Matings

In this paper, a capture is a critically finite branched covering of a particular type,
up to Thurston equivalence. This appears to be what is meant by “capture” in Wit-
tner’s 1988 thesis [42]. Some authors take the word to mean any type III component,
but the use made of the term in this paper coincides with the use made in [29, 30, 31],
the reason being that captures in this sense are the most natural (type III) analogue of]
the matings which are also discussed by Wittner. These were introduced by Douady
and Hubbard and have been very important examples since their introduction. Pre-
sumably because of the connection with the concept of mating, Wittner actually
suggests the concept of capture is already known, but does not give any earlier writ-
ten reference, and from recent conversation it seems likely that his thesis gives the
first written reference to captures.

Let s = s;, be a lamination map which is Thurston equivalent to a polynomial
preserving the corresponding invariant lamination L. The second critical point ca(s)
is fixed, coincides with vs(s), and is co in the standard model. Fix any gap G of L
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2.6. CAPTURES AND MATINGS 15

which contains some point z in the backward orbit of 0 under s. Then z is eventually
periodic under s. Let 8 be an arc from c3(s) = v2(s) to & which crosses the unit circle
exactly once, at a point of 0G, such that, apart from this one point, all of 8 is in the
union of G and {z : |2| > 1}. If z is periodic under s then let ¢ be the arc in s71(3)
from c3(s) to the periodic point in s~!(z). Then the associated capture, a critically
finite branched covering defined up to Thurston equivalence, is

ogos or 0’;100',308

depending on whether z is strictly preperiodic or periodic under s. These can be
distinguished as type III captures and type II captures.

The similar definition of a mating s, 1T s, is defined for any odd denominator
rationals p and ¢, and satisfies

sp(z) if |z| <1,

A e S FE

A rational map which is Thurston equivalent to a mating s, 11 s, must be the centre
of a type IV hyperbolic component. So in this paper we concentrate on the captures.

There is a simple characterisation of the captures which are Thurston equivalent to
rational maps, which was proved by Tan Lei: see [38]. Actually that work concentrates
on matings, but the modifications needed to consider captures are straightforward.
The map ogos (or o Lo ogo s in the case of type II captures) is Thurston-equivalent
to a rational map if and only if the S'-crossing point of 3 is not strictly inside the
smaller region of the circle bounded by ug, where pg is the minimal minor leaf with
o < ur, and, if 8 crosses the circle precisely at an endpoint of pg, then the second
endpoint of 3 is not v;. This last case, when the S'-crossing point is an endpoint of
1o, perhaps needs a bit more adapting from Tan Lei’s results than the others, but it is
in fact a very special case, implying that g = p and that the associated capture is a
type II capture of a very special type. So these few cases can be dealt with separately
and quite easily. A more general result was proved in the Non-Rational Lamination
Map Theorem of [30].

In any case, the dynamics of a rational map equivalent to a capture defined by
s = sz, and (3 is easily described in terms of the dynamics of s, and its Julia set is
easily described in terms of L. The description is proved in a more general setting in
the Lamination Map Conjugacy Theorem of [29]. We shall say that the hyperbolic
component of a rational map which is a capture, up to Thurston equivalence is a
capture hyperbolic component, or simply a capture.
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16 CHAPTER 2. THE SPACE V3

2.7. Captures in V;

As a consequence of Tan Lei’s theorem, or a slight generalisation of it, in the family
V3, there are three families of type III captures. The first is

0B 0 S1/7s
where 3 is any path with single S'-crossing into a nonperiodic gap G in the full orbit
of the critical gap of s; /7, where G is in the larger region of the disc bounded by the
minor leaf of L;,7, which has endpoints at e2™(1/7) and €>**(2/7) The second family
is similar:

030 S6/7,
where the single S'-crossing by £ is in the boundary of a preperiodic gap in the full
orbit of the critical gap of Lg,7, in the larger region of the disc bounded by the minor
leaf of Lg,7. The third family is

030 83/7,
where the single S'-crossing by £ is in the boundary of a preperiodic gap in the full
orbit of the critical gap of Ls/7, in the larger region of the disc bounded by the leaf
of L3,z with endpoints at e274(1/3) and e27%(2/3)  This time the boundaries of all gaps
are disjoint, so one can describe 8 (up to homotopy keeping endpoints fixed) simply
by its S'-crossing. The S'-crossing must be a nonperiodic point in the backward

orbit under z — 22 of e27i(2/7) or 2mi(5/7)

since every leaf in the boundary of a
gap is in the backward orbit of the leaf with these endpoints in the boundary of the
critical gap. If 3 has just one S'-crossing at e*™"?, we shall simply write 3 = Bp
and og = 05, = 0,. Strictly speaking, such maps are only equal up to a suitable
homotopy, but this uniquely defines o}, o s3/7 up to Thurston equivalence. It should
be pointed out that this notation could be confusing, because it is somewhat at odds
with the notation used for matings. The mating s, I s, preserves the lamination
L,U L;l, and the minor leaf of L;l has an endpoint at e =2 not at e?"?. But the
notation does seem rather natural and hopefully will not cause much confusion, since
matings are somewhat in the background of this paper.

We shall use a similar notation for type II captures. If €™ is periodic under
z +— 22, and Bp is a capture path for s, where s = s3,7 or s1,7 or sg/7, then we write
(p for the path with periodic endpoint which is mapped homeomorphically to 3, by
s, and define o, = ac_pl oog,. Then o, 0 s is a type II capture.

2.8. Trivial Thurston equivalences between captures in V3

It is in general a nontrivial question as to whether two captures, ogos and o 05 are
Thurston equivalent. But there are some rather trivial equivalences within the families
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above which can be seen immediately. Suppose that 31 and (3 are two paths giving
captures in the first family above, with 8; and B2 having the same endpoint z. Then
(1 * 32 is a closed path which bounds a disc D disjoint from the forward orbit of z. It
follows that o, and o, are isotopic via an isotopy constant on {s} ;2 : n > 0}U{occ},
and hence
Uﬁ1 o 81/7 ~ Uﬁz O 8.

Thus, type III captures og o s1,7 in the first family are uniquely determined, up to
Thurston equivalence, by the second endpoint of 8. In fact, the same is true for type
IT captures, by the same argument, because if we take two captures 0;1 cop, os and
0521 0 0g, o s, then the paths ¢; and {2 are also homotopic via an isotopy constant
on {s{,,z :n >0} U {o0}, noting that in this case z is periodic and the common
endpoint of {; and (5 is in the periodic orbit of x. Exactly similar statements hold for
the second family of type III captures ogosg,7, and for type II captures Uc_l ©030S6/7-

It is not too hard to show directly that the Thurston equivalence classes in these two
families are in one-to-one correspondence with the endpoints x(3) of the corresponding
paths 5. The idea is basically that if one takes the tree formed by joining points in
the forward orbit of () to the centres of adjacent triangle gaps, then the ambient
isotopy class of this tree, with some vertices marked by a point in the forward orbit
of z(8), is fairly easily shown to be an invariant of the Thurston equivalence class,
essentially because any Thurston equivalence between og o 54, for ¢ = % or g, and
the corresponding polynomial g, must isotope the tree to a tree joining up the full
orbit of the finite critical point, which is entirely in the Fatou set, apart from common
boundary points between Fatou components. We omit the details because the main
theorems of this paper subsume this, and use different methods.

Somewhat more restricted statements are true for the third family of type III
captures og o 53,7, and type II captures ac_l o00g o s3/7. It is no longer generally true
that 8, and (5 are homotopic via an isotopy constant on {sgﬁx :n >0} U{oo}, if 51
and (@ have the same endpoint z. But it is true if, in addition:

— the S'-crossing points of 4, and B, are both in the upper half-plane;
— or both in the lower half-plane;

2mi(1/7)

— or both in the clockwise unit circle arc from e toe

2mi(6)7).
— or both in the anticlockwise circle arc from e27/(1/7) to 27(2/7),

— or both in the anticlockwise circle arc from €27(5/7) g 27i(6/7)

These all follow from a basic property of invariant laminations established by Thurston
[39], that a leaf ¢ in the forward orbit of a leaf £ can only be shorter than £ if £ is
longer than the minor leaf. The minor leaf of L7 joins e2™(3/7) and e?7*(+/7) and any
leaf in the region bounded by 3; * 32, under our hypotheses, has length less than this.
So the disc bounded by 31 * 3, is again disjoint from the set {sgﬁx :n > 0}U{oo}, and
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it is again true that o, and og, are isotopic via an isotopy constant on{sgﬁx n >
0}U{oo0}) and similarly for type II captures. So, this time, if we restrict to lamination
maps which are Thurston equivalent to rational maps, there is at most one Thurston
equivalence classes of type III captures og o s3/7, for each choice of endpoint of 3,
except when 3 ends at a gap G of L3/7, in the smaller region of the disc bounded
by the leaf with endpoints at €>™(2/7) and €2>7(5/7) and the leaf with endpoints at
e2mi(1/3) and €2™(2/3) and AG intersects the unit circle in both the upper and lower
half plane. In this case, there are still at most two different Thurston equivalence
classes, depending on whether the S'-crossing of 3 is in the lower or upper half-plane.
Similar statements hold for type II captures.

From the statements above it follows that any type II capture ac_l 00 083/7 must be

Thurston equivalent to one where 3 has the its only S'-crossing at e274(2/7)  ¢27i(5/7)

2mi(1/7)

or e We shall see later, in 3.3, that there is a simple Thurston equivalence

between the type II captures corresponding to S'-crossings at e2™*(2/7) and e27#(5/7)

where the homeomorphism ¢ realising the equivalence fixes 0 and oco.

The number of gaps of s3/7 in the full orbit of the critical gap and of preperiod
n is 2”. The number of these in the large region of the disc bounded by the leaves
with endpoints e?7(1/3) and ¢*27(2/T) jg L2n(1 + o(1)). A gap whose boundary
intersects the circle in both upper and lower half-planes must have its entire forward
orbit in between the leaves with endpoints at e*27(3/7) and e+27(1/7) The number

of such gaps whose boundaries intersect the unit circle in both the upper and lower

%. (g)n+0(1).

This is 0o(2™). So, asymptotically, we can bound the number of captures up to

half planes can be shown to be

Thurston equivalence by the number of endpoints of the paths 3.

Regions of parameter space such as V5 o(ag) and V5 ¢(ag), that is, parts of quadratic
rational parameter space with a natural association to some polynomial with star-like
Julia set, were studied by the Hubbard school in the early 1990’s. In particular, J.
Luo [22] wrote his thesis on this subject, concentrating on the space V2. He claimed a
number of results, including the following: all type III and type IV hyperbolic compo-
nents in V5 have centres which are Thurston equivalent to matings or captures. This
is true, as is an analogue for V3 g(ag) and V3 o(ag). All type III hyperbolic compo-
nents in V5 o(ag) or Vs o(ag) have centres which are Thurston equivalent to captures
03 © 817 0 030 Sg/7, and that all such captures are in this region, and similarly for
type IV hyperbolic components in this region and matings. Luo formulated and stated
much stronger results: an analogue, for V3, of the Yoccoz puzzle and parapuzzle for
quadratic polynomials [12], and associated results about local connectivity of Julia
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sets of nonrenormalisable polynomials, and uniqueness of quadratic rational maps
for any specified nonrenormalisable combinatorics. The proofs in the thesis were not
complete, although it seems very likely that they were completely known to the Hub-
bard school. But these, and similar results, have recently been reproved and written
by Aspenberg and Yampolsky [1]. Another, different exposition is given by Timorin,
[40], which concentrates on the boundary of the type II hyperbolic component in V3,

where, rather surprisingly, only nonrenormalisable combinatorics occur.

As regards the simple result about all components in V3 (ag) and Vs ¢(ag) being
represented by captures and matings, a simple analytical argument is available. (The
argument in the case of V3, as explained by Timorin [40], is even simpler.) Basically,
the idea is to consider the point z;(h) for all h in the region bounded by H; and H_1,
where z1(h) is the common boundary point of the three periodic attractive basins.
It can be shown that z;(h) exists throughout this region, essentially because the set
where it exists is an open neighbourhood of any point where 2, (h) is a repelling fixed
point. So z1(h) only disappears when one passes through a parabolic fixed point or
if h +— z1(h) is a multivalued map, remembering that the set of fixed points of h is
a multivalued map in general. But h — 2z;(h) is single-valued in the region under
consideration. Simple computer graphics do show clearly the rabbit-like connnections
between the different capture hyperbolic components in this part of parameter space,
the part between Hiand H_;. They also show the trunctated Mandelbrot sets, each
with a period three limb removed, one in the upper half-plane between Hy; and the
other in the lower half-plane.

Part of the statement of the main theorem (2.10, 6.1) is that all centres of type III
hyperbolic components in V3 (a1, —) are Thurston equivalent to captures og o 53,7,
where 3 has S'-crossing at e*™ with p € (—%, %), and in fact one can restrict to
p € (0, %) I do not know a simple analytical argument, like the one above, to prove

this, and, so far as I know, this result is new.

2.9. Symbolic Dynamics

Let p be an odd denominator rational. It is natural to make a Markov partition
for the lamination map s, using preperiodic leaves of L, as boundaries of sets of the
partition. In this paper, we are especially interested in doing this for p = %, %, g. For
the case p = %, we look at the partition of {z : |2| < 1} by the leaves in Lg/; with

endpoints at 2%, e27 where (a, b) is one of the following:

(25 3 4 16 5 9 3 11 1 13

pahpalolpak Gpy) Geid-Ge )
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In the case of p = % we take a similar partition where (a,b) is one of the following:
12 24 41 9 11 1 1 9 1
Goah Ga)oph Gp ) G Gpig)
The partition for sg,7 is obtained from this partition by conjugation. Here are the
Markov partitions for s3/; and s;,7, with the different sets of the partition labelled.
We use C for the “central” or “critical” region, which contains the critical gap of L.

/Uc\ ‘

L Lo Ls C R3 Ry R

Symbolic dynamics for s3/7 and sy /7

We denote by BC and UC with intersection with the upper and lower half-planes
respectively of the complement in C' of the critical gap. Thus, the intersection off
each of BC' and UC with the open unit disc has countably many components. The
letters B and U are for “below” and “upper”. The sets BC and UC' are not part of
the Markov partition, but nevertheless we can, and shall, use them in the symbolic
dynamics. For s;,7 we also have triangular regions labelled A and —A. The labels
L; are for “left”, and R; for “right”. This obviously makes more sense for s3,7, when
the sets certainly do run from left to right, than for s;,7, when the “left” regions are
on average only slightly left of the “right” regions, and more above than to the left of
the “right” regions.

In the case of s3/7, a more common partition might be that generated by the

+2mi(1/3) " This translates to the Yoccoz partition for the

leaf 11,3 with endpoints e
polynomial which is Thurston equivalent to s3/7. An important feature of the Yoccoz
partition is that, although the partition varies with the polynomial, all the partitions
for polynomials in a fixed limb have the same generator. Our choice of partition for
s3/7 is made for similar reasons. The same generator gives a partition which is valid
in part of parameter space. The part of parameter space which motivates the choice
of partition is V3 g(a1), rather than a limb of the Mandelbrot set. The leaf 3,7 with
endpoints e*?7(3/T) generates a smaller number of partitions than p, /3, and is more

closely adapted to V3 g(aq).
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The regions in the Markov partition for s3,7 are mapped as follows by s3/7:

L1, Ri — R1 URy,

Ly, Ry — R3UC,

Ls, Rs — Ly U Ls,

C— L.
The regions in the Markov partition for s;,7 are mapped as follows by s, 7:
L1, Ry — Lo,
Ly, Ro - RiUR; U—-AUC,

A, —A — A.

We now consider the case of L3/; and s3,7. Infinite words in the letters L;, R;
and BC, UC, C label points of the circle, leaves of L3/7 and gaps of L3,7. The labels
determine gaps uniquely. Points and leaves also have unique labels except when they
map forward to boundaries of sets in the Markov partition. Any gap of L3, is labelled
by an infinite word which ends with the infinite word (CL1R2)*°. The preperiod of]
w is the length of w’ where w = w'w” and either w” = (CL;R2)*> with w’ ending
with Loy, or w” = (RaCL1)* with w’ ending with R;. Occurrences of BC or UC are
allowed in w’, always followed by L; and preceded by Ly or Ry. In fact, in w’, we
never use the letter C', but always BC or UC, whichever is appropriate. A gap G
of preperiod m contains a point = of Z,,(s3/7), and is therefore labelled by the same
word w(G) = w(z) as z. Points of Z,,(s) are uniquely determined by the prefix of]
w(z) of length m, which ends in Ry or Lo. In fact, we shall usually use the prefix of]
w(z) of length m + 2 if the length m prefix ends in R;, and of length m + 1 if the
length m prefix ends in Lo, so that points in Z,,(s), and the gaps containing them,
are represented by nonempty words ending in C. Thus, if x is of preperiod > 1, w(x)
ends in R RyC or LyC. The gaps between the leaves with endpoints (1/3,2/3) and
(2/7,5/7) have words starting LXL, where k is odd. The gaps between the leaves
with endpoints (2/7,5/7) and (9/28,19/28) have words starting L3Ly. Gaps which

"

cross the real axis have words w'w”, where w’ is the preperiodic part as above, with

no occurrence of L; in w’, equivalently no occurrence of C or R; or Ry in w'.

In future, for a finite word w, we shall use the notation D(w) to denote the subset
of the disc of points z labelled by w, that is with s°~!(2) € X; if X; is the i’th letter
of w. If w does not end with a string containing only the letters BC, UC, L; and R,
then D(w) is bounded by one or two leaves of L3,7. If w does end with such a string,
then D(w) is a countable union of components of complement of a gap.
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2.10. The Main Theorem (first version)

We are now ready to state the first version of our main theorem. The description
of V3, starts from the four subsets Vs ,,,(ao), V3 m(@o) and V3, (a1, £) defined in 2.2,
together with the corresponding sets P,,(ag), and so on. The cases of V5 ,,(ag) and
Va.m(ag) are described in item 1 below and V3, (a1, —) in item 2. These descriptions
are quite simple: all the type III hyperbolic components in these regions are captures,
essentially described in exactly one way. The description for V3 ,,(a1,+) is not so
simple. The later versions of this theorem will be given in 5.7, 6.1 and 7.11. It is not
claimed that the results about Vs ,,(a¢) and Vs ,,(@o) are new, but the statement in
the case of V3, (a1, —) probably is.

We define

1 1
szf_zip

3 21’
so that gqg = %, Q= %, and so on. In terms of the symbolic dynamics introduced in

2.9, the code of the leaf of Lj/; with endpoints e*™"4 is L3P (LyRsL3)™.

Main Theorem (first version) There are injective maps
a > B(a) : Pn(ag) = m(C\ Zn(s1/7); Zm(s1/7),v2),
ar— ﬂ(a’) : Pm(%) 7 7I-1(@\ Zm(36/7)7 ZM(86/7)7U2)a

a— B(a): Pn(a1) — 7Tl(@\ Zm(53/7), Zm(83/7)a’02)a

such that h, is Thurston equivalent to 05(q) © 8, for s = s1/7, S¢/7, S3/7 Tespectively.
Moreover, we have the following additional information.

1. For a € P (ao), the path 3(a) is a capture path, intersecting S* ezactly once,
in the boundary of the gap of Ly /7 containing the endpoint of 3, and the possible
endpoints of such paths B are all points of Z,,(s) in the larger region of the
unit disc bounded by the leaf with endpoints at e*™* (/7 2™QR/T)  Thus h, is
Thurston equivalent to the capture og o s1,7. A similar statement holds with ag
replaced by ag, and with 1/7 and 2/7 replaced by 6/7 and 5/7.

2. Fora € P3,,(a1,=), the path B3(a) is again a capture path intersecting S* ezactly
once, in the boundary of the gap of L3,z containing the endpoint of 8, and the
possible endpoints of such paths B are all points of Z,,(s) in the smaller region

27i(1/7) gnd e27(6/7)

of the unit disc bounded by the leaf with endpoints at e
— In cases 1 and 2, the path B(a) is completely determined by its second end-
point. There is thus a natural one-to-one correspondence between the set Py, (ap),
P, (@), Pm(a1,—) and the set of points of Z,,(s) in the corresponding region

of the dynamical plane of s, for s = 517, S¢/7 and s3/7 respectively.
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3. For a € P,,(a1,+), the set of paths B(a) includes the capture paths crossing S*
at the points eT2™% into the gap of preperiod 2p. There is a bijection between
Ps . (a1,+) and a set

Up2o(UP N Zy) x {p}-
Although the bijection does not send a to the endpoint of B(a), the image of a

under the bijection does determine the path 5(a) algorithmically. The set UP is
defined as follows:

D(L3L,) UD(BC)
U° = UuUR, (D(L3'Ly) U D(L3 ' LyBC))
\(Ur>1D(L3Ly(UCLy R,)* BC)),

and if p > 1, and Sy px and Sz p 1. denote the local inverses corresponding to the
words L§p+1+k(2p+3) and Lgp_1+k(2p+3), then

U0 (S1,p,k D (L2) U URZo(UpZo(S2,p,6 D(un) U (Ur<t<pS2,p,6 D(ve,n)))
UP = UU, 81,5 kD((LaR3)?L uy,)
\(UfZo UnZo (S1,p,6 D(un) U Sa p k D((LaR3)2L3" ™ un) U UL, 81,k D(v1,0)))),
where vy, = Lo(UCL1Ry)"R3LyR3 L3 Ly and u,, = Lo(UCL,Ry)"BC.
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CHAPTER 3

CAPTURES AND COUNTING

3.1. Some nontrivial equivalences between captures

There is a more nontrivial Thurston equivalence between captures o5 o s3/7 and
a subset of the captures og: o s1,7 which has, nevertheless, been known since the
1980’s. Its mating analogue, known as “shared mating” is somewhat better known
and plays a role in Adam Epstein’s (unpublished) proof of noncontinuity of mating.
These nontrivial equivalences arise from a rather simple fact: the existence of two
isotopically distinct circles 7, and 7, such that v; = (s1/7 II 53/7)_1(fyj), for both
J =1, 2, modulo isotopy fixing X (s1/7 I 83/7).

The two invariant circles

An isotopically invariant disc for a critically periodic branched covering f gives rise
to a description of f as a mating up to Thurston equivalence. This is because we can
then make a new branched covering, keeping f in the invariant disc and putting a
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single fixed critical point in its complement. It can then be shown quite easily that
there is no Thurston obstruction for this new branched covering, which is therefore,
by Thurston’s theorem, equivalent to a polynomial. Applying this argument to the
invariant disc and its complement, which is also an invariant disc, we see that f is
Thurston equivalent to a mating of the two polynomials.

Note that the two circles y; and 79 intersect in an approximate triangle, but that
the points of X (s1/7 I s3,7) on the same side of ; as the triangle are different for v,
~v2. We shall call this approximate triangle ET. It follows that

Sg/r U S1/7 = S1/7 U S3/7

for a homeomorphism ¢ which maps the non-round circle 7, to the round circle v,
and maps Yp(s3/7) to Yo(s1/7). This construction can be generalised. If we replace
1/7 by any odd denominator rational p with u, > pq,7, then, similarly to the above,
we obtain an second non-round invariant circle for s3,7 I s,which separates the two
periodic orbits, and hence gives rise to an equivalence

S3/7 L Sp = S1/7 11 8q

for some g. This construction occurs in Wittner’s thesis.

There is similar construction for captures. Take any type III capture o, o s3,7 for
p € (5/7,6/7). We are going to show that this is Thurston equivalent to a capture
040817 for some g. The idea is to find a tree which connects up the points of Z,, (33/7),
if 2™ is in the boundary of a gap of L3,7 of preperiod n, and such that this tree
is naturally isomorphic to the n’th preimage of the Hubbard tree of s;,7. Once we
have this, the Thurston equivalence to a capture o, 0 s;,7 is automatic. Let Ty be the
union of ET and the points of Yy(s3/7), joined to the triangle by arcs which do not
intersect 2. Then Ty C (og o 53/7)_1(T0) = T; up to isotopy preserving Y1 (s3/7).

Let Ag be a small tubular neighbourhood in the unit disc of the triangular region
A which features in the symbolic dynamics for s;,7 in 2.9, so that Zg(z1/7) N Ao = 2.
Write A,, = s;/@(AO). Then there is a homeomorphism ¢; which maps T} to a subset
of the unit disc, consisting of A; and arcs joining the two components of A; to the five
points of Y1(s1/7), and mapping Y1(s3/7) to Y1(s1,7). Similarly, for each 1 <m < n,

To C Trn—1 C (0p 0 83/7)  (Tim—1) = Trn rel Y (53/7),

the set T, is connected, and there is a homeomorphism ¢,,, mapping T, to the union
of A, and arcs joining up components of A, and points of Y;,(s1/7). If we consider
n + 1, we still have

Ty C Tng1 rel Yi1(s3/7),

and there is a homeomorphism ¢,,; such that

Ont1(Tn) = pn(T5) rel Yn(51/7)>
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and

Ont+1(Th) C Pny1(Tnt1) rel Yo (s1/7),
but, this time, co € T,y; and 00 € @p11(Tht1). Then the component C of]
©nt1(Thy1 \ T,,) which contains oo also contains exactly two points of Y, 11(s1/7) \
Y, (s1/7). If we join one of these points (it does not matter which) to co by arc ¢’ in
C, then ' = s1/7(¢’) joins co to a point of Z,(s1,7), has only one S'-crossing up to
isotopy preserving Y,,(sq/7), at some point e?™4. So ' = 3, is a capture path, and

Op O 83/7 =, 0q© 81/7.

Note that it is not stated that B, = ¢n(8p) up to isotopy preserving Y,,(sy,7), and
this is certainly not true in general. However, the proof above implies an algorithm
for computing ¢ from p. The tree T, is defined using the map o}, 0 s3,7. We therefore
sometimes use the more precise notation T, (o o s3/7) or Ty, (p). We also use T, (p)
to denote the branches of T}, which connect ET to the forward orbit of e?™, that
is, the forward orbit of the gap with e?™*P in its boundary, the gap containing the
second critical value. The map ¢,, also depends on p, and defines a correspondence
between components of (o, 0 s3/7)""(ET) and components of sl_/"7(A0). It also gives
a correspondence between the gaps of L3 7 of preperiod n and the gaps of L;,7 of]
preperiod n, in the full orbit of the critical gap. So ¢, gives a relabelling of the gaps
of L3z,7, in terms of the symbolic dynamics of s; 7.

We start with an example of the smallest possible preperiod, 023 /25 © 83,7, of prepe-
riod two. Note that % S (%, g), and that the forward orbit under x — 2z mod 1 is
given by

23 9 2

8 14T
With respect to the symbolic dynamics of s3 /7, the word of the gap with e2mi(23/28) i
its boundary is R3L2C. Now we need to compute the word of this gap with respect to
the symbolic dynamics of s /7, using the tree T> and homeomorphism ¢, constructed
above. In the following array, each column indicates a path of gaps in the tree T,
starting from the gap C at the bottom and working upwards. The word of each gap
in a column is obtained by reading the word starting from that letter in the column,
and including all letters to the right of it. We are using the convention introduced
in 2.9, which allows us to use finite words to represent gaps of L3,7. The first row
is the word of the gap containing e?™ in its boundary. The T symbol indicates a
connection across a component of (o, o s3/7)""(ET). The gaps in each column are
the inverse images under s3,7 (and also under o, o s3/7) of the gaps to the right. The
last two rows indicate symbolic dynamics for s; /7. The last is a refined lettering of
the last-but-one. The last-but-one row of letters L, R, BC and UC'is obtained from

the last connection in the row above. The letter L is chosen when the letters above
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are C with Ry or L; above this, and R is chosen if the letter C above has Lo or Ry
immediately above it. The letters BC and UC do not occur in this first example, but
when they do, they are given by BC and UC respectively in the row above. This can
be seen to be correct by examining the initial picture of the two invariant circles v,
and 7y, for s3/7 11 sy 7.

Ry Ly C
Tt

R, C

T

c |
L R ¢
L, R, C

This gives
023728 © 83/7 = 8p/ © 817
where the gap containing the endpoint of 3’ is encoded by Ly RoC, using the symbolic

dynamics of 2.9 for sy /7.

56
77
dynamics for s3,7 starts with the letter B3 or BC. Now we consider a capture path

A capture o, 0 s3/7 with p € ( ) must end in a gap whose word in the symbolic
with endpoint in a gap whose word in the symbolic dynamics of s3/7 starts with BC'
The shortest possible word is BCL,R1R,C. The gap has e>™(1/56) in its boundary.

27i(43/56)

The other end of the leaf in the gap boundary is at e The gap has preperiod

3. The computation is as follows.

BC Ly Ry Ry C

T T 7
Ry Ly, C
T T

R, C

)

C

L R R L C

Ly Ry Ri Ly C
So

041/56 © 83/7 = 0p’ © S1/7

where the gap of L, 7 containing the second endpoint of 3 is encoded by Lo Ry R1 LoC.
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We next consider an example chosen at random. Take o, o 53,7 with p € (%,
with endpoint coded, with respect to the symbolic dynamics for s3,7, by w(8, %) =

~o

R3L3LoR3LoC. The computation then uses the following array.

R3 L Lo R3 Lo C

Ttop Ttop Tbot Ttop Ttop
R2 UC Ll R2 C

T T T T
C C C C

L uc L L R C
Lo e L, Lo R, C
So
0127/224 © S1/7 = 0’ © S3/7,
where the gap of L,,; containing the second endpoint of (' is encoded by
L,UCL,LoR,C.

These calculations are fairly routine, and can easily be automated. They are per-
haps not, however, quite as simple as they seem. In the examples above, T (p)
coincides with path of T, (s3 y7 sy /7), the tree used to compute the periodic-orbit-
exchanging self-Thurston equivalence of s3,7 11 s; /7 up to isotopy preserving the n’th
preimages of periodic orbits. But TV (p) does not always so coincide. A relatively
small example of preperiod 8 is given by the gap with word R3L§L2R3L3LQC . There
is at least one point e2"*? in the boundary of this gap with p € (%, g) This gap is
between the gaps with words R3L3L>C and R3LyC'. It follows that the component E’
of (op0 53/7)’3(ET) which joins the gaps with words R3L3L2C and R3LyC separates
e2rip from oo in {z : |z| > 1}. Then (0, 0 s3,7) ' (E’) consists of two long thin tri-
angles, which are not simply tubular neighbourhoods of triangles of Ll_/17, as was the
case with all previous examples. These triangles are intersected by T (p). It follows
that T (p) is not contained in T(s3/7 11 s;,7) up to isotopy, and a fortiore Tg(p) is not
contained in Tg(s3/7 I 81/7)-

5 6
77
to a type III capture og/ o s1/7, which can be algorithmically computed. Similarly,

12
™
capture o 0 85/7. So we have the following.

In summary, every type III capture o, 0 53,7 with p € ( ) is Thurston equivalent

every type III capture o, o s3,7 with p € ( ) is Thurston equivalent to a type III

THEOREM 3.2. — Every type III capture in V3 is Thurston equivalent to one of the
form _cg o sq, where 3 has second endpoint x € s;”({sg(O) 1§ =20,1,2}), for some
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least n > 0, and the gap containing x has longest leaf with endpoint at €*™P, where
e2™P is the S'-crossing of B and one of the following holds:

7(1:%7 pe(%>%);
7q:g;p€(_7lag)7
—q=2,pe (%))

UG 2)U (=% 9)-

In the cases q = % and g, and q = % with p € (—%, %), we only need to include one
path B for each x. In the case of ¢ = % with p € (%,%) U (%,%) we also need to
include at most one path, except in the case when the boundary of the gap containing
x intersects both the upper and lower halves of the unit circle, when we only need to
include one path crossing the upper half circle and one crossing the lower half circle

into the gap containing .

In the cases ¢ = % and g, this theorem is subsumed in the statement of the main
theorem in 2.10.

3.3. Equivalences between captures o, o s3/7, for p € (%, %) U (%,

)

First we simplify the notation. We write L for invariant lamination L3 7 and

ot

s = s3/7. Note that the only gaps of L lie in the full orbit of the critical gap. We also
write o, for o, (asin 2.7) or ag_ql oog, if B, is a path which crosses the unit circle at
the point €™ into a gap G of L, with all of the path being in GU{z : |z| > 1} apart
from the point €?™%. Here, we use o¢, if and only if G is in the periodic orbit of the
critical gap, in which case ¢, is the path in s7!(,) mapping homeomorphically under
s and the endpoint of ¢ is in the periodic component of s71(G). We are interested
only in captures for ¢ € [2/7,1/3) U (2/3,5/7]. Then we have

05/708 20‘2/708,

and, for any k > 1,

Ol_gq, ©8 X g, 06,
where ) )

—2k
ak = 37 2 21
These equivalences are obtained as follows. Let D, be the disc whose boundary

intersects the unit circle only at the points e¥2™* and running along the lamination
leaf in the unit disc between these points, which contains the smaller segment of the
unit disc cut off by this leaf, but which is also taken to include vy = ¢o = s(cg) = o0
in its interior. Let o = a, be the clockwise loop in D = D, based at vy crossing S*
only at the points 2™, running along the lamination leaf between them. Thus, «
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is homotopic to an arbitrarily small perturbation of 3, * 81_4. First we claim that for
any g,

(3.3.1) (0g, ©5,Y0(5)) ~identity (01—q, © 5, Yo(8)).
We see this as follows. The disc D’ = C \ int(D) contains no critical values. So
s Y (D')=D,uUD_
has two components, homeomorphic preimages under s of D', where Dy = Dy,
). So
). A

clockwise Dehn twist round a simple closed loop v on an orientable surface S means

contains v; and D_ = D_ , contains s(v;). These discs are peripheral in Yy (s
Dehn twists round their boundaries are trivial up to isotopy preserving Yg(s
a homeomorphism up to isotopy which can be chosen to be the identity outside an
arbitrarily small annulus neighbourhood of -, and twists one boundary component
of the annulus clockwise relative to the other one, v,. Since the annulus inherits an
orientation from S, a clockwise twist of v; relative to vy is the same as a clockwise
twist of 5 relative to ;. Note that 0D = dD’. So (anti)clockwise Dehn twist round
0D is the same as (anti)clockwise Dehn twist round dD’. Now o, is isotopic to a
composition of clockwise Dehn twist round 0D and anticlockwise Dehn twist round
the boundary of a disc strictly inside a. Since this inner disc is peripheral, we obtain

(332) (Ua o s, YO(S)) ~identity (57 1/0(8))

In the case when ¢ = g9 = %, since « is a perturbation of 35,7 * 35,7, and since (37

and (5,7 are homotopic via a homotopy preserving Ys(s), we have, composing on the
. -1

left with Oyr © OBssr

(02/708,Y(s)) = (052}7 0 0By, © 8, Y0(8)) ~identity (057 00p,,, 08,Yo(s))

Sidentity (07, © 07 © 8, Yo(8)) = (0577 0 5, Yo(s)).

So this gives (3.3.1) in the case ¢ = qo. For any & > 0, and q = g, the disc inside
By * f1—q and D_ ,, are both disjoint from the forward orbit of the second endpoint
of Bg,- So in these cases also, composing (3.3.2) on the left with og, , gives (3.3.1)

We can express (3.3.2) more accurately. We write g 4 for the anticlockwise twist
round the boundary of a disc which is strictly inside a4, but with boundary arbitrarily
close to ay. Then v, commutes with o, . Also, a;ql 0 1y, is isotopic, relative to
Y, (s) for any n, to the anticlockwise Dehn twist round 0D = 0D, which as already
mentioned, is isotopic to the anticlockwise Dehn twist round dD’. Let &g , denote the
anticlockwise Dehn twist round 0D_. Note that D_ 4 is peripheral in Y;(s), but not
in Y1(s), and Dy , and D are isotopic in C \ Y;(s), in fact in C\ Yar4+1(s) if ¢ = qx —
but not in C \ Yax42(s). So &4 is isotopic to the identity relative to Yo (s), and

0,4 08 = Ta, 0801040804 1el Yi(s).
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For any q = qi, write

Y1, = 0,4 © Y0,q = Y0,q © €0,q-
Then we have

(5,Y1(5)) 2y, , (00 05,Y1(5)).
For m < 2k + 1, we then define ,, ; inductively by
(3.3.3) 80&m,q = &m-1,4°5,

choosing the lift £, 4 of {,—1,4 which is isotopic to the identity relative to Y, (s).
This is possible inductively, because & 4 is isotopic to the identity relative to Yy(s):
we just lift this isotopy. Then we define ¢, 11,4 inductively by

VYm+1,g = Em,g © Vmg-

It is then true, for m < 2k + 1, that

(3.3.4) Yim,g©8 = Ta, 050 Pmy1,q rel YVipyi(s).

For m = 2k, since the support of v, is disjoint from B;_g, , we obtain, by composing
on the left with al__lqk, for ¢ = qx,

(3.3.5) 01-q 08 Mgy, 0qOS.
For m = 2k + 1 and q = g, we define {2511,4 slightly differently. Write
Aq = A2k+1,q = Dq \ D+7q.

The index 2k + 1 is chosen because Aggi1,4 is disjoint from Yory1(s). Let opy1,1,4
denote the clockwise twist of the annulus Aggy1 4, relative to @\ Agk+1,4- Then we
define &o541,4 by

2k, © 50 &2k+1,1,¢ = 50 E2k+1,4
and &oi+1,4 is isotopic to the identity relative to Yari1,4,. Hence, (3.3.4) holds for
m = 2k + 1, and this yields

1/)2k+2,q o8 = an o0so 1/’21@—4—2,(1 rel Y&k+2(8).
Composing on the right with w;k1+27 o this gives
(336) (8’ }/2]@4_2(8)) Eehortaq (Ua 0S8, Y2k+2(8))'

The support of &, 4 is as follows, up to isotopy preserving Y, (s). Let Cy = Cp 4 be
the annulus which is the complement, in D_(gq), of a small neighbourhood of s(vy).
For m < 2k + 1, define

Cim,q =5""(Cy).
Note that C,, 4 is disjoint from Y, (s) for all m, and, for m < 2k + 1, C,, 4 is disjoint
from og4. For m < 2k 4 1, the support of &, 4 is Cp, 4, up to isotopy. The support of]
Eot1,q 18 Copp1,q U Aopi1,q, again up to isotopy.
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It is also interesting to compare oy 12 4, and ari2 g, Note that

D, =A, UD

qr+1-

The overlap between Ay, and D is trivial in Yog1o. Therefore

dk+1
(3'3'7) ¢07Qk+1 = €2k+2,27% o 1/)0,%’

where the support of £2x42,2,q, is strictly smaller than the support Ay, of 2x41.1,455
and is trivial in Y5542. So

[%0,42142) = [t0,4] It MG(C, Yar12(3))-
Also, for m < 2k,
Emuar = Emyguesr 1€l Yopyo(s).
and

1
Eokt1,a © Eopp1 1.g = E2k+1,054: T€l Yorio(s).
So, for m < 2k + 2,

(338) [¢m,Qk+1] = W}m,q;g] in MG(Cv }/2k+2(3))~

In particular, using this for m = 2k + 2, ¢ = gx and r = gg4+1, we have, from (3.3.5)
for r replacing ¢,

(3.3.9) O1_r 08

w2k+2,q OrOS.

We can generalise to some other g, as follows. Let G be the gap containing the
endpoint of §,. Suppose that the word w for G (see 2.9) starts Lgk“Lz for some
integer k£ > 0, and has no other occurrence of L§k+1, and no occurrence of BC or UC'
before the final C. Then (3.3.3), (3.3.4) hold for all m less than the preperiod of the
endpoint of 3, (equivalently of €2™*?), and (3.3.4) also holds when m is this preperiod,
and (3.3.6) holds with 2k + 2 replaced by this preperiod.

3.4. Numbers of type III components

In this section, for each m, we calculate the number of type III components of]
preperiod m and, and give an upper bound on the number of captures of preperiod m.
in V3 = {h, : a € C}. One basic point of interest is that the second number is less than
the first, for all m > 3, and asymptotically the proportion of preperiod m hyperbolic
components which are captures is strictly less than 1. The exact proportion is an
open question, as it seems to be a hard problem to identify all Thurston equivalences
between captures. Anyway, these calculations give a useful check on the validity of
Theorem 2.10. Each type III component in V3 has a unique centre h, € Ps p, \ P3.m—1
for which the second critical value

(a

o) =~ € 2, (h)\ Zuuca () = ;D0 (Zo )\ Zofa),
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where Zy(h,) = {0,1,00}, for all a € C\ {0}, for a unique integer m > 0. We then
have h"(v2) = 0 or 1, and we write P),(0) or P, (1) for the corresponding sets of]

punctures, so that
P3 \ P31 = P,,(0)U P,,(1).

Now
PO = (L (1) = {2
So
P/ (0) = {a:hgn_1 (4“47;1)2) —a=0, a;éO,l},

Cy < L pmet —(6—1)2>_ a  _ _}
Pm(l)—{a.ha ( 1 a+1—0,a7$0, 1.
So each of P/ (0) and P, (1) is a zero set of a polynomial, and # (P} (0)), #(P/,(1))

are the respective degrees of these polynomials, if all zeros of the polynomials are

simple. In fact, the zeros are necessarily simple, as pointed out to me by Jan Kiwi.
Intersections between V3 and

W ={fea: fig(v2) = 1}

are transversal and similarly for ¢; replaced by fc q(v1). Given an intersection point
between W and V3, a transversal F : {\: [A\| < 1} — W can be constructed so that
F'(0) is the intersection point, and the multiplier of a period 3 point of F(A) is A. We
omit the details, but this is a standard technique which uses the Measurable Riemann
Mapping Theorem, and used by Douady and Hubbard, for example. The polynomials
are divisors of, respectively,

Pm(a) —agm(a), (a+1)pm(a) — agm(a),

where
hm< 2a ) _ pm(a)
“Na+1/  gula)
2
and p,, and ¢,, have no common factors. Note that if a = 0 or 1, then a = %,
a
2
so that A" (7_31) = a whenever m is divisible by 3. Similarly if a = 0 or —1 then
a
2 —(a—1)?
e _ 7(1, so that h™ 1 < (e—1) ) — 2 Whenever m is divisble by 3. So
a+1l a+1 4a a+1

#(P! (0)), #(P.,(1)) are the respective degrees of these polynomials when m is not
divisible by 3, and the respective degrees minus 2 if m is divisible by 3. Now if a is
not a factor of p,,, we have

2 2

Pm+1(a) = (Pm(a))” = (a + 1)pm(a)gm(a) + a(gm(a))”,

Gmt1(a) = (pm(a))?.
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If a is a factor of p,,, then the only possible common factor of the two polynomial
expressions above is a, and so these expressions give ap,,(a) and ag,,(a). Note that
a|po, or po = 0 mod a. A simple induction shows that if p,,, = 0 mod a then ¢,,+; =
0 mod a, pm42 = ¢m+42 mod a and p,,4+3 = 0 mod a. So a is a factor of p,, if and
only if 3|m. Let ¢, d,, be the coefficients of the highest order terms of p,, and g,
respectively. For all m, we trivially have

dmy1 =2, > 0.

Then a simple induction shows that

deg(pm) = deg(gm), 0<2dm <cCm, Cmi1=d2 —cmdn if mis even,
deg(pm) = deg(qm) +1, —dm <cm <0, cCmi1=c2, =cmdy, if mis odd.
Let a,, = deg(p,,). Then we have
2a,, if m =0, 1, 5 mod 6,
Am41 = § 2., — 1 if m = 3 mod 6,
2a,, +1if m =2, 4 mod 6.
Then

a6k+6 = 2a6k+5 = 4agk+a + 2 = 8Bagrt3 — 2 = 16agr12 + 6 = 64agy, + 6
2 2
_ 90k+6 (1 7) e
+ 21 21
So for all m,

o 2
Ay = 2 (1+ 27) +O(1)

More precisely,

—227 if m = 0 mod 6,
24—11fm=1mod6,
2 if m =2 mod 6,

2
am=2m(1+*)

21 +25—1ifm=3mod6,

— 5 if m =4 mod 6,
1

—37 if m =5 mod 6.

For example:
a1 =2,a3=4, a3=9, ay =17, a5 =35, ag="70---

We also have
am + 1 if m is even,

deg(pm(a) — agm(a)) = {

ay if m is odd.
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So
—%ifm:Omodﬁ,
+47 if m =1 mod 6,
2 13 4f m = 2 mod 6,
(3.4.1) #(P! (1)) = 2™ (1+ 7> a1 thm = 2mo
21/ | =48 if m = 3 mod 6,
+% if m = 4 mod 6,
+% if m =5 mod 6.
Similarly,
'—% if m = 0 mod 6,
— o if m =1 mod 6,
2 +13 4f m =2 mod 6,
(3.4.2) #(P,,(0)) = 2™ (1 + —) 21
21 —%ifm:3mod6,
+% if m = 4 mod 6,
—21—1ifm:5m0d6.

For example, starting from m = 1, the values of #(P; (1)) are 3, 5, 8, 18, 36, 69
... while the values of #(P),(0)) are 2, 5, 7, 18, 35, 69 ...

So, adding the values of #(P/, (1)) and #(P;,(0)), the number of type III hyperbolic
components of preperiod m is 2™ (14 Z) + O(1). We note in passing that centres
of type IV components in V3 of periods dividing m are zeros of p,,. So the number of
type IV hyperbolic components of period dividing m, and even of period exactly m,
is 27 (1+ Z)(1+ o(1)).

‘We now consider the number of type III capture hyperbolic components. In fact we
shall not do exactly this, because as already stated in 3.2, we do not have an asymp-
totic formula for the number of distinct Thurston equivalence classes of preperiod m.
among captures of the form o, 0 s3/7 for p € (%, %) U (%, %) We shall actually give a
recursive formula for the number of points in Z,,(s) \ Z,,—1(s) in specified subsets of]
the unit disc, and also give asymptotes of the number as m — oo. This will at least
give a bound on the number of capture components, by Theorem 3.2. We only have
three lamination maps to consider: s;,7, s3/7 and sg/7. The descriptions of captures
up to equivalence in sections 3.1 to 3.3 suggest that we should compute the numbers

myeq = #({z € D(q) : 57 (2) =z, 77 (2) # s5(2)}),

where © = ¢; or sq(v1), and D(q) is the following subset of the unit disc, for each of
q=1/7,3/7,6/7. If g=1/7 or ¢ = 6/7, we take

D(q) = D(L2) UD(C)UAUD(Ry)UD(Rs),
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for C, A, Ry, Ry as in 2.9 for sy /7 (or s¢,7). For ¢ = %, we take D(3/7) = D(3/7,1)U
D(3/7,—1) where D(3/7,—1) = D(R1) U D(R3), using the Markov partition of 2.9
for s3,7, and D(3/7,1) C D(L3) is the region bounded by the leaves of Ls/; with
endpoints at e*27(1/3) and e*27(2/7) In terms of the symbolic dynamics,

D(3/7,1) = U o D(L2**1 Ly).
We then define, for j = +1, = s3/7(v1) or ¢y,

am,x,3/7,j = #({Z € D(Q?J) : S;n(z) =, Sfln_l(z) 7é Sg(m)})

1,8, and & = ¢ or sq(vy). It

turns out that the number a,, ;4 is the same for all four of these choices. We consider

First we consider the calculation of @, 4 for ¢ = L

the Markov partition into the sets

Li, Lo, CUAURURy = X.

The map sq, for ¢ = % or g, maps these partition elements as follows:

L1—>L2, L2—>X, X—>XUL2U2L1,

where X — 2L; means that each point in L; has two preimages under s in X, while
X — X (for example) means that each point in X has just one preimage in X. The

corresponding matrix is

0
A= 0
2

=
== O

0 0 1
for which Ag = 2 1 1],
2 3 2

where the first row of A, indicates the degree of the map of L; to each of L, Ly
and X, and so on. The only nonzero entry of A, in the first row, for example, is the
second one, because L; maps onto Ly, and the 1 indicates that the map onto Lo is
degree 1. Note that all columns sum to 2, because s, is degree two overall. Therefore,
2 is an eigenvalue, with eigenvector

Vg = 21,

4

where this is easily deduced from either straight computation or from the relative
lengths of L; NS, Ly N S* and X N S'. The characteristic polynomial of A4, is

A=2)A2 £ A +1).
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The nullspace of Ag + A + I, which, of course, is also the nullspace of Ag —1,1is

zs3

T1
T = X9 xy+ 22+ 23=0.,.

NOW @y, 4,4 is the sum of the second and third entries of

0 1 _1
7 7
—1 _ —1 2 —1 2
T N R N R
1 4 3
7 7
Now
_1 _2 _1 3
7 7 7 7
2 | — 3 2 2 | — 1
Al =2 | ={ 7 | Al -7 ]=| 7
3 _1 3 _2
7 7 7 7
So
—%ifm=0m0d3,
3
Am,x,q = Qm? +% if m =1 mod 3,
+% if m =2 mod 3,

Now we consider the calculation of a,, ; 3/7,1 and @y, 4 3/7,—1 for £ = ¢ or s3/7(v1).
We use the partition of D(3/7) as the union of the sets D(3/7,1) and D(3/7,—1),
and, correspondingly @, z3/7 = Gm »,3/7,1 + @m,z,3/7,—1- 1t would be possible to do
the computation using a different Markov partition from the one in 2.9, and, given
the nature of the set D(3/7,1), it might seem more natural to do so, But in fact,
because of a calculation we shall do later, in 3.5, it makes sense to use the partition
we already have. In fact, we shall use the coarser partition into the four sets

Li, LyULs3=X;, CUR3 = X5, R{URy = X3.
This time, s3,7 maps these partition elements as follows:
L1—>X3, X1—>X1UX2, X2—>2L1 UXl,X3—>X3UX2.

The corresponding matrix is

A3/7 = s with A§/7 =

S N O O
O = = O
- o = O
= o o =
N O N O
= =N O
e e
= N O
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Once again, 2 is an eigenvalue, this time with eigenvector

V371 =

NN

The characteristic polynomial is

(As/r —2)(A3,, = 1).

Once again, the nullspace of Ag = I is the set of vectors with coefficients summing

to 0. Now @y, 3/7,5(v,),—1 @nd @y, ¢, 3/7,—1 are the fourth entries of, respectively,

Am—l

3/7 3/7

= O O O
o o = O

These column vectors are chosen because the nonperiodic preimages of s(v;) and ¢;
are in X3 and X; respectively, that is, the fourth and second elements of the Markov
partition currently being used. Now

1 _1
0 7 7
0 2 _2
m—1 __om—1 7 m—1 7
ag | ) =2 = R
7 7
2 5
1 7 7
1 1
0 7 7
1 2 5
Am—l _ 2m—1 7 m—1 7
3/7 0 2 + 3/7 2
7 7
2 _2
0 7 7
Now
_1 5 _1 3
7 7 7 7
_2 _4 _2 =8
7 _ 7 2 7 _ 7
A3/7 2 = 4 3 A3/7 2 = 6 )
7 7 7 7
5 3 5 _1
7 7 7 7
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_1 _2 _1 4
7 7 7 7

5 3 5 6

7 _ 7 2 7 _ 7

Asym 2 |- 3 > Azyr 2 | | _1
7 7 7 7

_2 4 _2 1

7 7 7 7

So
—%ifm:0m0d3,

+%ifm:1mod3,
—}-%ifm:OmodS,

U, s(01),3/7,-1 = 72

—%ifm:()mod3,
Am,cy,3/7,—1 = ?27” —% if m =1 mod 3,
—%ifm:2mod3.
For future reference, we record
—1if m =0 mod 3,
(3.4.3) Um,1/7,5(v1) T Om,6/7,5(v1) T @m,3/7,s(v1),=1 = 2™ ¢ +1if m =1 mod 3,
+1 if m = 2 mod 3,

—1 if m = 0 mod 3,
(344) Am,1/7,c1 + Am . 6/7,c1 + Um . 3/7,c1,—1 = 2™ ¢ 40 if m = 1 mod 3,
40 if m = 2 mod 3.

The calculation of a,,  3/7,1 is a little less direct. First we note that, for m > 2,
bm,s(or) = #({2 € D(L3La2) : 85)7(2) = s3/7(v1), 557" (2) # v1})

= #({z € X+ $772(2) = sayr (1), ST3(2) £ v1)),
where the last condition sg};?’(z) # vy is dropped if m = 2. Then by 4(y,) = 0 = by 5(v,)
and, for m > 3, by, s(v,) is the third entry of

0
A 2
1
So if m > 3,
—% if m = 0 mod 3,
bm,s(v1) = %Qm —2if m =1 mod 3,

+$ifm:2mod3.
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If we define b, ., similarly then b, ., =0, b2, = 1, and for m > 3 we have

) —%ifm:0m0d3,
bimer = 5g-2" + 4 +7 if m=1mod 3,
—%ifm:2mod3.

Then we can obtain a,, 3/7,,1 from
Am,x,3/7,1 = E bm—2k:,z~
m—2—2k>0
So we obtain
.
—% if m = 0 mod 6,

—Z if m =1 mod 6,
4

1 om —57 if m =2 mod 6,
Um,s(v1),3/7,1 = 57
(02 3/71 7 91 — % if m =3 mod 6,

—% if m =4 mod 6,

+29 if m = 5 mod 6,

'—i—% if m = 0 mod 6,
2

—57 if m =1 mod 6,
m +%ifm:2mod6,

Am,cy,3/7,1 = —.2
21 —28—1ifm:3mod6,

+%ifm:4mod6,

\—% if m =5 mod 6.

So we obtain, if m > 2, if

t(S(Ul)) = Qm,1/7,s(v1) + Am,6/7,5(v1) + Am,s(v1),3/7,—1 + Am,s(v1),3/7,1>

then:
—% if m = 0 mod 6,
+% if m =1 mod 6,
(3.4.5) t(s(v1)) = (1 + i) gm ) ot ifm=2mod,
21 —%ifm::}modﬁ,
+% if m =4 mod 6,
+% if m =5 mod 6.

The first 6 numbers are
3, 5, 7, 17, 35 65,
compared with the values 3, 5, 8, 18, 36, 69 of # (P, (1))
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Similarly, if

t(c1) = ama/7,e0 + Umi6/7,00 F Omoer,3/7,—1 + Gmey,3/7,15

then:
—% if m =0 mod 6,
—% if m =1 mod 6,
1 +17if m = 2 mod 6,
(3.4.6) t(er) = (1 + —) 2me 2t
21 22 if m = 3 mod 6,
—|—% if m =4 mod 6,
\—% if m =5 mod 6

The first 6 numbers are
2, 5, 7, 18, 33, 67,

compared with the values 2, 5, 7, 18, 35, 69 of #(P/.(0)). The deficit of the captures
from the total in this case is slightly less than it appears to be, because in the cases of|
preperiods 5, the two captures o.053/7 with €2 in the boundary of the gap coded by
L3LoR3L3LoC are not Thurston equivalent, and are not Thurston equivalent to any
other captures. Similar properties hold for the two preperiod 6 captures corresponding
to the gap coded by L3zLoR3L2LyC.

Overall, the deficit of ¢(c;) and t(s(v1)) compared to the values of #(P, (0)) and
#(P! (1)) is equal to
1
—.2™ +0(1).
572" +0O)

This calculation shows that, asymptotically, at most half of the points of
P ,,(a1,+) are Thurston equivalent to captures, that is, at most 2—112’”(1 +0(1)) out
of %2"‘(1 + o(1)). In fact, it is probably considerably less. I would guess that the
number is ¢2™(1 + o(1)) for some ¢ > 0 which can be determined. It is interesting to
note that the average image size of a map from a set of n; elements to a set of ng

(- (- L))"

I thank my colleague Jonathan Woolf for producing and deriving this formula. If
ng = 2n1(1 4 o(1)) then this gives

elements is

na(1—e /) (1 + 0(1)).
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3.5. Check on the numbers in Theorem 2.10

Theorem 2.10 includes a precise formula for the number of type III hyperbolic
2a

ot 1 11
1 or a. Let UP be as in 2.10. Throughout this section, let

components of preperiod m of each of the two possible types, that is, with

the backward orbit of a4

a
s = s3/7. Similarly to the numbers a,, 4 as in 3.4, we define
dm,x = #({Z € D(LQ) : 8:?;7(7") =7z, sg};l(z) 7é 33/7(1‘)})7

em,e = #({z € D(BC) : s5(2) = @, 847" (2) # 83/2(2)}),
for each of x = s3/7(v1) and = = ¢, and let

frpe = #{z € U s3)7(2) = @, 57" (2) #857(2)})

Cm,x = E fm,p,w-

p>0

In the terminology of 3.5, Theorem 2.10 implies that the number of type III hyperbolic
2a
at1

and

components with in the backward orbit of GLH or a is

(351) a’m,x,l/’? + am,z,6/7 + a’m,z‘,3/7,—1 + Cm,x

where z is, respectively, s(vy) or ¢;. The numbers of hyperbolic components are
bounded by, respectively, #(P;, (1)) and #(P,,(0)). So a useful check on the validity
of the theorem is to show that the numbers in (3.5.1) are, for x = s3/7(v1) and = ¢;
respectively, #(Py,(1)) and #(P,,(0)). The numbers a,, 5 1/7 + @m z,6/7 + m.z,3/7,~1
are given in (3.4.3) and (3.4.4). So we only need to compute the numbers ¢, ,;, which
are computed in terms of the numbers f,, , .. Now we claim that, if p > 0,

fm7p+1,w N fm—2,p,z = fm—2p—2,0,$-
There is a lot of cancellation in U? for p > 1:

. Points in S p x+1D(Le) cancel with points in Sy p gD (vp o) for & > 0. The
length of the word ending in Lo in both cases is 4p + 4 + k(2p + 3);

. Points in S5, D (vt,,) cancel with points in Sy p xD(v¢—1,) for all n > 0 and
k>0and 2 <t<p;

. Points in Sy, +1.D(v1,0) cancel with points in Si p xD(vp,1). In both cases the
lengths of words are 4p + 8 + k(2p + 3);

. Points in S p k4+1D(v1,,—1) cancel with points in S, xD(vp ) for n > 2 and
k > 0. Both have length 4p + 5 + 3n + k(2p + 3);

. Points in Sa 5 x+1D(uy) cancel with points in Sy, , D((LaR3)>L2" " uy,) for k >
0;

. Points in Sy , x D((LaR3)2L5" " 'u,,) cancel with points in S, x4+1D(u,) for k >
0.
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So we are left with points in Ss , 0D (v1,0) and points in S , 9D (u,) minus points
in S1,p,0D(uy,) for n > 0 and points in Sy p 0D (v1 k) for k > 0. Note that Ss p 0D (ux)
and S1p,0D(u;) map under s?3% and 2?23k to D(BC) and S2,0D(v1 k) maps
under s2P*3% to D(L3Ly), while D(L3* 'Ly BC) and D(L3*™ Ly) map under s3* to
D(BC) and D(L3Ls) respectively.

So we deduce that, for p > 0,

fm,p,w = fm72,p71,w = fm72p,0,w-
So
Cm,x = Z fm—2p,0,a)-

2p<m
Note that
fm,O,ac = E (em—?)k,w + dm—3k—1,z _ em—3k—2,z)-
£>0,3k<m

Here we define e, , = 0 if » < 0.

Then in the terminology we have previously used, in particular in 3.4, D(Ly) maps
homeomorphically under s to D(C) U D(R3), and D(BC) maps homeomorphically
under s? to D(R;1)UD(Rs), and D(L3LyBC) = S1,0,0D(up) maps homeomorphically
under s* to D(R;) U D(R3). Let

]
I

= o o O
o O = O

depending on whether = s(v1) or ¢;. Then similarly to the calculation of by, , in
3.4, with matrix A = As/7 asin 3.4, dy, 1,2 and e, , are the third and fourth entries
respectively of A™~3(v)for m > 3. Using the decomposition of v as a sum of an
eigenvector of A with eigenvalue 2 and a vector in the sum of the other eigenspaces
of A, we obtain, for m > 4,

€m,s(vy1) + dm—l,s(ul) —Em—2,5(vy) =

5 —(2) (if m =0 mod 3)

S (=Y (fm=1mod3) =2"""+0,
S—1—(2) (if m =2 mod 3)

and

Emer + dm—l,cl —E€m—2,c1-=
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\ ) _%—%—(—%)(ifm:0m0d3)
S2M TP D2 0 d () (fm=1mod3)  =2"7"+0.
-3 — 12— (=2) (if m=2mod 3)

7
We can also check that
d17S(U1) = dz,s(vl) =0,
d1,01 = 07 d2,cl = 17

ery =0 for r < 3 and x = s(v1) or ¢y,

€3,5(v;) = 1, €3¢ =0.
So
€3,5(v1) T d2,5(v1) — €1,s(v1) =1,
€3,c; +d2c, —€1,c, = 0.
We can then check that
+% if m = 0 mod 3,
(3.5.2) Fm0,5(01) = Lom —1 if m =1 mod 3,

14
—%ifm:?mod&

So then we obtain

—%ifszmod67
—%ifmzlmod‘ﬁ,

2 —= if m =2 mod 6,

3.5.3 = 2™
( ) Cm,s(vy) 21

+%ifm:3mod6,

—1Lif m = 4 mod 6,

—%ifm:5mod6.

From this we obtain that

Om,s(v1),1/7 T Cm s(v1),6/7 T Am,s(v1),3/7,—1 + Cm,s(vy) = #( Py, (1)),

as we wanted to check. The calculations for f, 0, and ¢, , are similar, taking onto
account the different values of d,,, .,. We have

—%ifm:0m0d3,
1

(3.5.4) fm0,e0 = ﬂQm —1 if m =1 mod 3,

+%ifm:2mod3.
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So
(— 2 if m = 0 mod 6,
—24—1ifm=1mod6,
(3.55) e = 2m +32 if m =2 mod 6,
7 21 —% if m = 3 mod 6,
+32 if m = 4 mod 6,
—21—1ifm=5mod6.

From this we obtain that

am,cl,l/’? + am,cl,6/7 + am,cl,3/7,—1 + Cm,ci = #(Pyln(o))7

as we wanted to check.
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CHAPTER 4

THE RESIDENT’S VIEW

4.1.

In this section we recall the theory of the Resident’s View from [31] as we need
it. The basic idea is that we shall describe V3 in terms of the dynamical planes off
the three maps hy,, hay and h,, of V3 which are M6bius conjugate to polynomials,
and which are Thurston equivalent to the maps si,7, sg/7 and s3/7. Recall from
the diagram of 2.2 that V3(ag) and V3(ag) are the regions in the upper and lower
half-planes respectively bounded by the hyperbolic coponents Hyi, that V(a;,—) is
bounded by H,, and H_;, and V(a1,+) by H,, and H;. We shall use the dynamical
planes of

S1/7, Se/7, S3/75
to describe the regions
Va(ao), Vs(ao), Vs(ai,+).

This means that we identify type III hyperbolic components of preperiod < m in V3
with points in the set Z,,(s), where s = 51,7 or sg/7, or s3/7. Since the Resident’s
View is actually an identification between universal covers, that is, by paths to points
rather than simply the endpoints of the paths, there is no general reason why we should
have a one-to-one correspondence between the set of type III hyperbolic components
of preperiod < m in V3 with points in the set and subsets of the sets Z,,(s,), for ¢ = %
or & or 2. But in fact we do find such a correspondence in V3(ag) and V3(ag) and
V3(a1;—)- The correspondence is many-to-one for V3(ai,+). The precise statement
will have to wait until the main theorem in 7.11. All the theory described in this
section works for any V,, ,, or By, n,,, but we shall be applying it only in the case n = 3
in the present paper. So, to simplify notation a bit, we restrict to the case n = 3.
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4.2. The maps ¢, @5, p

We fix m and go € Bs,, for which go(v2) = ve. If g9 € V3., then go = h, for

a = ag or ag or a;. We shall always take gy to be one of these, or gy = s4 for ¢ = 1

or g or %, where these are as in 2.3. Although these maps are not in V3 ,,, the ma;)
s1/7 is Thurston equivalent to hg,, and sg/7 to hgy and s3/7 to he,. We write v; and
vy for the critical values of gy, with v; of period 3. Because Thurston equivalence
classes of these maps are simply connected (using our conventions, as noted in 2.4)
there is a unique path, up to homotopy in B3, joining s; /7 and h,, in their common
Thurston equivalence class, and similarly for the other pairs. Inclusion of V3 ,,, in B3,
therefore gives rise to a natural homomorphism from 71 (V3 1, hg) to m1 (B3 m, Sq), for
each of (a,q) = (ao, ) or (ag, 2) or (a1, ). One of the main results of [31] is that
this homomorphism is injective. By abuse of notation we therefore write m1 (Vs 1, sq)
for the resulting subgroup of 71 (B3 m, sq). For any pair of spaces (X, A) with A C X,
and z € X we write m1 (X \ A, A, z) for the set of homotopy classes of paths from
x to A, intersecting A only in the second endpoint, using homotopies preserving A
and z. Then, similarly to the above, we write 71 (V5 m, Psm,Sq) for the subset of]
71(B3,m, P3.m, sq) of homotopy classes which can be represented as a path in the
Thurston equivalence class of s, and h,, from s; to hg,, followed by an element of]
7r1(V3,ma P3,ma hao)'

So now we let gg be any of these six maps h, or s,. We also write Z,, = Z,,(go)
and Y,, = Z,, U {vz}. The universal cover of C\ Z,, is conformally the unit disc
D, for all m > 0. The Resident’s View of [31] identifies the universal cover of V3,
with a subset of the universal cover of C \ Z,, which is the disc. This is done using

set-theoretic injections
P = p(7 gO) : 7r1(B3,7rugO) - ﬂ_l(@\ Zmav2)a

p2 = p2(-,90) : T1(B3,ms Na,ms 90) = T1(C\ Ziny Zyn, v2)
which are defined in 1.12 of [31]. These combine with the injective-on-m; inclusions of]
Va.m in Bs , and of (V3 1, P3.p,) in (B3 m, N3 m) (of which the proof takes up perhaps
half of [31]) to give set-theoretic injections

p: 71 (Vam,go) = m1(C\ Zpm, v2),

p2: 1 (Vaim, P3.ms 90) = T1(C\ Ziny Zin, v2).-
From now on in this work, we shall simply write p for the maps which were called
p and po in [31]. The definitions are very similar. Only the domains are different.
We now recall the definitions in the present context, considering just the definitions
on m1(Vam;90) and m1(Va m, P3m,g0). Let t — g4 : [0,1] — V3 ,,, be either a closed
path starting and ending at go (for the definition of p) or a path from gy to a small
neighbourhood of a point of Ps, \ Ps ¢ (for the definition of ps). Then the path g
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defines a path ¢; of homeomorphisms of C where ¢ is the identity and ¢; maps Z,, =
Zm(90) t0 Zm(g+) and va(go) to va(g:). There is also a lifted path of homeomorphisms
1, defined by g: o ¥y = @4 © go, such that vy is the identity with ;(c;(g0)) = ¢;(g:)
for j = 1, 2. Standard covering space theory gives the lift of ¢; to a homeomorphism
psof C\ {c1(g0),c2(g0)} to C\ {c1(gs), c2(g¢)}, but this extends to a homeomorphism
mapping c;(go) to ¢j(g:) for j = 1, 2. By continuity in ¢, since ¥:(Zn) C g; *(Zm(9t)),
it follows that ¢y = ¢; on Z,,, and ¢; and 1, are isotopic via an isotopy which is
constant on Z,,. It follows that there is a path o; starting from vs(go) in C\ Z,, such
that ¢; and 1; o 0, are isotopic via an isotopy constant on Z,, U {va(go)}. Here, for
any path vy, the homeomorphism o is as in 2.5. In the case when ¢ — g; is a closed
path, & = a; is also a closed path, whose homotopy class in 7 (C \ Z,,, vs) depends
only on the homotopy class of ¢ — g; in m1 (V3 m, go). So in this case we take

p([t — gi]) = [a].

We also define

@1 ([t = g:]) = [spal]
and

([t — ge]) = [91].
Then ®; and ®, are anti-homomorphisms into the modular groups MG(C,Y;,),
MG(C,Y,,+1) respectively. It is shown in 1.11 of [31] that they are injective on
71(B3.m, g0)- It is pointed out in 1.13 of [31] that
(4.2.1) Oa 0 9o =y, 9o,

for @« = p([t — ¢¢]) and 1 = P([t — g¢¢]) as above, where, as earlier, ~ denotes
Thurston equivalence of critically finite branched coverings and ~, is as in 2.4. In
fact (4.2.1) is the defining equation of

Ga = ®2(m1(B3,m> 90))s
or at least one form of the defining equation. The group
G1 = ®@1(m1(B3,m, 90))
is equivalently characterised by
[¢] € MG(C,Yn) : [¢] = [0a 0 9],
(4.2.2) G = for at least one v with ¢ o gg = gg 0 1,
a € 771(@\ ZmaUQ)

Here, part of the definition given by (4.2.2) is that at least one lift ¢ of ¢ by the
equation ggo 1) = p o gg satisfies ¥ = ¢ on Z,,. For further details, see 1.11 to 1.13
of [31].
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We now consider the definition on 71 (V3 1, Ps.m, go). We shall again want to obtain
(4.2.1), with & = p(g¢). Recall that the Polynomial-and-Path Theorem of [29] says
that every critically finite type III quadratic rational map is Thurston-equivalent to a
map of the form o, 0 gy for some gg which is Thurston equivalent to a polynomial, and
for some path « from vy (go) to Z,,(go). First, we consider a path g; with go as before,
and with g; close to an element of P ,, \ Ps o, rather than equal to such an element.
Then we can take ¢, ! bounded except near vy(g;), for ¢ near 1. This means that Uy !
is bounded near c3(g:), and the second endpoint of a; is near the corresponding point
of Z,, for ¢t near 1. We then extend a; by a small arc to a path a from va(go) to Z,,.
Once again, the class of « in 71 (C\ Zn, Zm, v2) depends only on the isotopy class of
the path in 71 (V3 , Ps,m, go) which is a small extension of ¢ — g;. So this defines the
map p on 71 (Vs,m, P3m, go). We then have (4.2.1) as before.

If (a,q) = (a0, %) or (ag, %) or (a1, 2), the images under p(.,h,) and p(.,sq) in
homotopy classes in the dynamical planes of h, or s, correspond under any suitably
close homeomorphism approximation to the semiconjugacy between s, and h,, since
the quotient map of s, on the quotient of the invariant lamination L, is conjugate to
he on the Julia set J(hg). If we define 8 = p(t — g¢, s4), then

0gos~g.

Moreover, we can recover g; up to conjugacy from § and s,. This is described in the
Lamination Map Conjugacy and Lamination Map Equivalence Theorems of [29], and
works as follows. Let L be the closure of the set of geodesics homotopic to the paths
of
UnZo(os 0 5¢) " (Lyg)-

Then an easy homotopy gives a Thurston equivalence between o3 o s, and a map
(unfortunately, in view of the use of p in [31] and in the current paper, called pr, in
[29]) which preserves Lg, and is semiconjugate to g1, under a semiconjugacy which
collapses each leaf of Lg to a point, but little more: the preimages of points are
equivalence classes of the smallest closed equivalence relation generated by: each leaf
of Lg is in a single equivalence class.

The point of the current work, and the way to prove Theorem 2.10, is to choose
a fundamental domain for V3 ,,. This means choosing an open topological disc U in
V3,m, containing go € V3 ,,, whose complement is a union of edges joining up the
points of Ps ,,, to form a tree. Up to homotopy preserving go and P ,,, there is then a
one-to-one correspondence between points in V3 ,,, and the set of paths in U from gq
to P3 . Using p, this will then give a one-to-one correspondence between Ps ,,, and a
certain set of paths in 7 (C\ Z,, Z,, v2). Using (4.2.1), this will give a single chosen
representation of the centre of each type III hyperbolic component of preperiod < m
in the form og o go.
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4.3. The Resident’s View of Rational Maps Space

Now 71(Va,m, go) and 71 (C\ Z,, v2) are naturally embedded in the universal covers
of V3, and C\ Z,, respectively, both of which identify conformally with the unit disc
D. To make the natural embeddings, of course we have to fix preimages gy and
U2 of go and vy in the universal covers. In the same way, 71(V3 m,Psm,g0) and
711(C\ Zumy Zm, v2) identify with subsets of D. So we can regard p as a map from a
subset of 9D to a subset of 9D. The content of the Resident’s View of Rational Maps
Space of [31] was essentially that p extends monotonically to D, with just countably
many discontinuities, with continuous inverse on the set

o = ﬂ(ﬂ'l(VS,vm Ps ., 90))'

Since 71 (V3,m, go) acts naturally on the left of 71 (V5 m, Ps.m, go), this action can be
transferred using p to one on 71 (C\ Z,,, Zn,v2). It can be shown quite easily (1.13
of [31]) that the action is by homeomorphisms of 0D which, of course, restrict to
homeomorphisms on ;. The homeomorphisms are lifts of elements of MG(C, Z,, U
{v2}). As a consequence of the Resident’s View of Rational Maps Space, the action
can be extended (non-canonically) to an action on the Poincaré-metric-convex-hull

D’ = Conv(8;) C D

of 01, which is conjugate to the action of w1 (V3 ,, go) on the universal cover of V3 .
Thus, D is the universal cover of @\Zm, and the universal cover of V3 ,,, has been iden-
tified with a Poincaré-metric-convex subset D' = D’(go) of D, with the 71 (Vi m, 9o)
action transferring to a natural action on the boundary 0D of the universal cover of]
C\ Z, and preserving the subset 9D’ N D = ;.

The action of 71 (V3 m,90) on 71(C \ Z,,, Zy,v2) C 8D has an interpretation in
terms of Thurston equivalence. If wy € 71 (V3 m, P3 m, g0) and wi € m1(V3 m, go0), and

(4.3.1) Br = p(w1), B2 = p(ws), Bz = p(wr *w2),
(4.3.2) [1h1] = [@2(B1)],

then (see also 1.13 of [31])

(4.3.3) B3 = P1* 97 (B2),

and hence, using (4.2:1),
(4.3.4) 085 © G0 gy 08, O Go-

For later use; it is worth pointing out that (4.3.3) and (4.3.4) also hold if we €
71(V3,m, 90), and we modify the definitions of 8, and 3 and add to them:

[ho] = [@2(52)].
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In this case we also have:
(4.3.5) T8 © 0 Zpgoys J05 90 y1oy=1 Of; O Jo-

The action of m1(V3m,g0) on D, regarded as the universal covering space of
C \ Z,, extends to an action of m1(Bsm,g0) on D, which can equally be re-
garded as an (anti)action of ®1(m1(B3,m,g0)) or P®2(m1(Bs,m,90)). The groups
G; = ®;(m1(Bs,m,g0)) are identified in 4.2 using (4.2.1) and (4.2.2). There is
also a natural action of ®;(m1(Bs,m,g0)) on 0D, which extends the action of]
@, (m1(V3,m, 90)), ¢ =1, 2, and is given by the same formulae as in (4.3.1) to (4.3.4).

4.4. Identifying D’

The best way to identify D’ of 4.3, and ®1 (71 (V3,m, 90)), is by identifying 0D’ N D.
The boundary is always a union of (Poincaré) geodesics in the Levy convexr hulls
C(g0,T) (3.13 of [31]) of pairs (go,I") with go € Bs , and for I" a set of simple loops
in C\ Z,,, where (go,T") satisfies the Invariance and Levy Conditions (2.2 of [31]),
and is minimal isometric satisfying the Edge Condition (Resident’s View of Rational
Maps Space in 5.10 of [31]). These conditions mean the following.

— TI' is a set of simple, non-trivial, non-peripheral, isotopically disjoint and iso-
topically distinct closed loops in C \ Y;,, such that T' C 9o L") up to isotopy
preserving Z,,, and every loop in g, 1(1") \ T is either trivial or peripheral in
C\ Zy,. This is the Invariance Condition.

— Every loop v € T is in the backward orbit of a Levy cycle v, - - -, for go and
I', that is, v = 7, for some ¢t > 1, and 7; € I' for 1 < j <t with ;41 C ggl(’yj)
up to Z,,-preserving isotopy for 1 < j <t — 1 and also y; C go_l(’yr) up to
Zy-preserving isotopy, and if 7}, is the component of gy l(vj) which isotopic
to 7,41, and v; C gg (4,) is similarly defined, then 9ol is a homeomorphism
for 1 < j < k. This is the Levy Condition.

— Let E, denote the component of C \ (UT') containing v,. Then the fized set
P = P(go,T") of (go,T") (see 2.8 of [31]) is either a boundary component of Es
— and hence in I' — or is a component of C\ (UI') which is adjacent to FEs.
This is the minimal condition. The fixed set P satisfies a number of conditions:

e P is not a disc,

e there is a component P; of g, 1(P) such that P; = P up to Z,,-preserving
isotopy, and go|P; is an homeomorphism, reversing orientation if P is a
loop and cyclically permuting boundary components, up to Z,,-preserving
isotopy, if P is surface (with boundary).

e The isometric condition means that g|P; is an isometry, up to isotopy.
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In the case of B, and any pair (go,I") satisfying the above conditions, the fixed
set P is either a loop or a pair of pants. So the isometric condition is automatic. Now
we define the set C(go,I"). We use the notation of 3.13 of [31]. Let Ay be the closed
disc containing E», with interior disjoint from P. Then A, is the preimage of A, in
D with v € E,, where v is a chosen preimage of vy in D, and C(go,T) is the union
of geodesics with the same endpoints as the components of dA,. Thus, C(go,T) is
a straightening of components of preimages in D of P or 9P, depending on whether
P is a single loop or a pair of pants which are adjacent to, or in, preimages of P.
There are only two orbits of sets C(go,I") for Bs ,, under the action of m1 (V3 , go)
on D’| because there are only two equivalence classes of loop sets (go,I') satisfying
the Invariance, Levy and Edge conditions, and being minimal and isometric.

So computing D’ means computing sets C(go,I"), which means computing the
fixed sets P = P(go,I'). Now this is easier if we can ensure that A, is not too far

from geodesic. This means ensuring that P or P is not too far from geodesic in C\ Z,,,.

6
11 7
closed loop in C \ Z,, which has only essential intersections with S* can be isotoped,

We specify to the case go = s, = s for some ¢, in our case with ¢ = %, or % A simple
via an isotopy preserving S', to a geodesic. Our set P might have nonessential
intersections because it is defined up to isotopy preserving Y,,, = Z,, U{va}. But then
we can choose P up to isotopy preserving Y,,, and a closed loop a € m1(C \ Z,,, v2)
so that Q = 0, (P) has only essential intersections with S*. Our set C(s,T') is then a
geodesic with the same endpoints as a suitable lift of @ or 0Q), depending on whether
@ is a single loop or a pair of pants. We also have @1 = @ up to isotopy preserving
Zm, for a suitable component @ of s71(Q). It is a fact that « is bound to have at
least one essential intersection with 0Q

Now this gives a criterion for checking whether 8 € 71 (C\ Z, Zpm, v2) has lift 8
in D’. A necessary and sufficient condition for B not to be in D’ is the following
Inadmissibility criterion.

— There is a pair (Q,a) as above and such that the following holds. Assume
without loss of generality that o and 8 have only essential intersections with
0Q. Let a; be the portion of o from the start point at v up until the last
intersection with d@Q. Then there is an initial portion (3; of 8 such that a; and
(1 are homotopic via a homotopy fixing the start points at vy and keeping the
second endpoint in 9Q).

This criterion is essentially considered in [30], and we can use the Nonrational Lami-
nation Map Theorem there to check it, using the invariant lamination Lg defined in
4.2. In our case, this criterion involves analysing the leaves of Lg which have period
two or three, and determining whether the closure of their union can be homotopic to
a set such as ). There are very few such periodic leaves, and therefore not much to
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check. This inadmissibility criterion is a generalisation of the criterion for a mating
to be not Thurston equivalent to a rational map [38], and the results about Thurston
equivalence of capture to rational maps, quoted in 2.6, can be easily derived from it.

4.5. The arc set 2y and the image under p

We consider the picture of V3 with an arc set (q:

V3 and Q

The paths weo, wo, w1 and w_; — which are, in fact, arcs — all start from a; and
end at the points co (the straight line path w., heading to the left), &1 and 0, and
are in the closed lower half-plane. The paths wg, w; and w_; all run close to the same

path from a; to x, which is a path in the hyperbolic component of h,,. The paths
from near T to +1 are then within the hyperbolic components of hy; respectively.
The path from T to 0 passes through @y and is always in a copy of the Mandelbrot
set, corresponding to matings (2.6) of quadratic polynomials in the Mandelbrot set,
minus a limb, with hz;. We also define paths w(, w] and w’ ;, which are simply the
complex conjugates of the paths wg, wi, and w_1. We write w; for the conjugate of]
w;, which is an arc of €, since, if 8 is a path (3 is our notation for the reverse of 3,
and we shall be using this notation. Note that w = wee.

Now we describe p(w, s3,7) for each of w = w/;, w1, wee. The path p(ws) is a
bit different from the others because its second endpoint is not at a point of Zy(s3,7),
but on a closed loop which is itself only defined up to isotopy relative to Z,(s3,7).
This closed loop cuts the unit disc at precisely two points, e¥27*(3/7) Recall that the
path ws, was along the negative real axis. It is not possible to represent p(weo) by
a path along the real axis without hitting Z,,(s3/7) (even if m = 0), so a choice of

representative has been made, which meets the closed loop 7 at e=27i3/7) — £2mi(4/7)
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Other possible representatives of p(ws,) are obtained from the chosen representative
by homotopy keeping Z,,(s3/7) fixed, and keeping the second endpoint on . So
moving along 7 outside the unit disc, another possible representative of p(ws) is the
complex conjugate of the path drawn.

The picture is as follows. The unit circle and some lamination leaves of L3,7 are
indicated by dashed lines

Image under p(., s3/7)

The images under p of w/,; and w’  have been drawn with solid lines and labelled,
but not wy, because the regions Vz(ag) and V3(ag) are best described using p(., s1/7)
or p(.,86/7). (The images under p of wi; and ws, have also been drawn, with solid
lines, but not labelled.) The pictures are correct up to isotopy preserving Z,,(s)
for any m > 0. To see that this is the correct picture, we just consider p(wi, s3/7)
since the other cases are exactly similar. Apart from one common boundary point
between hyperbolic components, the path w/ is entirely in H,, U H;. The common
boundary point represents the parabolic point on 0H,, where the centre of H, is
Thurston equivalent to s3/7 I s1,7, this boundary point also being in 0H,, N OH;. If
we parametrise w] by ¢ € [0,1] with w}(0) = a1 and w{(1) = 1, then we can choose
w} in its homotopy class so that w'l(%) is the parabolic parameter value which is a
common boundary point, and for all ¢t < % ort= % ort > % respectively, va(w] (¢))
is in the fixed attractive basin of h = hy: (), or in the parabolic basin of ¢; (hwi(t))7
or in the attractive basin of c1(hy(r)). We then see that p(w}, s3/7) = Bs,7, as shown
in the figure, and this realises the Thurston equivalence between h; and the type II
capture 05,7 0 83/7 defined in 2.7.

Now we describe parts of the domain of the maps p(.,sq1,7) and p(., s6/7). Recall
that the ares wj and w/,; run close to a common path until they reach the upper-half-
plane common boundary component x of the hyperbolic components containing +1.
A similar statement holds for ag and x replaced by ag and Z, and with w/, , and wj
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replaced by wy; and wy. Now we take adjustments wj ., and w), ., of the arcs wy
and w1, arcs in V3 ¢ which all start at ag, because we shall want to determine other
arcs by their images under p(., s1/7). To do this, we simply choose an arc 7 from ag
to a1, and define w; 4, to be v * w}, as an element of 71 (V3,0, P3,09,a0). So it remains
to define g, as an element of 7 (V3 0,a1,a0). Note that we can then take wy ,, to lie
in the hyperbolic component of h,,, except for the endpoint at 0, and we shall do so.

The arc 7, can be determined up to isotopy in V3 ,,, for any m, by describing
the image of the reverse path ’7(’) under p(.,s3/7) up to isotopy preserving Y, (ss;7)
for any m. Even though '76 is not in the domain of p(.,s3,7) as prevously defined,
any path in V3, between a; and either ag or @y does determine an element [5] of
71(C\ Zm(s3/7),0), and a Thurston equivalence

83/7 ~og 083/7.
The figure in 3.1 should help: this figure gives two invariant circles under s3/7 11
s1/7, the usual unit circle being ; and the other being 72, which is drawn up to
isotopy preserving Yy(s3/7) in the figure. Up to isotopy preserving Yy(ss/7), the path

27i(5/7) apd 27i(6/7)

p('yT’), s3/7) crosses both 1 and v, between e , and has no further
crossings with -2 before returning to ve. We simply refine this description to give
p(%, s3/7) up to isotopy preserving Y,(ss/7): just one essential crossing with . It
follows that p(% * w;ao ,83/7) also just has one essential crossing with o, for i = £1,
and hence p(wg’ao,sl s7) has just one crossing with the unit circle. Examining the

diagram in 2.10, we see that the crossing is at e27i(4/7)

up to isotopy preserving
Zm(81/7), for any m. Write 3, , for an arc from v, = 0o to x, which crosses the unit
circle only at €>™(P) | passing from there into the gap of L; /7 containing z, for x = ¢;

or s1/7(v1) and p = 1/7 or 2/7 or 4/7. Then we have shown that

(4.5.1) P(W] a5 51/7) = Bajtiers PW1 a0 51/7) = Bayt,s(v1)-

We write ﬂ4/7,01,31/7(1,1) for an arc joining c;(= 0) and s;,7(v1), passing between the
gaps containing ¢; and s;/7(v1) via the common boundary point e2™4/7) " Then it
follows immediately from (4.5.1) that

(4.5.2) P(wi,aoyslﬁ) * p(wl—l,a()’ 51/7) = Ba/7,c1,5(v1)-

Similar formulae to (4.5.1) and (4.5.2) hold for @y and sg/7 replacing ag and s, /7, for
loops w; gz = Yo *w;, for vy defined similarly to ). Even without the precise definition
of v given above, it is true that the homotopy class of the arc W1 4, *w] ,, is uniquely
determined in V3 ,,, up to homotopy fixing endpoints, but one cannot canonically

define the image under p of w’ | , * W} .

We also define two more arcs w(/),:l:l,ao from ag to +1, by taking a path close to
Wo,q, followed by an arc in Hi;. So these arcs can be taken to lie in the union
of the hyperbolic component of h,, and either H; or H_;, apart from arbitrarily
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small neighbourhoods of 0. So the arcs wy , and wp 11 ,, are uniquely determined

as elements of m(V3 m, P3 m,ao), for any m. We write 317 ., for an arc from vy = oo

2mi(1/7) | passing from there into the gap

27i(2/7)

to c1, which crosses the unit circle only at e
containing c1, and similarly for 33,7 s(»,), Which crosses the unit circle at e
passing into the gap containing s;,7(v1). Then the homotopy classes of these two paths
in C\ Zp(s1/7) are uniquely determined. Now w{ ; ,, is an arc in H,,UHy, apart from
an arbitrarily small neighbourhood of 0, which is a deleted common boundary point,
while 31 /7 ., is the path defining the corresponding type II capture, and similarly with
1 replaced by —1. So

(453) p(wé,l’a0,81/7) = /81/7,c17 p(w(/),—l,ag’sl/7) = ﬁ2/7731/7(v1)'
It therefore makes sense to use p(.,s3/7) to describe V3, (a1, %), to use p(.,s1/7)
to describe V3, (ag), and to use p(., s¢,7) to describe Vs ,, (ap).
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CHAPTER 5

FUNDAMENTAL DOMAINS

5.1. Fundamental domains: a restricted class

The proof of Theorem 2.10 is simply the construction of a fundamental domain
for the action of m1(V3,,) on D’. In this section we consider the general problem of
constructing a fundamental domain for the action of a finitely-generated discrete group
T" of Mobius transformations, acting freely on the open unit disc D. We specialise to
V3 m in 5.4. We are interested in fundamental domains only up to homeomorphism.
Then F' C D is a fundamental domain for ' if

D =U{y.F:~veT},

and v.(int(F)) Nint(F) = & for all v # identity, v € I'. A fundamental domain
always exists. If T' is a free group, and has at least one parabolic element, D/T is
known to be a compact surface minus at least one puncture, and so I is a free group
containing parabolic elements. Then we can, and do, choose F' bounded by finitely
many smooth arcs with both ends at lifts of punctures, with F' intersecting 0D only
in lifts of parabolics. We shall give a vague restatement of the Main Theorem 2.10 in
5.7, and refine this, in restatements in two separate cases, in 6.1, 7.11.

5.2. Fundamental Domains: construction from graphs and from matching
pairs of adjacent path pairs

The union of the punctures and the projection of 8F to D/I' is a graph whose
complement is a topological disc. Conversely, let G be any graph in V' = D/I" which is
a union of smooth arcs and such that, allowing vertices at punctures, the complement
is a topological disc. Then any component of the lift to the universal cover of the
complement of G is a fundamental domain for T'.

Let P denote the set of punctures of V' = D/T', and fix a basepoint 2o € V. Then
another equivalent way of choosing a fundamental domain with vertices at lifts of]
punctures is to choose a set of arcs Q from z¢ to P, such that the interiors of the arcs
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are disjoint and they all represent distinct elements of 1 (V, P, zo), such that each
component U of V' \ UQ is bounded by either three or four arcs of 2, and is disjoint
from P, but has exactly two points of P in its boundary, provided that #(P) > 2,
as we are assuming. Here is an example. The arcs of 2 are shown as solid lines, and
the edges of the corresponding graph G — which is a tree — by dashed lines. In this
rather small example, there is just one component of V' \ UQ which has four arcs of]
Q in its boundary. All the other components have just three arcs.

An example of a graph

There is exactly one edge of Gq in each component U of V' \ UQ, joining the unique
pair of points in P N AU, and these are all the edges of Go. Two of the arcs of Q in
OU are accessible from each side of e(U) in U. This gives two pairs of arcs (w1,ws),
(wi,w}), in no specified order, such that one pair is accessible from U from one side
of e(U) and the other pair from the other side. One of the arcs wy, wy might coincide
with one of wf, w) but at least three of the arcs are distinct and these comprise all
the arcs of 2 in OU. We call such a pair of pairs ((w1,ws), (w],w))) a matching pair
of adjacent pairs. Note that w; and ws are indeed adjacent in €, and similarly for w]
and wj). By this we mean the following. Take lifts of all arcs in  to the universal
cover, with lifts all starting from the same primage Zo of xo. Let & denote the lift
of wand Q = {&: w € Q}. Then wy and wy are said to be adjacent in Q if &; and
& are not separated by any other arc in €. We can use this concept of adjacency
if Q is any subset of m1(V, P,xo), not necessarily a set of disjoint arcs. Conversely,
to construct Q= Qg from G, we need zy ¢ G, and we then take 2 to be the set
of arcs, starting from xy and which, up to homotopy, intersect G only at endpoints
in P, with one path ending at each sector of the complement of G, at each point off
P. The set of matching pairs of adjacent pairs in () is then determined from G as
above. Any adjacent pair in © does occur as one of a matching pair of adjacent pairs
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for exactly one edge, and is thus matched with exactly one other adjacent pair. The
correspondence G +— () is therefore a bijection.

Given a fundamental domain F' for some group I' which has all vertices on 9D,
and given a vertex v of F', we can define the group element of v to be the product
gr - - - g1 defined as follows. Put an anticlockwise orientation on dF round F. Let
#1 be the geodesic in OF starting at v. Now inductively define a finite sequence of]
geodesics ¢; in OF, and group elements g; € T'\ {1}, such that g;¢; is also in JF.
Thus ¢; uniquely determines g;. Note that each g; : ¢; — g;¢; reverses orientation.
The inductive definition of ¢; 4 is that ¢;;1 is the geodesic which starts at the vertex
where ¢;¢; finishes. Thus, ¢;; starts at the vertex g; - - - g1v. We take r to be the least
integer such that .., = ¢1, equivalently, the least integer such that g, ---g1v = v.
Then g, - - - g1 is automatically parabolic.

Let F' be a fundamental domain in D, G the corresponding graph in the quotient
space V with puncture set P, Q C m1(V, 2o, P) the corresponding arc set. Let A C
m1(V, zo) be the set of elements g such that g.F has a common edge with F'. Then A =
A~ generates 71 (V, z9). The elements of A are in one-to-one correspondence with the
edges of F', in two-to-one correspondence with the edges of G, with the two elements
associated to an edge e being of the form ¢!, and in one-to-one correspondence
with ordered matched pairs of adjacent pairs of elements of 2. This is the set of all
(w1, wa, w],w)), where wy and we are adjacent in  with we anticlockwise from wy,
and w{ and w) are adjacent in  with w} clockwise from wf, and w; and w; end at
the same point of P for ¢ = 1, 2, and the disc with anticlockwise boundary made up
of wy, W}, wh, W is disjoint from P. The corresponding element of A then satisfies
g.w; = w; for i = 1, 2, using the usual action of 7 (V,z¢) on m1(V,zo, P). There is
only one such element g € 71 (V, zg). For suppose there are two such, g; and go. Then
95 191 # 1 fixes the geodesic in D which is the side of F joining the endpoints of lifts
of w1 and wy. It also fixes the endpoints. But there are also parabolic elements ofi
m1(V, zo) fixing these endpoints. For a discrete group of hyperbolic isometries, this is
impossible.

The vertex group elements can then be computed from the set of matching
pairs of adjacent pairs, and the group elements matched pairs, by taking a cycle
(w1, wa, wl,wh), (wWi,wh,wy,wh) ...and taking the product of group elements for each
successive matching pair of adjacent pairs in the cycle.

5.3. Examples of Fundamental domains: the graph from a Julia set

In this paper, we are concerned with the punctured spheres V3 ,,. As we have
seen, this means we are also interested in the punctured sphere C\ Z,,(go) for various
maps go € Bs m, special consideration being given to the maps go = s, for p = %,
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S, 2. A simple way to construct a fundamental domain F for C\ Zp,(s,), or, more
accurately, for its fundamental group, is to take as the graph G the tree T, (sp) which
has as vertices the points of Z,,(sp), and is defined as follows. Two points z; and
29 € Zmy(sp) are joined by an edge in T}, (s,) if and only if the gaps G; and G of L,
containing them are adjacent in the unit disc, that is, not separated by any other gap
containing a point of Z,,(s,), and either one of Gy or G is the gap containing the
critical value, or separates the other one from this gap. Then all edges are taken in
the unit disc and transverse to L,. This completely determines T}, (s,), up to isotopy.
Then T,(sp) determines an arc set, together with a matching of pairs of adjacent
pairs. This example will be important when we come to restate our main theorem

2.10 in 5.7, 6.1, 7.11.

5.4. Fundamental domain for the whole group

The following gives a sufficient condition for a subset F' of the unit disc, with a
pairing of edges via elements of I', to be a fundamental domain for a group I', rather
than for a subgroup of I'. The lemma implies that, in order to construct a fundamental
domain for V', we only need to find Q C 71(V, P,z), together with a set of matching
pairs of adjacent pairs, such that each adjacent pair is matched to exactly one other,
such that the vertex elements are all parabolic, and a rather mild extra condition. We
do not need to know that the elements of €2 are all represented by arcs in V. That is
a consequence, but not a prior condition. The construction of F' from €2 in 4.2 uses
lifts of 2 from a chosen lift £y of xg. The lifts of paths in Q emanating from %y are
homotopic to geodesic rays in D, whether or not the original paths in € are arcs.
Lemma Let T be a discrete group of Mdobius transformations acting on the unit disc
D. Let F be a topological disc in D bounded by 2r geodesics £; (1 < i <r) and v;.4;,
where v; € T', each £; has endpoints at parabolic points of T, and v;. FNF = &. Then|
F is a fundamental domain for a finite index subgroup 'y of ', which is a free group
on the r generators ;.

If, in addition, for each vertex v of F, the group element of the vertez is a parabolic
representing a puncture of D/T | and either D /T is a punctured sphere, or at least one
puncture on D /T is represented by only one T'1-conjugacy-class of a group element of
a vertex of F, then F is a fundamental domain for T.

Proof. — Let I'1 be the group generated by v; for 1 < i < r. Let w, w’ be any two
words in fyiil for 1 <4 < rin which ; and v, ! are never adjacent. Then by induction,
w.F and w'.F are disjoint if w # w’. In fact w.F and w'.F are separated by w”.F,
where w’ is the longest common prefix (possibly trivial) of w and w’, unless one of]
w, w’ is a prefix of the other. If w is a prefix of w’, then w.F and w’.F are adjacent
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if w’ has one more letter than w, and separated by w”.F if w’ has at least two more
letters than w, and w” is the prefix of w’ which has one more letter than w. So I'y is
a free group, and discrete, since it is a subgroup of I'. Now we claim that D =T';.F.
If not, then there is some sequence w,, of increasing words in {yiil : 1 <i<r}such
that w,.F does not converge to a point. Now the minimum distance of F' from w.F is
bounded from 0 unless w = ;" for some 1 < ¢ < r and some m € Z. So the increasing
sequence of words w, must be of the form wk’yii "=k for some wyg and ;. But for
such a sequence, w,.F converges to a point. So now D =T';.F, and since F' has finite
area, I'y must be of finite index in T".

If Ty # T, then D/T is a finite cover of D/T'. We call the covering map 7. If the
group element of each vertex of F' is a simple parabolic element of I', then we can fill in
punctures to obtain closed surfaces S; and S with marked points, and we can extend
7 to a covering map 7 : S; — S, such that marked points map to marked points, and
the inverse image of every marked point of S is a marked point of S;. If we have an
n-fold covering for n > 1, then each marked point on S has n preimages in S7, and
Xx(S1) = nx(S), where x denotes Euler characteristic. So we must have x(S) < 0,
and S cannot be a sphere, We must have n =1 if some puncture is represented by
only one I'; conjugacy class of a group element of a vertex of F'. O

5.5. Fundamental domains for increasing numbers of punctures

Let V be a surface with a finite puncture set P. Now let Q C V be a finite set
with P € Q. Let Fp be a fundamental domain for V' \ P with all vertices at P.
Then we can choose a fundamental domain for V' \ @ by the following procedure.
We can regard Fp as a topological disc in V', and after homotopy on the boundary,
we can assume that 0Fp N Q = &. Fix g € V \ 0Fp. We have a graph Gp and
set Qp of arcs from zy to P, derived from Fp, as explained in 5.2. We also have
matching pairs of adjacent pairs in Qp, as explained in 5.2. Let ((w1,ws), (w],w})) be
any matching pair of adjacent pairs in Qp. Then up to homotopy, wi U ws U w| U w)
bounds a topological disc U in V, containing a single edge e(U) of the graph Gp,
which is also the projection of two matched edges of Fp. We then modify Fp to
a fundamental domain Fg for V' \ @, by changing e(U), for each such U, to a tree
G(e(U)) c UUends(e(U)), satisfying the following properties:

— G(e(U)) is a tree which is contained in U apart from the two ends of e(U), which
are extreme vertices of G(e(U));
— the other vertices of G(e(U)) are all the points of @ in U.

The graph G is the union of all the trees G(e(U)). Then G determines a fundamen-
tal domain for V' \ Q. The arc set Q¢ contains Qp up to homotopy. Each matching
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pair of adjacent pairs is contained in U Uw; Uwy Uw] Uw) for some ((w1,ws), (w],w)))
and U as above.

Let K be the kernel of the forgetful homomorphism 71 (V' \ Q) — m(V \ P). Each
edge e of G p has two lifts in Fp, which are identified by g, € w1 (V' \ P). The element
ge is unique up to replacing it by its inverse. Let €’ be an edge of G(e) € Gg. If one
end of €’ is an extreme vertex of G(e), that is, not an end of any other edge of G,
then g € K. Otherwise, ¢’ extends to a path in G(e) between the endpoints of e,
this path being unique up to homotopy in G(e), and g., projects under the forgetful
homomorphism to g or g; .

Let ¥ p be the (finite disjoint) union of all sets U for Fp, as above. Each OU is the
union of two arcs Wy * wo and uTi * wh. If we have a sequence of fundamental domains
F),, with each F, 11 constructed from F;, as Fg is constructed from Fp above, then
we get a sequence of sets X,,.

Topological discs of the type U C V'\ P will play an important role in the construc-
tion of the fundamental domain for V3 ,,. Let K denote the kernel of the forgetful
homomorphism 71 (V' \ @) — m1(V '\ P). Then OU represents a conjugacy class in K,
if we perturb U isotopically to a set disjoint from P, inside the original U. For then
OU is a simple loop which bounds a loop disjoint from P, but possibly not disjoint
from Q. Now 71 (V' \ Q) acts on D, and the quotient space D/K is homeomorphic to
a punctured disc, on which 71 (V' \ P) 2 m(V \ Q)/K acts. Filling in the punctures,
we obtain the universal cover of V'\ P, which is again the unit disc D up to conformal
isomorphism, and the canonical action of of 71 (V' \ P) on D. Any lift U, of U to D/K
projects homeomorphically to U and any two distinct lifts U, and U, are disjoint, but
in the same orbit under the action of 71 (V' \ Q)/K. Any two lifts U; and Uy of U to
the universal cover D of 1 (V' \ Q) are either equal or disjoint, with U, = ¢.U, for at
least one g € m, (V' \ Q). The stabiliser of U; in 7, (V \ Q) is a subgroup of K.

5.6. Specifying to Vs,

To construct a fundamental domain Fy,4; for V3 41 from a fundamental domain
F,, for V3 ,,,, we shall use the procedure outlined in 5.5, constructing a fundamental
domain for V3,41 from a fundamental domain for V;, ,,. This means that we start
with a fundamental domain for V5. By 5.2, this is equivalent to having a set Qy C
71(Va,0, a1, Ps,0) with matching pairs of adjacent pairs. We use the set Qg of 4.5.

Again, by 5.2, the construction of a fundamental domain for Vj ,, is equivalent to
constructing an arc set €2,, with similar properties, with matching pairs of adjacent
pairs. Note that we do not need to know that (2, is a set of disjoint arcs, if we can
deduce it later on, using the lemma in 5.4. So we only need a set of paths ,, C
71 (V3 4m, 1, Ps ) such that the vertex group elements of the fundamental domain (a
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priori a fundamental domain for a subgroup: see 5.4) are all simple parabolics, that
is, representing paths which go once round punctures of V5 ,,,. We shall define

Qi = {1 *w:w € Qnlag)} U{y *xw:w € ULy (@)} U Qn(ar, —) UQm(a1,+),

where 7{ and vy are as in 4.5. The set 7 * Q,(ag) will consist of the paths of £,
with endpoints in P,,(ao), and the paths of Q,,(ag) will have endpoints in P, (ao),
and otherwise lie entirely in V3 ,,,(ag). Similar properties hold for 7 and Q,,(ag). The
paths of Q,,(a1,—) will have endpoints in P ,,(a;,—), and otherwise lie entirely in
H, U{z,T} U V3 (a1, —) and similarly for Q,,(a1,+). We shall construct Q,,(a) by
constructing the image under p(., s1/7), and Q,(@g) by constructing the image under,
o(.,86/7) and Q,, (a1, %) by constructing the images under p(., s3,7). The sets Q,(ao),
Q. (ag), and Q,,(a1,—) will be constructed in Section 6, and the sets Q,, (a1, +) will
be constructed in Section 7.

Now provided we know that p(Qm(ao),s1/7) € D’ for D' = D'(s1/7) as in 4.3,
and similarly for ,,(ag) and Q,,(a1,+), the Resident’s View implies that adjacency
of paths in Q,, transfers under p. We need to use p(.,s,) for p = % or % or %, for
different subsets of ©,,. So let ¢; and {3 € Q,,(ag) or Q. (ag) or L, (a1,x), and let
B = p(Giysp) for i =1 and 2 and p = %, g or % in the respective cases. Then (;
and (2 are adjacent in p(Q,,, sp) if and only if (; and {» are adjacent in £2,,. So each
adjacent pair of paths in ,, will lie in one of the following sets:

Yo * (Qm(a0) U {wo,a0, Wt1,a05W0,+1,a0 })

and similarly for ag replaced by ag and = replaced by the corresponding path 7, in
the lower half-plane, or

Qm(ah _) U {w—lvwl—l}v

Qn(ar, +) U{wr,w],wee }-
We recall from 4.5 that v} * w; e, = wj for ¢ = 0, £1. Also (v} * wo,1,40,w}) is an
adjacent pair matched with (o * wg 1,35, w1) and similarly with 1 replaced by —1. So
to find a complete set of matching pairs of adjacent pairs in €2,,, it suffices to achieve
a complete set of matching pairs of adjacent pairs in each of the following sets:

(5.6.1) Qn(ag), Qm(a@), Qmlar,—), Qmnlar,+).
We then define

R (a0) = p(2m(ao), Sl/?)a

Ry (a1, =) = p(Qm (a1, —), 33/7)7

Adjacency is preserved by the mappings p(.,sq) for ¢ =

m(ai()) = p(Qm(TO 756/7)7

m(alu +) = p(Qm ay, +)u 83/7)'

5.6.2
(5.6.2) (
6
7

R
R
or % Matching
pairs can also be viewed by considering the images under p(.,). Let ({], (%) be an
adjacent pair in €2,,, and we consider how the property of matching with the adjacent
pair ((1,(2) transfers under p. Let v € m1(V3,,,5,) and let p(vy,s4) = « and let
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®5(y) = [¢71]. Then, as we recalled in (4.3.1) to (4.3.3) (but note that we are now
replacing v by ¢~1),

p(y *¢i) = ax9p(p(G))-
Hence, v * ¢/ = (; if and only if (5.6.3) and (5.6.4) hold for 8; = p(¢;) and B = p(¢)):

(5.6.3) axy(B;) = B rel Yy (sq),

(5.6.4) (8¢ Ym+1(8q)) 2y (0a © 8¢, Ym41(sq))-

In particular, ¥(8;) and f; have the same endpoint, and the paths

B1 * B2, ¥(B7 * BY)

are homotopic via a homotopy preserving Y,,(s,). For any 3; and 8, € m1(C \
Zm (3q)y Zm/(8q),v2) for which (5.6.3) and (5.6.4) hold, we have o = p(7) and [¢)] =
D4 (7) for some vy € m1(Bs m, p). But if in addition §; and 3] € D’(s,) then we know
that v € m1(V3,m, $q), because the stabiliser of D’ in 71 (B3, Sq) i8 1 (V3,m, $q)-

So now we define a matching pair of adjacent pairs in one of the sets of (5.6.2) to
be a pair of adjacent pairs ((01, B2), (81, 3%)) such that each (8;, ;) satisfies (5.6.3)
for some a € 71(C \ Z,n(8q),v2) and [¢p] € MG(C, Y;,41(s,)) satisfying (5.6.4). Then
we can find a complete set of matching pairs of adjacent pairs in €2,,, if we can find
a complete set of matching pairs of adjacent pairs in each of the sets of (5.6.1), and
6 3

or =

each of these sets lies in D’(s,) for the appropriate value of g, for ¢ = 1 2

A

5.7.

We are now ready to give a second, rather vague, statement of the Main Theorem.
Main Theorem ( vague version) A fundamental domain for Vs, can be con-

structed using a set Q. C w1 (Vs,m, P3m, a1) with

Qm:'7(/)*Qm(GO)U’)’O*Qm(%)ugm(aly_)UQ (ala )7

Ry(ao) = p(Qm(ao), s1/7) R (ao) = p(m(@0), s6/7)
Rm(a1,—) = p(Qn (a1, —),83/7)’ Ri(ar,+) = p(Qm (a1, +), 83/7)-
Here:

— 74 and 7o are the paths from hg, to he, hay of 4.5;

— the paths of Qn(a) are in Vi, (a) up to homotopy, apart from second endpoints
in Py(a), and with first endpoints at h,, for a = ag and ag;

— the paths of Q. (a1, +) are in Vi, (a1, +) up to homotopy, apart from second end-
points at Pp,(a1,4), and with first endpoints at h,,, and similarly for Q,, (a1, —).
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5.8. Checking vertex group elements

To know that the set €2, of 5.7 gives a fundamental domain for V3 ,,, by 5.4, we
only need to know that the group vertex elements are simple parabolics. We now
assume that €, is a sequence of path sets, 0 < n < m, as in 5.5, with Q,,_1 C Q,.
Then the vertex group elements of the fundamental domain associated to €2,_; are
projections under the forgetful homomorphism of the vertex group elements of the
fundamental domain associated to €, by 5.5. If the projection under the forgetful
homomorphism of a parabolic element h is simple, then h is itself simple. So to show
that all group vertex elements are simple parabolics, we only need to show this for all
vertices of ,, corresponding to points of P ,, \ Ps,,_1, for each n < m. Now we give
a criterion for this in terms of p(Q,, s).

So let B, Bi2 and Biz € p(Qn,s) C m(C\ Z,(s),v2,Zn(s)) end at points of
Zn(8)\Zn—1(s) for 1 <14 < r and suppose that each ((8;, Bi2), (Bi+1, Bi,3)) is the image
of an adjacent pair of matching adjacent pairs, with §,11 = 8;. Equivalently for each
1 <i <, there is 7; € 71 (V3 ,, s) such that the following holds for [t; '] = ®2(7;):

(581) (Uﬁi+1 oS, Yﬂ(s)) ey (Uﬁi oS, Yn(s))7

(Uﬁz‘,:i oS, Yn(s)) oy (Uﬁi,z oS, Yn(s))
In particular, 8; and ;(8;+1) share a common endpoint in Z,(s) \ Z,—1(s). Write
Vi =wjo---0t for 1 < j<i<rand;,;_1 = identity. Then
(5.8.2) By(y; o+ yi) = [,)]-

Let h; be the element of the covering group of V3, corresponding to 7;. Then 3;
and 1 ;(8;) share a common endpoint for 1 < i < 7, ¥y, (Br+1) = ¥1,-(81) = F1, and
hy---h, is a vertex group element for the fundamental domain corresponding to 2,
under the correspondence described in 4.2. We claim that the following is sufficient

for hy - -- h, to be a simple parabolic element, that is, for 1 * - - - * v, to be a simple
path round a puncture of Vs ,,.

Simple parabolic criterion The cyclic order of paths 91 ;(8;+1) 0 < ¢ < r round the
common endpoint in Z,(s) \ Z,—1(s) respects the order of the indices.

We see this as follows. Let (; be the unique loop which is isotopic in C\ Z,(s)
to an arbitrarily small perturbation of both 8; * ¢;(8i+1) and B; 2 * ¥; (m) Thus
¢i = p(vi, ) and in fact we can see directly from (5.8.1) that

8§ ™2y O¢, 08,
(5.8.3) O

Ce = P(Vk» 8)-
Then for 1 <j<i<r,

8 =4y, 065, 95
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where
Gii = G x5, (Gin) %+ % hji1(G) = p(ys * - %73, 8).

(See (4.3.3), (4.3.5), but this also follows from (5.8.2).) Now (; ; is an arbitrarily small
perturbation of 3; * 1/1“(,617+1) So (1, is homotopic to a simple loop once round a,
point of Z,, \ Z,—1(s). We claim that 7 * - - - * 7, must also be a simple loop. For we
know that hj -- - h, is parabolic. So 1 * --- x 7y, = §P for some p > 1 and simple loop
d round a point of V3, \ V3 ,,_1. So ®3(9) is isotopic to the identity via an isotopy
preserving Z,(s), and by (4.3.5) we have

G = p(0%,5) = (p(d, )"
Since (1, is simple, we must have p = 1.

In our cases, the Simple parabolic criterion is satisfied rather easily. Let R one of
the sets of (5.6.2). Then in all cases, for a cycle of paths §; as above with endpoints
in Z,(s)\ Zn-1(s), we shall have r = 1 or 2. There is only one cyclic order on a set
of one or two paths.
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CHAPTER 6

EASY CASES OF THE MAIN THEOREM

6.1. Restatement of the Main Theorem in the easy cases

We now give detail of the Main Theorem in the easy cases. We recall that for any
q € (0,1) N Q which is in the boundary of a gap G of Ls/7, (3, is a path from v; = oo

to a point of Uy, Z(s3/7), which crosses S! at €?™ into G, and ends at the point of
UmZm(s3/7) in G. We also use ;3 for a path in {z : |2| > 1} from v, to e?™(1/3),
This path is defined up to homotopy keeping the first endpoint and Z,,(s3,7) fixed,
and the second endpoint on the loop £;,3 U él_/lg,

+27i(1/3)

where £; /3 is the leaf of L3,; with
endpoints e
Main Theorem (final version, easy cases) A fundamental domain for Vs ,, can
be constructed using a set Qy, C 71 (Vam, P3 m,a1) with

Qm = ’Y(l) * Qm(ao) U Yo * UQm(TO) ) Qm(al7 _) U Qm(ah +)7

Ryn(a0) = p(Qn(ao), $1/7), Ry (a0) = p(Qn(a0), s6/7)
Ri(ar, =) = p(Qm(a1,=);s3/7),  Rm(ar, +) = p(Qm(ar, +), 83/7)-
Here, v and o are the paths from hg, to he, and hgs of 5.06. The paths of Q. (a)
are in Vi, (a) up to homotopy, apart from second endpoints in Pp,(a), and with first
endpoints at h,, for a = ag and ag. The paths of Qpn(a1,+) are in Vy,(a1,+) up to
homotopy, apart from second endpoints at Pp,(a1,+), and with first endpoints at h,,
and similarly for Qp,(a1,—). The structures of Q,(ao) and Qo (ag) and Q(ar, —)
are as follows.
1. Write s = s1/7. Let T,(s) be as in 5.3. Let T),(s) be the subset of Tpu(s),
obtained by deleting all edges and vertices lying entirely in the smaller region off

2mi(1/7)  e2mi(2/T) | gpart from the

the disc bounded by the leaf with endpoints at e , €
vertex at vi. Then Ry, (ao) is the set of arcs in the complement of Tp,(s1/7),
apart from the second endpoints, from v to the vertices of T, (s), with one path
of Ry,(ag) approaching each vertex between each pair of adjacent edges ending at

that vertex. The matching pairs of adjacent pairs ((81,B2), (81, 05)) of R (ao)
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are defined by the property that 31 * B2 and ,87 x 05 bound a topological disc
containing an edge of T, (s), and B1, B have a common endpoint, as do (2
and 5. Suppose that B; = p(¢;) and B, = p(¢]), and let v € w1 (V3 m,s) be the
element with

'Y*Ci:g7 =1, 2.
Let a = p(y) € 7 (C\ Z,(5),v2) and ®o(y) = [1p~!] € MG(C, Yyn11(8)), that
is, similarly to 5.8:

(6.1.1) (8, Ym11(5)) =y (00 0 8, Yin11(5)),

(6.1.2) ax(Bl) =B in 1 (C\ Zn(8), Zim(s),v2).
Then v fizes the common endpoint of B; and 5] fori=1, 2, and
(6.1.3) By % By = (6] * BY) rel Zyyi(s).

Ezactly similar statements hold for R,,(ag), with %, % replaced by g, %

2. Exactly similar statements hold for R, (a1, ~). Here T} (ss/7) is obtained from
T (s3/7) by deleting all edges and vertices lying entirely in the larger region of
the disc bounded by the leaf with endpoints at e2™*(1/7)  e27{6/7) " apart from the

verter at s3/7(v1).

6.2. Derivation of the first version of the Main Theorem from the second

One claim of 6.1 is that two paths in V3 ,,(ao) or V5., (@g) or Va (a1, —) end at
the same point of Ps ,(ag) or Ps ., (@g) or Ps (a1, —) if and only if the images under,
p2(., Sp), for p = % or g or %, have the same endpoint in Z,,(s,). Another claim is
that, for any path w in V3,, with such an endpoint, ps(w) = § for 8 with a single
S'-crossing and thus, as we have seen in 2.8, if w ends at a, hq is Thurston equivalent

to the capture og o sp,. So all maps h, with
a e P3,m(a0) U Pg’m(%) U Pg’m(al, —)

are Thurston equivalent to captures of the types claimed in 2.10, and the paths in
Q. (ag), Qm(ag) and Q, (a1, —) are completely determined by their images under py
in Ry, (ap), Rm(ao) and Ry, (a1, —). Note that by Tan Lei’s result, summarised in
2.6, all these captures are indeed Thurston equivalent to rational maps, so that the
sets R (ao), Rm(a0) and Ry, (a1, —) do lift to D'(sp) for p = %, &, 2. Furthermore,
the restatement of 6.1 implies that we have a fundamental domain for V5 ,,, such that
the associated tree intersects V3 ,,(ap) in a tree which is naturally homeomorphic
to T,,(s1/7), and similarly for V3 ,(@o) and V3,,(a1,—). So we have a one-to-one
correspondence between Py, (ag) and T}, (ao) N Zy(s1/7), and similarly for P, (ao) and
T, (@0) 0 Zm(s6/7), and for Py (a1, =) and T, (a1) O Z;(s3/7). So captures with the
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same endpoint in any of these regions are Thurston equivalent — which we already
saw directly in 2.8 — and there are no further Thurston equivalences. The map
a — w(a) in these regions is not completely canonically defined, but paths wth the
same endpoint in Pj ,,, (a0) UP3 m (@o) U Ps (a1, —) are mapped under p(., s,) to paths
with the same endpoint, we can choose w(a) to be any path in Q with endpoint at a,
for all such a.

6.3. Proofs in the easy cases

The completion of the proofs of Theorem 6.1 in the case of R,,(ag), Rm(ag) and
R,.(a1,—) are all very similar, so we concentrate on the case of R,,(ap). Write
s = s1/7. We only need to show that pairs of pairs of adjacent arcs ((61, B2), (61, 52))
of R,,(ap) which bound a common edge e of T}, (s) are indeed matched as claimed,
that is, there is a € m1(C \ Zn(s),v2) and [¢)] € MG(C, Y, (s)) such that

(6.3.1) ax(B) =~ B; rel Yiu(s),

(s1/7,Ym(5)), >y (0a 0 5, Yim(s)).
This will imply that

(6.3.2) Op1 082y 0p, OS.

We also need to show that v fixes the second (common) endpoint of 3; and 3. The
Simple parabolic criterion of 5.8 then follows from the fact that every vertex of T} (s)
in Zm(s)\ Zm-1(s) is a meeting of at most two edges of T (s). In the first two cases,
such vertices are always extreme, and therefore attached to only one edge.

Assume without loss of generality that 3; *[7{ bounds an open disc D(3;) containing
B2 * (35, and let r be the greatest integer such that D((;) does not intersect Z,_(s).
Then r > 1. In the case of R;,(ag), r is greater than the preperiod of the endpoint
of B1. In the case of R,,(a1,—), this may not be true, but this does not matter. Let
a, be the closed loop which is an arbitrarily small perturbation of dD(5), and in
D(f1), apart from having endpoint at ve. Then «, bounds a a disc D(a,.), whose
intersection with T, (s) is a subtree of T,,(s), with basepoint on e. Then we define

'([)r = Oaq,,

and define ay,, ¥, inductively for p > r by

(6.3.3) Yp 08 =0q, 0850 Ppi1,

and . is an arbitrarily small perturbation of 8y * 4, (5]). Write
(6.3.4) pa1 = & 0 Uy,

Then

ép o d}p 0S8 = Uap+1 080 ép—i-l o ¢p+1,
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giving
& 00y, 080Ypy1 = Capin 050&p4+1 0 Ppt1,

and since &, () is a perturbation of &,(831) * ¥,+1(53,), we obtain

(6.3.5) €poop, 08 =0, 050&p11.

Then the support of &, is contained in (o, o s)""P~1(D(¢)), and does not intersect
the edge e for m > p > r, nor the adjacent vertices. So 1, fixes the common endpoint
of §; and S} for both ¢ = 1 and 2 and for p > r. The support is allowed to intersect
31 and (B} elsewhere, and almost certainly will. Then for p = m, a,, = a, ¥ = ¥,
we have (6.3.2) for ¢ = 1, 2. So we have all the required properties. O
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CHAPTER 7

THE HARD CASE:
FINAL STATEMENT AND EXAMPLES

7.1.
Throughout this section, we write

8§ = 83/7,
Y, =Ya(s) = Yn(33/7)7
Zn = Zn(s) = Zn(33/7)'
Also, UP is the subset of the unit disc defined in 2.10, and, as in 3.3,
1 1

=_ 277 _
=3 21

7.2. Some conjugacy tracks

We recall the notation 1., 4 of 3.3 for the conjugacy, up to Y,,-preserving isotopy,
between o, 0 s and o1_4 o 5, remembering that ¥mi1,q = &m,g © Ym,q- In 3.3, we
defined 9, 4 for ¢ = g and 0 < m < 2k 4+ 2. We can extend the definition to
all m > 0 by defining oy, g, and ¥p,41,4, inductively for m > 2k + 2 as follows.
We define a4, to be an arbitrarily small perturbation of B4, * ¥m. ¢, (B1—g,) Which
bounds a disc containing v; and disjoint from the endpoint of 3,, . Note that 2512 g,
is the identity on (;_g,, and hence o424, is an arbitrarily small perturbation of]
Bai * B1—q,- Writing ¢ = g, , we then define 9,11, for m > 2k + 2 by

(7.2.1) O © 50 Vmil,q = Ym,q OS5,
and
(7.2.2) [Ym+1,g] = [¥m,q] in MG(@, Yin(s))-

As in 3.3, we then define &, 4, for all m, and for ¢ = g, by

Ymt1,g = Emq O Pimg-
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As in 6.3 we then obtain that, for m > 2k + 1,

(7.2.3) 08,°8°&my1,g =&m,q©0p, 0.

The support of &,, 4 is a union of annuli

(7.2.4) Ay = (05, 0 )17 (Agps )

for m > 2k + 1, and

(7.2.5) Crm,q = (03, 05) ™ (Coq)

for m > 0. In the case ¢ = % we still have this, but we also have

Aoy = (02/708) "™ (A1 97),
and
Crn,ay7 = (097 0 8) 7" (C4 2/7)

for m > 1, remembering that s, /7 = ac_z% 008,,, 08, and that (/7 C 5_1(52/7), which
is disjoint from A,, 5/7 for all m > 1.

The definition of &, 4 from the sets A, ; and Cy, 4 is given, up to isotopy preserving
Y,, for any n, in terms of beads on the sets A,,  and Cy, 4. A bead on A,, 4 is a
component of A, , N {z : |z| < 1}. The definition of a bead on C,,, is slightly
different, and in addition, there are two different types of bead on C,, 4 for ¢ = ¢
and k > 1, but only one type of bead for £ = 0, that is, for ¢o = % The easiest way to
define them seems to be to define the beads on Cj 4, which we shall do shortly. The
beads on Cy,  are then the preimages under s™ (and also under (o, o 5)™) of the
beads on Cy 4. The homeomorphism &, 4 sends each bead on A, , to the next bead
on the same annulus component of A,, 4, in the anticlockwise direction, and sends
each bead on (), , to the next same type bead on the same annulus component, in
the clockwise direction. We now describe the sets in some detail.

First, we draw A,, 5,7 for 1 < m < 5. We draw Cj5/7 on the same diagram as
Aj2/7. The intersection of Cy o7 with U,Y,, is contained in the (non-closed) disc
which is the smaller component of {z : |z| < 1} \ 4, where £ is the leaf of Lg/;
with endpoints at e=27(1/7) We can choose a smaller disc within this disc, which is
closed, is contained in Cy /7, contains all the points of U, Y,, within Cj /7, and does
not intersect £, although it does contain the endpoints e=27(1/7), This is the unique
bead on Cp /7. In the case m = 5, we only draw two of the components of A5 /7,
and these on separate diagrams. We also draw one component of A 5/7.
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We see that A,, 2/7 has just one component for m = 2 or 3, and two for m = 4. We
call the lefthand component Ay ; 2/7, and the righthand component A, 5 2/7. Then
the map 05,708 : As12/7 — Ay 1,2/7 is degree two and As 1 5/7 is homotopic to Ay 5 /7
in C\ Zy(s). We let A5 34/7 and As 3 4/7 be the two components of the preimage of]
Ay 2,2/7, with As 5 9/7 to the left as drawn. On most of the diagrams, we have labelled
intersection points of only one boundary of the annulus with the unit circle S*, using
the convention of writing z for €27,

For A5 1 2/7, As2,2/7 and Ag 2 2/7, there is not space to include all the labels, even
on one side of the annulus. For Ajs; /7, starting from the outer edge of the top
leftmost intersection point with S, the points, proceeding in a clockwise direction
round this edge, are: 2 (as labelled), and then:

37 75 43 41 79 33 16 93 19 15 13 23 8 9

112° 112° 56’ 567 1127 11277’ 7’ 112’ 112’ 56’ 56’ 112° 112° 14°
The width of this annulus is 2%2. For As 5 o/7, starting at the top rightmost intersec-
tion point with S! and proceeding in a clockwise direction the intersection points are

3+ (as labelled) and then:

76 4T 29 27 5161
287 1127 112° 56’ 567 1127 112°

The width of this annulus is also % For Ag /7, starting at the top leftmost

24
intersection with S' and proceeding in a clockwise direction on this edge, the points

are 1t (as labelled) and then:
65 159 85 83 163 173 39
224’ 224’ 112° 112’ 224’ 224’ 56°
The width of this annulus is ﬁ.
The beads on A, 2/7 can be described by their words: each bead is D(w) for a
word w, where D(w), as in 2.9, is the set of points (topologically a closed disc) labelled
by w. For A; 5/7 we have just one word:

Ls.
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The homeomorphism §; 5,7 maps this word to itself, rotating the annulus A; 5/7 in
an anticlockwise direction. For A, 5,7 we have:

L% — (top)R3L3 — (bot)L3.

Here, and subsequently, the arrows denote the direction of movement of beads in
Ap,2/7 under &, /7. For Az 5/7, we have:

LyR3L3 — L3 — RyR3L3 — R3L3 — LoR3Ls.
For Ay /7 we have two cycles, in Ay ;15,7 and Ay /7:

LiRyR3L3 — LoR3L? — L3LyR3L3 — L3 — LiRyR3L3,

RiRoR3L3 — RyR3L2 — R3LyR3L3 — R3L3 — RiRyR3L3.

For Aj 5,7 there are three cycles, in As ; 5,7 for i = 1, 2 and 3, with 8 beads in As; 57,
as was shown. The cycle for A ; 5,7 is:

(bot)BCLiRyR3L3 — (bot)L3LyR3L3 — (top)RsL3LyR3L3 — (bot)RsL3 —
(top)UCL1RyR3L3 — (top)R3LaR3L2 — (bot)L2LyR3Ls — (top)L3 —

(bOt)BCLlRQRng.

Inductively, for m > 6, we define a component A, ;1 2/7 to be a component of]
Apy1,2/7 Which is a preimage under 05,705 of A, 1 2/7, and homotopic to Ay, 12/7
in C\ Zm—4(s). The connection L — (top)RsLs3 in Ay o7 is essentially periodic of
period 3. It reappears in As ; 5/7 with:

L3LyR3L2 — (top)RsLsLyR3Ls,

and similarly in As, 91 9/7 for all n > 1. All other preimages remain close under
backward iterates. Even if the first letter is not the same, as in Lsw; — BCws,
there is only way letters can remain different under taking preimages, for this one, for
example, by taking (LyR3L3)™wi — (L1RoBC)™wy. We call A, ;1 2/7 the periodic
component of A, 57

Now we draw some of the sets C,, o/7.
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Now, similarly to what we did for the sequence A,, 5/7, we consider the words for
the beads on C,, 5/7 for m > 2. For all m > 1, the set C,, 5/7 has more than one
component, but one bounds a disc containing a component of Zy(s). We call this the
periodic component. The beads are again labelled by words. In fact, each bead is the
union of the closure of the interior of D(w) for a word w, for D(w) as in 2.9. The
word path for the periodic component of Cj 57 is

UC — BC - UC.
This has one preimage in Cs 5,7, represented by:
RyBC — Ry UC — LyBC — LyUC — RyBC.
This has two preimages in Cy 5/7:
(top)L1R2; BC' — (bot)L1 R UC — (top)L3LyBC — (bot)Ls L UC —

(tOp)LlRQBC,
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(bOt)RleBC — (tOp)RlRQUC — (bOt)RgLQBC i (tOp)RgLQUC —
(bOt)RlRQBC
The first of these is the periodic one, and its preimage in Cs 5,7 is represented by:

BCLRy;BC — BCLRyUC — (top)L3LoBC — (bot)L3L,UC —

UCLlRQBC — UCLlRQUC — (bOt)RngLQBC — (tOp)RngLzUC —
BCL,R,BC.

As with the A,, 5/7 sequence, there is only one segment of track which is periodic,
again of period 3. This is the piece represented by

(tOp)RngLQUC — BCLlRQBC,
which has third preimage

BCL1R2R3L3L2UC — (tOp)LngBCLlRQBC

Now we make some remarks about the sets A,,, and C,, 4 for k > 1. Write
04, for og, where 8 = B, The general shape of the sets A,, ,, , for m < 4, is the
same as for A,, 5,7, but the beads are thinner. So we have two components Ay g,
and Ag2 g, of A4 g, with Ay 4, on the left and Ay 24, on the right. The annulus
Ay g, is homotopically trivial relative to the critical forward orbit of o4, o s, and
consequently the preimages under (o, o s)™ % of Ay, in A, are homotopic to
corresponding components of A,, 5,7 in Z,,_3(s). But the preimage under o, o s in
As g, of Ay 14, has two components for £ > 1, and, therefore, subsequent preimages
are different. Inductively, for m > 5, we define a component A, 1.1,q, of Ar, g, Which
is a component of (o4, o s)~!(An.1,4) and homotopically nontrivial in C \ Zo(s).
These properties determine Ay, 11,4, uniquely. Then A,,41,1,4, is a homeomorphic
preimage of A, 4, for 5 < m < 2k + 4, and a degree two preimage for m = 2k + 4.
Moreover, Asgy51,q, is homotopic to Ag g4, relative to the critical forward orbit of
0q, 08, and Apyop43.1,q, a0nd Ay, 14, are similarly homotopic, for all m > 3, defining
A3z g, = As1,q,- Wecall Ay, 14, the periodic component of Ay, 4., just as we did in
the case k = 0.

For Cp g4, for kK > 1, the annulus has a rectangle next to the leaf with end-

pOthS ei27ri(1/7)

. The other vertical side of the rectangle is the leaf with endpoints
e2mi(ax/2)  This gives the second type of bead on Co,q,, referred to above. The
preimage in Cs g4, of the periodic component of Cs 4, has two components for k£ > 1
and so again, of course, subsequent preimages are different. There is a component of]
Cok+3,q, Which is in the backward orbit of the periodic component of C5 4, and which
is a degree two preimage of a component of Co;424,. This is a natural analogue of]

the periodic component of C3 5 /7.
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7.3. Another sequence of homeomorphisms

Let Bg,, Qm,q, and ¥, 4, be as in 3.3 and 7.2. We are now going to define new
and 1)/ for p > 0 and m > 0. For m = 0,

sequences q, i

W
g, = Q2/7, Vo,q, = Y0,2/7-
For m < 2p+ 2,
Vingyir = Yoy
and 3, is defined by:
2p,q, * Vop g, (Bg,) = Ba,-

and, for m < 2p + 1:

! !/

m,qp+1 amaqp .

But azpy2,4,,, is such that

’ 7 - Ny
Q2p 12,11 ¥ X2pt2,q, = Yapt1 * Xgy-

Then inductively for m > 2p, we define 1/);1“,% in terms of w;,l,qp, for ¢ = gy, by:

(7.3.1) Oa,, 080 w:wrl,q = d’v/n,q ©8,

(7.3.2) Vint1.q = Ymg 1€l Yo,

and for m > 2p, we also define a;, . in terms of 8 and ¥y, 41, by: af, g, is
an arbitrarily small perturbation of

Ba, * ”‘/J;n+1,qp (@)
Finally, we define S;n’qp by

A ! A
¢m+1,qp = gm,qp °© QZ)m,tzp‘

As an example which we shall consider later, let p = 1. Then:
1//1,9/28 = 1ﬁ1,2/7a 51,9/28 = 51,2/77

Ph.9/08 = V2,207 = E1,2/7 0 P1,2/7-
Recall from 3.3 that 11 3/7 is a composition of anticlockwise Dehn twists round the
boundaries of two discs, which we call Dy,7, and D_ /7. Meanwhile, &; 5/7 is a com-
position of anticlockwise Dehn twists round the boundaries of the two disc components
of sfl(D_’2/7) and a clockwise twist in the annulus A; /7, that is, a clockwise Dehn
twist round the outer boundary composed with an anticlockwise Dehn twist round
the inner boundary. Then we see that 3 /28 = B19/28, and

%,9/28 = 13,928 Tl V3.
In fact

/ "
¢2,9/28 = €2,9/28 S ‘/’2,9/28,
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where E;’,g /28 is a composition of clockwise twists in annuli — in each annulus, the
composition of clockwise twist round the outer boundary composed with with anti-
clockwise twist round the inner boundary — where each annulus is trivial in Y3. In
fact there are four annuli involved. One annulus is the subannulus of A, 5/7 bounded
by the component of dA; 5,7 crossing S* at e+27(5/14) and by an interior loop of A; 57
whose intersection with the unit disc is the leaf between e*27%(9/28)  The other annuli
are the one which intersects the unit disc only between e=27#(9/56) and e+274(1/7) and
which bounds a finite disc, and the two preimages of this one under s. It follows that

¢:§,9/2s = 1)3,9/28 rel Yy,
and indeed for all m > 2,

A
Vim,0/28 = Ym,9/28 T€l Yo i1,
Moreover if we write
/ Y/
wm,9/28 = §m,9/28 0 Pin,9/28

then the support of 659/28 is disjoint from (19,98 * 857 and the support of 52’9/28 is

disjoint from fB75/112 * B19/28- Extending this gives the following lemma.

Lemma

(7.3.3) gy = Umog, = Qg = 0 T (C\ Zpny1,v2) for m > 2p
(7.3.4) [1/1;]7%] = [¥m,q,] in MG(C, Yy 41) for m > 2p,

(7.3.5) SUPP (Vy12,4,) N (Biog, * Bi-g,s Us  (Big, , *Bi1-q,)) = 2.
(7.3.6) By, = B1—q, pointwise.

Proof. — The proof is by induction. These statements are trivially true for p = 0.
Now suppose that they are true for p and we prove them with p+ 1 replacing p. First
we prove (7.3.6) for p + 1. Since 95,15, . = Y5, , by definition, we have, by the
definition of 3, and a,o, ., and &g, 5,
a’2p+2,qp+1 * 0‘/2p+2,qp = Q2p+2,gp11 * A2p42,q,-
Qyping ., = Perturbation of By, * 5,5, (B )
Oy, = Derturbation of By, * 45, 5 . (B )

So, from the definition of Q2p12,q, ANA Q2p42.g,, 15

! . ! o e 2 a2
,quﬂ * ¢2p+2,qp (ﬂfllerl * ﬂqp) * ﬁqv = ﬂqv+1 * ¢2P+2,qp (/Blfqpﬂ * ﬁl*qp) * ﬁqp'

So this gives

! 2 / o
Vap19,0, (Bapr * Bgy) = Brogps * P1g,-
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Then (7.3.5) gives ﬂ;pﬂ = B1—q,,1, as required. Now (7.3.3) for m = 2p+2 and g, 41
follows from the definition of &%, 5, . and (7.3.3) for m = 2p + 2 and g,. Also,
(7.3.4) for m = 2p + 2 and ¢p+1 follows from (3.3.8):

[V2p+2,0,01] = [Y2pt2,6,] I MG(C, Yaps3).
Now we prove (7.3.4) and (7.3.3) for g,+1 and m = 2p + 3. Write r = g,y and
q = qp- We have, since 95,5 . = 15, 5
Oaly,p, 08° wép-&-&r = ¢ép+2,q ©s

But from what we have for m = 2p + 2, this gives

/ _
Oagpia,r 080 ¢2p+3,7‘ = ¢2P+2,q o s rel 1/211+4'

Since ¥y, 3, = ¥y, ., relative to Yo, 43 and the same equation is solved by w2y 3.,
relative to Y,43, we obtain

’ . =
"/12p+3,qp+1 = ¢2p+3#1p+1 m MG((C7 Yép+4)'

Then we obtain, from the definition,

o‘,2p+3,qp+1 = O2p43,p41 in 7y (6\ Zap+a, va).
In exactly the same way, we obtain (7.3.3) and (7.3.4) for g,4+1 and m > 2p + 4.
Finally, we consider (7.3.5) for gp41. Write

m,qk = fm sqk ° wmﬂlkv

for k = p and p+ 1. Write
X1 = Bapis * B, U S_I(T%* Bayp1)

N JFp—
Xo = /6%+2 * ﬁqP+l Us (ﬂqp+l * ﬁqp)'
Since the support of 92,144, o is disjoint from Xs, it suffices to show that fé’p F4api1

is disjoint from X5,. Define for 2p+2<m <2p+4by

m,qp
w2p+2,qp ¢2P+2>Qp ?

and for m = 2p + 3 and m = 2p + 2, ¥/,
and for r = qpy1,

oy is isotopic to P2p12 4, Telative to Yo, 4o,
Ootpy—1,r ©80© Vrm map = Y- 1,g © 5
But for £ = 2p + 3 or 2p + 4, we can write

5 "
kvqp+1 kyqp+1,1 kyqp+1,2°

where

/l/) _ £ "
k.ap+1 — Skygpt1,l k,ap

and

d)kquﬂ §k>‘Zp+1, wk’qp+1'
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Now the support of ffc,,q,,ﬂ,l is contained in the preimage under (og, o s)*2P=2 of
the support of 55’174_27%. Since the support of 55’174_27% is disjoint from X7, the support
of fé/p+3,qp+1,1 is disjoint from ,,,, * Bq,. The support of 92543 4,,, is the preimage
under og_o s of an annulus which intersects the unit disc between the leaves with
endpoints e*27%r+1 and e**mr+1, The preimage is disjoint from X, So now the
supports of §§;+4,qp+171 and £3,, 4o are obtained by taking preimages under og, o s
again, and must be disjoint from X5.

This completes the proof of (7.3.5) for ¢p41. O

7.4. Hard part of the fundamental domain: the first few cases

In this subsection, we describe the part of the fundamental domain corresponding
to Vi .m(a1,+) for m < 5, with some partial information in the cases m = 6, 7. To
do this, we shall describe the set Q,,(a1,+) in terms of its image R,,(a1,+) under
p. Three paths in ,,(a1,+) (for any m) have already been chosen: wi, w| and we.
The images under p(.,s) are, respectively, B5/7, B5/7 and (i3, or equivalently, (5/3,

since (1,3 and (/3 are homotopic under a homotopy moving the second endpoint
-1
1/3°

As in the proof of the easy cases in 6.3, we need to

along 7;,3. Here, 1,3 denotes the closed loop ¢;,3 U ¢
+2mi(1/3)

where £;,3 is the leaf of
L3,7 with endpoints e
describe matched pairs of adjacent pairs in Ry,(a1,+). As in (6.3.1), the adjacent
pairs (81, 62) and (81, 53) in R, (a1, +) are matched if there is [1)] € MG(C, Y,,(s))
and « € 71 (C \ Z,,(s), v2) such that

(8, Y (s)) =y (0a 05, Yim(s))
Bi = axy(B]) rel Yy, (s), i=1,2

In particular, 51 * 32 and 1/)(57* B%) are homotopic via a homotopy preserving Z,,.

(7.4.1)

We are going to try to make choices so that §; * 82 and 1/)(?{ * (35) are disjoint arcs,
after arbitrarily small perturbation near vs, bounding an open disc disjoint from m.

If (B2/7,B2) and (Bs/7,B3) are adjacent pairs in R,,(a1,+), then these are always
matched by [¢)] = [tm,2/7] and ay, 2/7, Where ., 2/7 and ¥, 5/7 are as in 7.2. For
m < 2, ¥, o7 is the identity on 35,7 and a,, 3,7 is an arbitrarily small perturbation
of Ba/7 * Ym,2/7(Bs/7)-

We are now ready to start an inductive construction of R,, (a1, +) with a matching
of pairs of adjacent pairs. After homotopy preserving endpoints if necessary, 3,7 and
Bs,7 are disjoint from 7,3 and also from (,,3, apart from the common endpoint at
vp. Also, after homotopy preserving endpoints if necessary, 3, /3 is disjoint from =, /3,
apart from the second endpoint being in ;3. Then B5/7 U 85,7 U 81,3 U1/3 bounds
an open topological disc containing just one point of Zs(s), namely the common
endpoint. of By/98 and B19/2s. (The boundary of this disc is not an embedded circle.)
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Also, 13 9/7 fixes both 35,7 and (5,7, and 93 2/7(082/3) is homotopic to (/3 via a
homotopy fixing endpoints and Zs. Moreover, (7.4.1) holds for m = 2, and
(B1,B2) = (Bay7,Bo/28), (B1,05) = (Bs/7:Br9/28), @ = 2/7, ¥ =129/7,

and also for

(B1,B2) = (/69/2&51/3)’ (51:5&) = (/319/28751/3)7 a = 2 9/28, Y= 1/)2,2/7~

So then we can define

Ra(a1,+) = {B2/7, Bs/75 Boj2ss Biojass Biyss }s

where the adjacent pair (82,7, 89/28) is matched with the adjacent pair (85,7, B19/2s),
and the adjacent pair (By/28,/51/3)) is matched with the adjacent pair (819/2s,51/3)-
The set U(B2/7,89/28), bounded by (5,7 * By 25 and

Bs 7 * Bro2s = V2,2/7(Bs /7 * B1os2s),

is shown below, up to homotopy preserving Zs, with B3/7 * B9/28 (up to homotopy)
indicated by solid line and 5,7 * B19/2s (up to homotopy) indicated by dashed line.
The unit circle and some lamination leaves are indicated by dotted lines.

@Il

P A LN L L
NN

|'l\.’)|>—l
NN

Now we want to choose R3(a1, +), containing Ra(a1,+) up to homotopy preserving
Y3(s). We take the loop « as in (7.4.1) to be an arbitrarily small neighbourhood of|
B27 * VY22 /7(@). Then the homeomorphism % used as in (7.4.1) for matching
adjacent pairs between 35,7 and B19/28 with adjacent pairs between (35,7 and fg,28,
is 132/7, Up to isotopy preserving Y3(s). Because of this, we consider the region
bounded by Bg /25 * B2/7 and 13 2/7(B19/2s * B5/7), up to homotopy relative to Zs(s).
So, since 3 9/7 = £2,2/7 92 2/7, We need to consider the image of ¢272/7(M* Bs/7)
under §3 9/7. The support of & 5/7 is Ay 9,7 U Cs /7. The annulus A, /7 does not
intersect ¢272/7(m * f5/7) up to homotopy preserving Z3(s), but C; 5,7 does. So
Y3.2/7(B1ro/28 * B5/7) has a bulge into the lower half of the unit disc between the two
leaves of L3,; with endpoints at e=2™(2/7) and e*2(3/19)_ This bulge contains a
point of Z3(s) with symbolic code wy = BCLi R RyC (using the symbolic dynamics
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and conventions of 2.9). We therefore need to divide the region bounded by M* Ba/7
and 1/1372/7(%* fB5/7) into two, by defining two more paths in R3(a1,+), which we
call S(wy) and ' (w}), for wj = UCL1R1RyC. It will turn out later that this notation
is valid: no other path in U,R,, , will have endpoint at the point of Z3 labelled by
wi. Now R3(aq,+) is simply the union of Ry(ai,+) and B(w;) and B'(w)). Below
is the sketch of the two regions U(8;,7, 8(w1)) and U(B(w1), Bg/2s), one bounded by
B(wy) * B2/7 and 13 9/7(6’'(w) * Bs/7) and the other bounded by T/QS * B(wy) and
¥3,2/7(B19/28 * B (w1)).

e

U(B2/7,B(w1)) and U(B(w1), By /28)

The critically finite map represented by ((w;) is not Thurston-equivalent to any
capture, as is demonstrated by the comparison between the capture numbers and
expected value of #(P4(1)), the deficit in the third number in the sequence, noted
after (3.4.5). The point e27*(165/224) ig not a point of lowest preperiod under z — 22
in the boundary of the gap containing the endpoint of S(w;). The points of lowest

2mi(43/56)  The rule will be specified later,

preperiod are actually e2™*(41/56) and e
but the last S! crossing points of paths of R,,(a1,+), for any m, are always in the
backward orbit of €274(2/7) For the matching pair (Bo/28, B1/3) and (Big/2s, B1/3), We

use the homeomorphism 5 o /28 of 7.3 to effect the matching. Thus,
Oay 9728 ©5© ¢é,9/28 =1 2/708.

Then 95 g 55(B1/3 * B19/2s8) and ¥3,9/28(B1/3 * Br9/28) are homotopic up to homotopy

preserving Z3(s), and the region bounded by (/3 * B9/28 and 5 9/28(ﬁ1/3 * B19/28)
contains no points ofZ3(s) in its interior. So we do not have to subdivide the region

bounded by Bi/3 * 8928 and ¥y g 95 (B1/3 * P19/28). The paths B(wi), and §'(wy) are
indeed the only ones we need to add to Rs(aq,+) to produce Rz(aq,+).

So far, Ry (a1, +)\{B1/3} is a union of two sets, such that each path in the first set
is matched with a path in the second, and the matching of adjacent pairs is effected
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by this matching of individual paths. For example, in R3(a1,+), the path 857 is
matched with (5,7, and B(w1) with §'(w}), and By/es with B19/0. This matching
will continue. We continue trying to subdivide the regions bounded by 3 * 3; and
Y1 (B * B5) in Ry, (ay,+) for matching adjacent pairs (81, 82) and (8, 85), where
Ym and o, satisfy (7.4.1), with 1, and «,, replacing ¢ and «, and 9,11 is defined
by [Ym+1] = [¥m] in MG(C,Y;,) and

(7.4.2) Ou,, ©80WUmi1 = P 0S8,

At each stage there is a choice to be made for the loop a,, for an adjacent pair (51, 32),
where 3; is nearer to 33,7 than 32. We shall always take ., to be an arbitrarily small
perturbation of 31 *,, (,67), so that a,, is also homotopic, up to homotopy preserving
Y,,, to an arbitrarily small perturbation of 8z * ¢, (5}). We write U(B1, 82) for the
region bounded by arbitrarily small pertubations of 8 * B2 and t,, (8} * 35) up to
Zm-preserving homotopy, where the perturbations are chosen so that U(f81, 82) does
not contain ve and can be homotoped into {z : |z| < 1} in the complement of vy. We
denote by 0'U(B1, B2) the part of the boundary of OU (3, B2) which is homotopic to
an arbitrarily small perturbation of 1, (8] % 35).

So, following this procedure, we next insert paths of R4(a1,+)\ Rs(a1, +) between
adjacent paths in Rs(a1,+), where necessary. The sets U((31,32) for adjacent pairs
(B1, B2) between B/7 and fy/25 are shown in the pictures below.

. . B ST
& a7

% 33 339" 1
224 448 g 24

I

i

. ]
% 157\ 7; 333 339
224 7 448 448

We label each path by the word representing its second endpoint, using the con-
vention of 2.9. There are two new paths §(w2) and B(w3) between B3(w1) and By,
with we = BOL1R?RyC and ws = L3LaR3LyC. The path B(ws) is actually Be7/224-
The point of lowest preperiod on the top boundary of the gap is e2™#(33/112) byt
we want to keep to the rule that S'-crossing points are in the backward orbit of
¢?™(2/7) There are corresponding paths ('(w)) and (' (w}) between B'(w}) and
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B19/28 With wy = UCL1R}R;C and wj = ws, such that (8(w1), 8(ws)) is matched
with (8'(w}), 8/ (w})), and (B(w2), B(ws)) is matched with (8’ (w}), B(w})). The path
B'(w3) is B157/224- We have wy = w3 because 94 5,7 fixes D(ws). Although B(wz) is
between 3(w;) and By 25, we have

U(B(w1), B(wz)) € U(B2/7,B(w1))-

There are two remaining paths in Ry(a1,+) \ Rs(ai1,+), which are Bs7/112
and (75,112 The adjacent pair (8928, B37/112) is matched with the adjacent pair
(Br9/285 Br5/112), and the adjacent pair (f37/112,/51/3) is matched with the adjacent
pair (B75/112, 81/3). The dashed boundary 0'U(fBy /28, f37/112) is simply an arbitrarily
small perturbation of m * B75/112, up to homotopy preserving Zy.

So far, the matching of adjacent pairs in R,,(a1,+) has been induced by a match-
ing of each path in Ry,(a1,+) \ {813} with exactly one other path in Ry, (a1,+) \
{B1/3}. This means that, so far, the tree in V3 (a1, +) U Ps (a1, +) which is dual
to UQ,, (a1, +) is simply an interval made up of edges between vertices in Py, (a1, +).
It is reasonable to attempt to continue this pattern, and we shall do so. So we aim
to define R, (a1, +) so that

Rm(al’ +) = Uo<p, 2pSmRm,p U le,p U {51/3}7

where R, , is the set of paths between 3,, and 8, ,, and

(7.4.3) RupNR,, =0

for all p and g, and if 2p 4+ 2 < m, then

(7.4.4) Rinp N B pi1 = {Bg,. )
(7.4.5) Ry N Ry i1 = {Bi-g,y1 } 1€l Yopia,
(7.4.6) Baj7 € Rino, Bsy7 € Ry o

We shall also aim to have
(7.4.7) R, (a1,+) C Rpmt1(a1,+) rel Y, for all n > 0.

Now we consider Rs¢. For any pair (81,32) in R4y, it can be shown that the
corresponding homeomorphisms 1,4 and 5 coincide with 14 5/7 and 5 3,7 on ﬁT* 85,
for the matching pair (3], 85). (We shall prove such results later.) The definition of]
Ym+1 in terms of a,, and 9, is given in (7.4.2) with 19 = 1y 2/7. The definition of
Q. in terms of ¢, f1 and By, for an adjacent pair (81, B2) in Uy Ry, p, matched with
an adjacent pair (81, 05) in U,R,

m.p» 18 given immediately after (7.4.2). Then, if we

write 15 = &4 0 14, we have

ba=E40/7 00 O'U(fBy, Ba).
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The support of &, 5/7 is the union of A4 /7 and Cjy /7, each of these being a union
of disjoint annuli. One annulus from A, /7 intersects 0'U(B(wsz),B(ws)), and one
annulus from Cjy 5,7 intersects 9'U(B(ws)B9/28). Otherwise, the support has no in-
tersection with the sets 0'U (81, B2) for adjacent pairs (51, 02) in Rao. The part of
Ay 2/7 which intersects 0'U(B(ws), B(w3)) is

L3LyR3L3 — L§,
and the part of Cy 5,7 which intersects 9'U(8(w3), Bg/28) is
L3L2UC — L3L2BC

We now draw the image under &4 5/7 of the dashed boundary of U = U(B(ws), 3(w3)),
which uses the intersection with A, /7.

o 75 3T ST B 3
56224 -112 ’
|
! |
! |
|
A
\ . | °
| | !
| | 1
| | 1
| | 1
! | /
L I i
37 Tl gE il b v e -l
56 921 15217 150 5 333 .- 339
2 AT 448 ~ 448

Image under &4 9,7

The region bounded by B(ws) * B(ws)) and &, 2,7(0'U) contains three points of]
Z5 \ Z4, with words

ws = BCL1R3R,C, we = L3LyC, wy = L3LyR3L3LyC.
The region bounded by fBy/7 * B(w2) and &4.9/7(0'U(B2/7, B(w2))) also contains one

point of Z5 \ Z4, with word wy = BCL1RsR3L;C. The region bounded by S(ws)
Bo/28 and &4.9/7(0'U(B(ws), By/28)) contains one point of Zs \ Z, with the word wg =
L3L2UCL1R1RQC. Then
R5,0 \ R4,0 = {,3(’11)4), /g(wf)): 6(w6)a IB(w7)7 ﬂ(wS)}
In all these cases, B(w;) is the only path in Rs ¢ (and also, it turns out, the only such
path in U, R;5 ) with endpoint coded by w;. Correspondingly,
5.0 \ Rio = {B8'(w)), B (wg), B (ws), B’ (w?), Bws)},
where:
’U)fl = UCLlRQRgLQC, w/5 = UCL:[R?RQC, wé = wy = L3L2R3L3L2C,
w’7 = L2R3L§L20, wg = L3LzBCL1R1RQC.
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Now we draw U(f1, B2) for adjacent pairs (81, 52) from Rsg.

669 675
896 896

RN\

NS

9283 207 6T
25896 890~

0 - 157
22

p(ep

U(B(ws), Bos2s) and U(B(wr), B(ws))
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U(B2/7,B(wa)), U(B(wa), B(w1)), U(B(w1), B(wz)) and U(B(wz), B(ws))

Note that, similarly to what happened with §(wsz), although £(ws) is between ((ws2)
and [(ws), for the adjacent pair (6(wz), 8(ws)), we have

U(B(wz2), B(ws)) C U (B(wr), B(wz)).

Note, also, that U(8(we), 8(w7)) has two essential components of intersection with
{z : |#| < 1}, which has not happened before. The reason for this becomes partially
apparent when considering the image under &, which, as with &,, coincides with

€5.2/7. The region bounded by A(wg) % B(wr) and & /7(8'U(B(we), Bwr))) again
has two components of intersection, but overall the picture is simpler than it would
have been if U(8(ws), 3(wr)) had been chosen to have just one essential component,
of intersection with {z : |2| < 1}, adjacent to the endpoint of B3(ws), which might
seem to be the more natural choice.

Note, also, that G(wz) = Be5/224 € Rsp is matched withf'(w;), where w; =
LaR3L2L,C, and B(we) is matched with 3'(wg) = B'(wr), which is, in fact, equal
to [(159/224. For each matched 8 and ', the maps o3 o s and o o s are Thurston
equivalent. In particular, oy59/224 © s is Thurston equivalent to og(y,) © s. Since
Rs(a1,+), together with the sets Rs(ai,—) and Rs(ag) and Rs(aog), determines a
fundamental domain for V35, and since (g5/224 and (159224 determine non-matched
vertices of the fundamental domain, the two captures ogs/224 © s and 59,225 © s are
not Thurston equivalent. This is the first stage at which captures o405 and 01_40s are
not Thurston equivalent even though g and 1— ¢ are endpoints of the same lamination

65

leaf: for ¢ = 537. The path B(ws) = B(L3L,C), which is not a capture path, is drawn

below.
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The path S(wg)

There is one path in Rs; between By/08 and B37/112, which we call B(wy), with
wg = L3LyBCLyRyC. This path is matched with 8'(wg) in Rj ; between fB19/28 and
Br5/112, Where wg = wg = L3LoUCL1 RyC.

We now consider the case m = 6. We list all words corresponding to points in U° of|
preperiod 6, remembering that the word corresponding to a point of preperiod m has
length m + 1 or m 4+ 2 and ends in C. For preperiod 6, it is still true that each word
corresponds to exactly one path. There are nine words, split between those ending in
R1R>C and those ending in LoC"

w10 = BCLIR%RQC, w11 = BCLlRQBCLlRlRQC,
(748) W12 = BCLleUCLlRlRQC w13 = L3L2UCL1R%R20,
Wiq4 = L§L2BCL1R1RQC,

w15 = BOL1RyR3L3L2C, w1 = L3(L2R3)?LaC,

(7.4.9)
w17 = L3L2R3L§LQC7 w18 = BCL1R1R2R3L3LQC.

We note that there are also 2 preperiod 6 words corresponding to U*:
W19 = L§L2R3LQC, Wop = L3LQBCL1R%R2C,
and one corresponding to U2,
Wo1 = LgLQC

As with the previous cases, the construction of Rg(a1,+) and Rg(a1,+) is effected
by the action of the maps &5 on sets 8'U (31, B32) for adjacent pairs (81, 82) in R5(aq,+).
We cannot expect, at this stage, that &5 is always equal to &5 4,7 on 9'U(B1, B2),
especially if 8, and 3, are relatively far from (3.
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In some cases, we may want to redraw the paths of R/ (a1,+) up to finer isotopy
preserving Y,,11. This is permissible, but will, of course, affect the definitions off
homeomorphisms &, for n > m 4+ 1. We have not, of course, drawn the paths off
R/ (a1,+) explicitly, but their definitions up to isotopy preserving Y, are given by
the sets 8'U(f1, B2), for adjacent pairs (81,02) in R, (a1,+). An example is given
by the adjacent pairs (82,7, 8(w4)) and (B(ws), B(ws)) in Ry o. Let 45 ; and 1 ;, for
j = 1 and 2, be the homeomorphisms for these respective adjacent pairs, which are
determined up to isotopy preserving Y5 and Ys. We have 95,1 = 15,2/7 up to isotopy
preserving Y5 and 61 = vg2/7 on 0'U(Bs/7,8(ws)) up to isotopy preserving Yg,
and similarly for 952 and 92 on 0'U(B(ws), B(ws)). So we can define 15 ; = 15 2/7
pointwise and 16 ; = 16,2/7, for both j = 1 and 2. So then we have ¢ ; = &5 2/70%s ;.
But if we look of the image of the two sets 9'U(832/7, 3(w4)) and 0'U(B(ws), B(ws)),
as originally drawn under &5 /7, they are complicated, because of the nature of the
intersection of A5 5/7 U Cs 5/7 with 8'U(By/7, 6(w4)) and 8'U(B(ws), B(ws)). We con-
centrate first on the intersection with Cs /7. To simplify the images, we simply
change the sets 9'U(83;/7, B(w4)) and 0'U(B(ws), B(ws)), keeping the same sets up to
homotopy preserving Y5, but not up to homotopy preserving Ys. We create an extra,
“hook” in the set 8'U(B(ws), B(wg)), so that the set U(B(ws), B(we)) is increased at
the expense of U(By/7,3(ws). This means that we have to redraw the paths §'(ws)
and f'(w}), and, in consequence, the paths in Rs(a1,+) between them also, that is,
B’ (w}) and B’ (w}). Below, we draw the modified set 8'U(B(ws), B(ws)) shown by the
dashed lines, and also the modified path 5’ (wf).

‘\]
wt
w
J
TN
N
[\]
.’Jm
NN

LN i} e - . Lt .
56 R 669 675~ .1l
TTeeeeeeoeen “R96 TTR9G----7 T

The set &'U(B(ws), B(wse)), after modification
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The path §’'(wyg), after modification.

We also consider the intersection of A5 5,7 with U(82/7, 8(w4)), U(B(ws), B(ws))
and U(B(ws), B(wr)). The image of 9'U(B(ws), B(wr)) under &5 5/7 is then as shown.

Taking into consideration all these intersections, the images under &5 5/7 of (modi-
fied) 8'U(B2/7,B(ws), (modified) 0'U(B(ws), B(ws)), and 0'U(B(we), B(wr)), the sets
bounded by these and B ,7*8(w4) and B(ws) *B(we) and B(we) *B(wr) subdivide into
sets U(B1, B2) for adjacent pairs (f1,02) from Rgo. The order of paths S(w) € R0

is with w as follows:
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C, w1 = BCL1Ry;BCL1R1R>C, wio = BCL1R;UCL1R1R>C,
wy = BCL1RyR3L>C, wy = BCL1RR>C,
wy = BCL1R?R,C, ws = BCL1R3R,C,
wyg = BCL1R{RyC, wig = BOLiRyR3L3L,C,
(7.4.10) wyg = L3LoBCL Ry RyC, wg = LLoC,
wyy = L3LaR3L3L,C, wy = L3LaR3L3LyC,
w3 = L3LoR3LoC, wig = L3(L2R3)2L20,
w3 = L3LoUCL1R?R,C, wg = L3LoUCLy Ry R,C,
L3L>C, wg = LsLyBCL1R1RyC, woy = L3L2BCL1R%R2C.

For example, we have the following.

31 65

131
145221

U(B(ws), B(wi7)) and U(B(wi7), B(wr)).

Now, without considering Rg(a1,+) any further, we consider R7(a1,+). For prepe-
riod 7 there are 24 words in all corresponding to points in U,U?, with 12 ending in
LyC and 12 ending in R; RoC. However note that for wey = L3(LaR3L3LyC, D(was)
is contained in both UY and U'. We therefore expect a path in both Rz and Ry,
with endpoint in D(wss). We shall write 3(wa2,0) and B(wa2, 1) for these paths.

First, for B(wag,0), we consider the adjacent pair (8(wi7),B(we)) in Reo. We
consider 0'U(B(w17),8(we)). On this set, if ¢ is the homeomorphism effecting the
matching, we have @7 = 7 9/7 = £52/7 © 6. The only part of the support of & 9/7
which intersects 0'U (8(w17), B(ws)) is Ag 2/7, with intersection occurring on the piece
of track

BCLyRyR3L% — L3(LyR3)?Ls,

and the image of 8'U(B(w17), B(we)) is as shown.
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€6,2/7(0'U (B(w17), B(ws)))

Therefore, for wey = L3(LaR3)?L3LyC, the path B(wss,0) is between B(wg) and
B(w17). Since the region bounded by B(w1) * 8(we) and &g,27(0'U(B(w17), B(we))) has
two essential components of intersection with {z : |z| < 1}, up to isotopy preserving

Z,, for any n, it is relatively easy to divide this region up into U(8(wi7), 8(wa2,0))
and U(B(waz,0), B(ws))-
The path S(wa2,1) is involved in the first example of a set 9'U(fB1, B2) such that
gn(alU(/Bla 52)) 7£ §n,2/7(8IU(/81a ﬂ?)) in T (@\ Zn+17 Zn+17 Zn+l)7
with n = 6, and £ = B(wy), B2 = B(wig). These two paths are adjacent in Rg .
Here,
6(0'U(B1,B2)) = €6,0/28(0'U (81, 82)) = &5.9/28(0'U (B, B2)) in m1(C\ Z7, Z7, Z7).

The region bounded by £; * 82 and &(0'U (31, B2)) is as shown, with the points of Z;
inside the region marked.

Image under & 4 /28
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This means that in R7; we want to insert another three paths between (w1g) and
B(wg): a path B(w24) with endpoint in D(wa4), where waq = L3LyR3L3L2C, a path
B(wa3) with waz = L3LoBC Ly R3R,C, and a path 3(wae, 1) with three S'-crossings,a
disc crossing from at e27(9/28) to ¢274(19/28) and then a crossing into D(wag), at the
lower right-most boundary point. The other path with the same endpoint, §(wss, 0),
is between §(ws) and B(wi7). Note that this is different from the picture in Ry g, of
the paths between 8(w3) and B(ws), although there is some resemblance. The paths
B(wa3) and B(way) are analogues of B(ws) and B(wr7) and indeed are images of these
paths under a local inverse of s, up to homotopy preserving Ys. But B(ws) and
B(wa2,1) are not related in this way, even though [(wae,1) is between [(ws3) and
B(wa4) in the ordering, while §(wg) is between B(ws) and B(wr) in the ordering.

Another example occurs for n = 7. For this one it is convenient to modify some
paths in R7; as elements of 71(C \ Zg, Zg,v3), so that, for 31 = B(wg) and By =
B(waz, 1) as elements of w1 (C \ Zg, Zg, v2), there is a kink in &'U(81, B2) much like
that in 9'U(B(ws), B(ws)), effected by changing the definition of paths in Ry, as
elements of 1 (C \ Zg, Zs,v2). Then

&(8'U (B, B2)) # &r,2/7(8'U (b1, B2)) in m1(C \ Zs, Zg, Zs)
As before we have
§7(0'U(B1, B2)) = €7,0/28(0'U(B1, B2)) = &7.9/28(0'U (B, B2)) in m1(C\ Z7, Z7, Z7).

The region bounded by 1 * B2 and &7(8'U (1, 32)) is as shown, with the points of Zg
inside the region marked.

!
I
1
|
!
I
I
I
I
|
|
I
I
1
|
!
I
I

Image under &, 9/28

We therefore define B(wss), for wes = L3LoUCLyiRyBCLy R RyC, to have two
complete disc crossings, both in the boundary of D(LsLyC), the first from e27#(2/7)
to €274 (5/7) and the second from e27*(11/14) 0 ¢27(3/14) "and endpoint in D(wss5). Note
that D(was) C Uy \ U°, and in fact B(wss) is the unique path with its endpoint. It
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is between [(wa3) and B(waz,1). It corresponds in some sense to the path B(wi4) =
B(L3LyBCL1 Ry R2C). But clearly it is not an inverse image of this path under s2.

The set of paths in R,,(a1,+), and the ordering given on U,R,, , in (7.4.10), are
obviously rather involved. Nevertheless, a possible strategy is emerging. The most
obvious point is that the sets of paths R,, , and R}, , should be obtained by induction
on m. In fact,the paths of R,, 11, between an adjacent pair (51, 082) of R, ,, and the
matching paths in R, , have been obtained from the set U (31, 32). This means that
the definition of the paths in R/, ,, , has been less direct than the definition for paths
in Ry,+1,p. Also, it will be noticed that the shape of the sets U (51, 82), and the image
of the boundary subset 8’U(f1,32) under the homeomorphism &, = ¥, 41 0 ¥}, is
strongly influenced by the homeorphism §,, 2,7 and its support A, 2/7 U Cy, 2/7, in
the examples so far considered.

The later examples show that it is not always true that &, = &, 2/7 on 0'U(f1, B2),
for adjacent pairs (81, 82) in Up R 0. In fact it is not even true if we restrict to Ry, o,
although we have not yet seen any examples. But we shall obtain some control on
the variation of the homeomorphisms &,, on sets @’U(f31,32). Also, in the examples
so far considered, it has been true that the paths in R,, , all have distinct endpoints
in Z,, N UP, and each point of Z,, N UP has been the endpoint of exactly one path
in R, p. This does not remain true for all m, although it is always true that the
number of points in Z,, N U? is the same as the number of paths in R,, ,. There
is a clue in the inclusion of D(ws2) in both U® and U!, and of D(wss) in both U°
and U'. In a somewhat analogous way, there are two paths in R, 0 with endpoints
in D(L3LaR3L3(LaR3)?L3LaR3L3L5C). But there are no paths with endpoint in
D(L3LoR3L$LyR3L3L>C).

7.5. Definition of w;(w,0) and w(w,0)

In 2.10, we defined a set UP for p > 0. Recall also from 2.10 that there is the same
number of paths in R,, , as of points in UP N Z,,, although it is not the case that
every point in UP N Z,,, is the endpoint of exactly one path. A point of UP N Z,, is
determined uniquely by a set D(w) containing it, where w is a word of length m + 1
ending in Ly C, or of length m + 2 ending in R; RyC'. It turns out that a path in R,, ;
is determined by its second endpoint and its first S -crossing.

From now on, we consider only the case p = 0. In order to identify the path
corresponding to w, we shall define a sequence w;(w,0) of prefixes of w, and a cor-
responding sequence w;(w,0), and finally, a sequence w;(w, z,0) where z = w}(w,0).
The sequences w}(w,0) and w;(w,z,0) are not, in general, sequences of prefixes of]
w. For some n, w,(w,0) = w, and then wj_,(w,0) = w;(w,0), and w;,;(w,z,0) =
wi(w,x,0), for i > n + 1.
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We recall the definition of U° from 2.10:
o _ D(LsL2)U D(BC)
UUR, (D(LEF Ly) U D(L3* 'Ly BC)) \ (Uk>1D(L3La(UCLy Ry)* BO)).

We define w; (w,0) for w with D(w) C U and with w ending in C. The definition
also works for infinite words. The first letter of w is either BC or Ls. If BC is the
first letter, then wi(w,0) = BC. If L3 is the first letter of w, and w starts with L3
or L2Ly;BC, then wi(w) = L3 or L% respectively. Otherwise, w starts LzLo, and we
look for the first occurrence of one of the following. One of these must occur if w is
preperiodic, that is, ends in C.

0. An occurrence of C.

1. An occurrence of xBC for any n > 0, where x is a maximal word in the letters

L3, Ly, R3 with an even number of L letters.

2. An occurrence of ztUC, where x is a maximal word in the letters L3, Lo, Rg,

with an odd number of L letters.

3. An occurrence of L1 R,UC.

4. An occurrence of RiR,BC.

5. An occurrence of a string v; - - - v,, L3 which is the end of w, or is followed in w

by Lo, where:

— L3(L2R3)miLgi71 for i > 2, where m; + r; = 3;

e either v; = L3(L2R3)mngl*1 for m; > 1 and an odd my + r; > 3, or
vy = XLRY' RyR3(LyR3)™ Ly " for 3 < r; < 5, and m; > 0, and
p1>0,and X = BC or UC}

® v, L3 is either followed by Lo, or is at the end of w;

e the string v; - - - v, L3 is maximal with these properties;

e n is odd.

We define w; (w,0) to be the prefix of w ending in the occurrence listed — except
in case 1 when n > 0, and in case 4 when w ends in L;RiR;BC, and in case 5.
In case 4, we define w;(w,0) to be the word up to, and not including, this occur-
rence of L1 Ry RoBC, and wy(w,0) to be the prefix of w ending in this occurrence of]
L1R1RsBC. In case 5, if the maximal string of words of this type is v; - - - v,, then
we define w;(w, 0) to be the prefix ending with v, L3.

Now suppose that the first letter of w is BC. Then w starts with (BCL;Ry)* for
a maximal k > 0. Then we define wy(w,0) = w if there is no occurrence of cases 1
to 5 above. We define wy(w,0) to be the prefix of w defined exactly as wj(w,0) is
defined when w starts with L3, if there is an occurrence of one of 2 to 5.

It may not be immediately apparent what determines these choices. Recall that
beads on Cp, 9/7 and A,, /7 were defined in 7.2. In cases 1 to 4, if w; = w;(w,0) has
length m, then D(w,) is a bead on C,, 57, and in case 5 it is a bead on A, /7N {z:
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|z| < 1}. Roughly half the number of beads of A,, /7 and C,, 2/7 in U° are listed. If
a bead is listed, then the adjacent bead on A,, 5,7 or C,, 5/7 is not listed. If a bead
in UY is not listed, then any adjacent beads which are also in U° are listed.

The reason for the rather convoluted additional conditions in 5 is basically that,
without them, the order of paths will become extremely complicated. The examples
in 7.3 did not get up to high enough preperiod to illustrate the problem, which first
appears at preperiod 11. But it is similar to modifications which were made in 7.3 to
place S(w14) between B(ws) and B(ws), rather than between 3(C) and S(ws).

Now we define w1} (w, 0) = w}(wy,0). If w = C or if w; starts with BC or L2, then
we define w} (w,0) = L3. Now suppose that w starts with L3Ls, and we assume that
one of cases 0 to 5 holds, which, as pointed out, is always true if w ends in C.

0. w is the same length as wi, ending in Ls, if preceded by a maximal subword
in the letters L3, Lo or R3 and with an even number of L letters, or ending in
Rj if preceded by a maximal subword in the letters L3, Lo or R3 and with an
even number of L letters, such that D(w/) and D(w;) are adjacent.

1. Let w{ be obtained from w; by deleting the last (UCL;R)"BC, and adding C.
Then wj is the same length as w{, ending in Ls, such that D(w}) and D(wy)
are adjacent. If n > 0 then, w)} is the same length as w/, ending in Rj3, such
that D(w}) and D(w/) are adjacent.

2. Let w{ be obtained from w; by deleting the last UC and adding C. Then w] is
defined similarly to 1, but ending in Rj.

3. w) is obtained from w; by replacing the last letter by BC'.

4. If wy ends in R?RyBC, then w} is obtained from w; by replacing the last
letter by RgLaR3L3. If wy is extended in w by Ly Ry RyBC, then wf(w,0) is
the word of the same length as wq, with D(w]) to the left of D(v'), where
v’ is obtained from w; by replacing the last letter by C. We then also define
wh(w, 0) = v”, where v is of the same length as v’, with D(v’) between D(w})
and D(v") = D(w}).

5. The word w] is obtained from w; by deleting all but the first letter of v, L3 if
n > 1,or if n =1, m; + 1 = 3 and the first letter of v, is L3. In the other
cases with n = 1, the word w} is obtained from w; by replacing the last L} by
LoR3Ls if ry > 3, by deleting the last LyR3L3 if r; = 2, and by deleting the
last (LaR3)?Lg if r; = 1.

In many of these cases, there is a connection between w} and the bead D(w;) on
Ap2/7 or Cy 9/7. In parts of cases 1, 2, and 4, D(w;) is adjacent to the string on
Chn,2/7 between the bead preceding D(w1), which is mapped to D(w1) by &, 2/7, and
the bead D(w;) itself. In the other part of case 4, D(w}) is adjacent to an earlier piece
of string on the same component of C;, 5/7. In case 3, D(wjy) is the bead preceding
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D(w;) on C,, 5,7 and is mapped to it by &, /7. In case 5, D(w}) contains the bead
on A, 57 which is mapped by &, /7 to D(w).

Now we define w;4+1(w,0) if w; = w;(w, 0) has been defined. If w;(w,0) = w then
w;+1(w,0) = w. Now suppose that w; # w. Write w = w;v;. If w; ends with L3, then

/

w41 = w;v;, where Lyv; = wi(L3v;,0).

If w; ends with BC or UC then

wir1 = w;v,, where BCv, = wa(BCw;,0).

'%)

We refer to cases 1 to 5 of w11, if Lgv; or BCv; is as in case 1 to 5 for the definition
of wy(L3v;) or wa(BCv;).

Once again, if w; has length n, then D(w;) is a bead on A,, /7 or Cy, 5/7. Note
that the length of w;(w, 0) is strictly increasing with ¢ until w;(w,0) = w.

We define w; from w; in exactly the same way as w] is defined from w;, in each of|
cases 0 to 5. Once again, there is a connection between w; and the bead and piece of]
string preceding the bead D(w;) on A, /7 or C,, /7.

7.6. Definition of U” and w;(w,z,0) and w}(w, z,0)

Let W1(0) be on the set of words of the form wj(w,0), and all words of the form
wh(w, 0) for w starting with BC. So any word in W7 (0) ends in either Lz or Rs.

It seems best not to go into too much detail at this stage, but the definitions in
this section are related to a sequence of homeomorphisms &, related to x, in much the
same way as the definitions of w;(w, 0) and w}(w,0) in 7.5 were related to the family
of homeomorphisms &, 5/7. Many of the definitions are the same, simply because the
homeomorphism &, is reasonably close to £, /7.

We put an ordering on the words of W7(0) which start with Lz, using the anti-
clockwise ordering on the upper half of the unit circle. If w is any finite word ending
in L3 or R3, we define W = w(LyR3L3)*>°. Then w labels a leaf £(w) of Ls,7, which is
in the boundary of a unique gap G(w). If w contains no letter BC or UC, then ¢(w)
is a vertical leaf. If w € W7(0) starts with Lz, then ¢(w) has at least one endpoint on
the upper half unit circle. For such w, we define P(w) to be the right-most point of]
¢(w) on the upper half unit circle. Then we define w < w’ if P(w) is to the right of]
P(w'). This means that either all of £(w) is to the right of £(w’), or the disc D(w),
which is bounded by ¢(w), contains D(w').

Now we define U” for z € W1(0). If z = Ls, then U?® is the union of all D(w)
with wj(w,0) = L3, where the union is taken over all words not ending in L3. Now
suppose that the word z starts with L3 and that there is more than one word w with
w1 (w,0) = z. Then there are just two possibilities.
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— If x ends in L3(LaR3)%’ L% for some j > 0, then we define z; by replacing this
by L3(LyR3)* 1

— If x ends in L3(LyR3)% for some j > 1, then we define x; by replacing this by
L3(LyRs)% 112

Then U? is the union of all D(w) for which w satisfies wj(w,0) = z, except for
those of the form x L3 Lov or x(LaR3)%2L3Lav or xLyR3L3LyR3L3Lov with L3Lov <
. In these cases:

— D(zL3Lyv) is replaced in U® by D(z1LaR3L3Lav);

— D(x(LaR3)*L3Lav is replaced in U® by D(zL3Lav).

— D(x(LaR3L3LyR3L3Lov) is replaced in U® by D(x(LaRg)?L3Lav).

Note that the number of words extending ngLz and ending in LyC or R1RyC),
of any fixed length, is the same as the number of words of the same type extend-
ing x1LyR3L3Ly. A similar statement holds for #(LyR3)?L3Ls and xLjLs, and for
wLoR3L2LoR3L3 Ly and x(LyR3)2L3 Ly. Therefore, the number of words w of prepe-
riod m with D(w) C U® is the same as the number of words of preperiod m with
wi(w,0) = z.

Note also that for x and z; as above,
wi (L3 L,0) = 2L} and wy (zyLyR3L3Ls) = x1LyR3L3,
w1 (x(LyR3)?LsLy) = 2(LaR3)*Ls and w, (xL3Ls) = xL3,
wy(xLoR3L3LyR3L3Ly) = xLoR3L3, wi(x(LoR3)*L3Ly) = x(LyR3)?L3.

Now suppose that z = w)(w,0), for at least one w starting with BC. Then U®
is the union of all D(w) with wh(w,0) = z. In this case, w;(w, z,0) = w;(w,0) and
wi(w,z,0) = w;(w,0) for all w with D(w) C U*.

Now suppose that z starts with Ls. We define w}(w,z,0) = z for all w with
D(w) C U®. So, in most, but not all, cases, w} (w, z,0) = w}(w,0). We always define
w;(w, z,0) = w;(w,0). Now we define w;(w, z,0) for all D(w) C U* and all ¢ > 2. In
most cases, w}(w, z,0) =wi(w,0).

The exceptions are when w has a prefix yLs or y; Ly with w;(yLs) = y or w;(y1 L2) =
41 and

(y,v1) = (ua Ly, uz1 LoRsL3Ly) or (uxzL}),ux(LoR3)*Ls)
or wy(ux(LaR3)*L3Ly), ux(LyR3)?L3).

In all these cases, w;—1(yLa) = w;—1(y1L2) and — as is easily checked — w;(yL2) = y
if and only if w;(y;1L2) = y1. We then define

w;(w"%o) =Yy 0ry,

depending on whether yLo or y; Lo is a prefix of w.
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7.7. Properties with prefixes

The definition of the sequence w;(w,0), and of the other sequences, is obviously
rather involved. But a general principle which seems to hold is that definitions depend
only on certain suffixes of w, although the length of these suffices might be rather long.
The most immediate properties are the following.

If ¢ > 1, then w;_1(w,0) is a prefix of wj(w,0). Also,

w)(w)(w,0)) = w)(w,0) for j < i,

wj(wj(w,0)) = w;j(w,0) for j < i.
Suppose that w = uv where the following hold:
— D(w) c U° and D(v) C UY;
— w;(w, 0) is a prefix of u, possibly equal to u, and w;41(w,0) is not a prefix of u
(and not equal to u);
— The word v does not start in the middle of a word vy ---v,L3 as in 5 of the
definition of w;(.,0) of 7.5.

Then the following hold:
(7.7.1) w;(w,0) = vw;_;(v,0) for j > i;

(7.7.2) w’(w, 0) = uw}_;(v,0) for j > i.
If w}(w,0) = wj(v,0) = z, then we have

(7.7.3) wi(w, x,0) = uw)_;(v,z,0) for j > i.

Now suppose that w](w,0) = x = xoLs, still with w = uv as above. Suppose in
addition that v contains no subword y such that

D(y) C ((U®\ zU°) U (zoU° \ U?)).
Then
(7.7.4) wi(w, z,0) = uw);_,(v,0) for j > i.

If v starts with UC, then we have somewhat similar statements to these. Let v’ be
obtained from v by replacing the first letter by BC, and simply define w;_;(v,0) and
w’_,;(v,0) to be obtained from w;_;(v’,0) and w}_,;(v’,0) by replacing the first letter
by UC. Then the statements as above hold, except that we should replace j — i by
j—i+1.

In a slightly different vein, we have the following properties as regards inserting or
deleting strings RY. Suppose that w = uyR}v; for n > 1, and w;(w,0) = uq R7v2).
Then, for any m > 1,

Wy (UlRT’Ul, 0) = ulRT’Uz.
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Similar properties hold for w}(w,0) and w’(u; R{"v1,0), and also for w}(w,z,0) and
w)(u1 R*v1, 0), if 2 = w(w,0) is a prefix of u;.

7.8. Definition of the paths §(w,z,0)

Now we define a path B(w,z,0) for each word w ending in C with w{(w,0) = z
— that is, with D(w) C U®” — and each z € W1(0). The set Ry, is then the set
of all such paths for x € W;(0) and w ending in LoC of length m + 1, or in RyC of]
length m + 2. So fix z, and w with D(w) C U*. We use the sequence w;(w,z,0) of
7.6. Let n be the least integer with w;, (w,z,0) = w;, ;(w,z,0). For i < n, the word
wi(w, z,0) determines the ¢’th crossing by f§ of {z : |z| < 1}. The word w) (w,z,0)
determines the last S!-crossing of 3(w, z,0).

Recall that the last letter of w} is either L3 or Rs or BC, where the last possibility
only occurs in case 3 of 7.5. First suppose that the last letter of w; is L3 or R3. As
in 7.6, let £(w}) be the unique leaf labelled by the word w}(LyR3L3)>°. This leaf is
in the boundary of a unique gap of Ls,7, which we call G(w;). The i’th crossing by
B(w, z,0) of the unit disc is along £(w}), directed in an anticlockwise direction along
the boundary of G(w}). The definition of ¢(w}) is made so that, if ¢(w}) is a vertical
leaf, then it is on the left of G(w;) if ¢ is odd, and on the right if i is even, so that an
anticlockwise direction around G(w}) is always possible. If ¢ = n, then we do not have
a complete crossing of the disc, but just travel halfway along ¢(w!) before entering
G(w),), and ending at G(w),) N Z,(s).

Now suppose that the last letter of w; is BC. Let ' be the word obtained from
w} by replacing the last letter by UC. Then ¢ > 1, and «' and w] both have w]_;
as a prefix, while v’ is a prefix of w’; for i < j < n. The words v’ and w; then label
disjoint subsets 0D (w;) and OD(w}) of {z : |z| < 1}. The #’th crossing by S(w, z,0)
of {z : |z] < 1} is then from the first point of dD(w;) to the first point of dD(u'),
using anticlockwise order on these intervals.

If w; = w;(w,0) ends in L3 and there is no BC or UC strictly between w; and
w; 1, then there is also no BC or UC strictly between w; and wj, ;, and wj is a prefix
of w and of wyj,, all letters strictly between w; and wj,, are Ly, L3 or Rs3, and the
number of L; is even or odd, depending on whether w) 41 ends in L3 or R3. Then the
distance along S! between the end of the i’th unit-disc-crossing of 3(w) (determined
by w;) and the start of i + 1’st crossing (determined by wj, ) is shorter than the
distance between the ends of the i’th and i 4+ 1’st disc crossings. This is not always
true if w; ends in BC or UC. If w starts with wiLlR%R2R3L3L2, then the distance
along S! between the end of the i’th disc-crossing of 3(w, z,0) and the start of i+ 1’st
crossing is longer than the distance between the ends of the two crossings.
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The first S crossing of any path 3 € R,, o, for any m, is always between e27*(2/7)

and e2™1(%/28) because if wy(w) ends in BC or UC, the set D(w)(w)) is in the part
of the disc bounded by leaves with these endpoints, and if wq(w) has no occurrence
of BC or UC then w/(w) has an even or odd number of L;, depending on whether it
ends in L3 or Rj.

We saw in 7.6 that the number of w of preperiod m with wj(w,0) = z coincides
with the number of w of preperiod m with D(w) C U*. The function wj(w,0) is
defined for all finite words w with D(w) C U°. Therefore, the number of paths in
R0 coincides with the number of points in U°. We claim, but do not prove, that
the number of paths in R,, , coincides with the number of points in U? N Z,,,. In
fact, we have not even defined the set of paths R, ,, since w;(w,p), wi(w,p) and
wj(w, z,p) have not been defined for D(x) C UP. But assuming that this is true, this
is consistent with the counts made in 3.5.

For any path 8 € Uy, Ry, 0, we write w(8) for the word ending in C' encoding the
second endpoint of 3, and w/(83) for the word ending in L3 or BC encoding the first
S1-crossing of 3. We also write w}(3) for the word encoding the i’th S'-crossing.
Thus, for 8 € Up, R0,

wi(B) = wi(w(B), w1 (6),0).
We also define
w;(8) = w;(w(B),0).

7.9. Path-crossings and adjacency: preservation under inverse images

We obtain some information about preservation of path segments and of adjacency
of paths under inverse images of s™ from 7.7. A word u describes a local inverse by

SD(v) = D(uv)

whenever uv is admissible. We fix a domain of v which is contained in either D(BC')
or D(Ls), and such that the domain does not include any D(v) such that the end of]
u starts earlier than the last two letters of a word as in 5 of 7.5.

For a local inverse S determined by wu satisfying the conditions of (7.7.3), or with
domain restricted to satisfy the conditions of (7.7.4), the identities of 7.7, and the
definitions of paths in this section, imply the following. If 8; and B, are adjacent
paths in R,, o with 8; * B2 in the domain of S, then

(7.9.1) S(By % o) = P35 B4
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up to homotopy, where (85, 34) is an adjacent pair in R,, . Conversely, if (83, 54)
is an adjacent pair in R, in the image of such a local inverse S, then there is an
adjacent pair (81, 02) in R, 0 such that (7.9.1) holds.

From the definitions in this section, and the identities in 7.7, (7.9.1) holds for some
other local homeomorphisms S of the form

Sngs”

It holds if Sy is of length n — 1 determined by the letter UC, and S5 is the local
inverse of s defined by the letter UC, and the domain of s™ is the image of S;S3,
where S5 is the local inverse of s defined by the letter BC'.

It also holds if S is a local inverse of s™ and Sy is a local inverse of st determined
by R} for some ¢ > 2, and the domain of s™ is taken to be Im(S;).

7.10. Notes on the definition of paths in R, , for p >0

The definition of paths in R,, , for p > 0 follows the same lines as the definition of
paths in R,, ¢. For words w with D(w) C U?, we define finite sequences w;(w, p) and
wi(w,p), and then w}(w,z,p), for x = wi(w,p). The definitions are suggested by the
structure of the set U? and the sets A,, 4, and Cy, 4, , just as the definitions in the
case p = 0 are suggested by the structure of U° and Ay 27 and Cp, o/7. If w does not
start with LngLg, then we define w (w,p) = L§p+1. If w does start with LngLg,
then we look for an occurrence of prefixes of a certain form. These occurrences can be
of 1 to 4 as in 7.5, or an analogue of 5 or 7.5, or an extra alternative, which we call 6.
In the analogue of 5 of 7.5, the form of the words v; is L§p+1(L2R3)mi L§p+”71, and
otherwise the conditions are as before. These occurrences arise for parallel reasons to
the case p = 0: strings on sets A, 4, of the form

L3P — L2P7'LyBCL Ry Rs L3P,
L2 'L, BCLyRyRs L3P — LT [, Ry 122

L' Ly,BCL1RyRs LIPY? — L2PT1 (LyRs)2L2P T,

The extra alternative 6 arises from the extra thickness of Cs 4, in the case p > 0. We
look for a first occurrence of :vR3L2R3L§t_1L2 or ngLgRngt_l for t < p, depending
on whether the longest suffix of z containing only letters L3, L, and R3 has an even
or odd number of L letters. There is a connection, here, with the definition of the set
UP, and the inclusion of the sets Ss p D (w;) in 2.10.
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7.11. Final statement in the hard and interesting case

We can now be more precise about the structure of the path sets R,, o and Ry, o
— and hence also of Qy,, o and Q,, ;. So the final statement of the Main Theorem in
the hard and interesting case is as follows. We have given only sketchy detail of the
definition of R, p, and hence also of Q,, ,, for p > 1. So the detailed statement of]
the theorem in the case p > 1 is not contained in this chapter, and we shall prove the
detail of the theorem only in the case p = 0, that is, we shall prove that a piece off
the fundamental domain can be chosen as claimed, bounded by leaves whose images
under p(., 83/7) are Ba/7, Bs/7, Bo2s and PBigag.

Main Theorem (final version, hard case)

Recall that s = s3,7. We have

Qm(ala +) = U;o=OQm7P U Q{m,p U {WOO}a
where this is a disjoint union, and

Rm(a1,+) = UpoRmp U Ry, ,U{B13},
where
Rinp = p(Qmp, ), R;‘n,p o p(Q',m,,p7 8).

Any adjacent pair in Q,(a1,+) is an adjacent pair in ezactly one of the sets Qp,
or Q, ,. Every adjacent pair in Q. is matched with one adjacent pair in €, ,
and with no other. Write Zo, = UnZ,. The paths in R, , and R;n’p are defined as

elements of T1(C \ Zoo, V2, Zoo), with
Rm,p - Rm+1,p, in 771(@\ Zoo; V2, Zoo)7
R;n’pCR, in ﬂl(C\Zmﬂ)z,Zm).

m—+1,p
The sets of paths Ry, ,, R, . are all disjoint, except that, if m > 2p + 2,

n.a
Rm,p N Rm,p+1 = {ﬁqp+1 };
and
R;n,p n R;n,p+1 = {ﬁl—%+1}'

Also, B1/3 € Rinp N R;n,p’ for the largest p such that these are nonempty.

A path B in Ry, has first S* crossing at e*™® for some x € [gp, qpt1), where
r = wi(B) = wi(w(B),p) and > is an endpoint of a leaf of Ls;7, and the first
unit-disc crossing by B is along this disc. The later crossings are encoded by the
words wi(w, z,p). Thus, up to homotopy, B is a union of segments along the upper
or lower half of the unit disc, leaves of L3 in UP, some segments in gaps of L3,z and
a final segment in a gap of L3,z ending at a point of UP N Z,,. Also, B is determined,
uniquely by its first S'-crossing and its final endpoint, but not always by its final
endpoint alone.
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Newvertheless, the paths in Ry, p \ {Bq,} are in one-to-one correspondence with the
points in Z,, NUP.

Because of the matching between adjacent pairs in €, , and Q;n,p’ the part of the
tree in V3, (a1, +) associated to the fundamental region which has been constructed
is an interval. One should not read too much into this. There is a lot of choice in
construction of the fundamental domain. But this case is very different from the easy
cases. It is certainly not possible to choose a fundamental domain which inherits
the structure of part of T),(s3/7) — except for m < 2, as can be seen from the
computations in 7.4.

It will have noticed that R, o has been described in exhausting detail, but nothing
has been said about R;n,O‘ The set of paths R;n,O will be completely described in the

next chapter.
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CHAPTER 8

PROOF OF THE HARD AND INTERESTING CASE

8.1. The inductive construction

We continue with the notation established at the start of Section 7. We prove the
most detailed part of the theorem only in the case p = 0, that is, for R, o and R;n,O'

/

m,0, Under

The path sets €, ¢ and Q;n,O are described by the images R,, o and R
p in the statement of the Main Theorem 7.11. An adjacent pair in Q,, 0 or 0, ,
corresponds to an adjacent pair in R,, o or R;n,[]‘ Matching of an adjacent pair in
Q0 with an adjacent pair in Q'/rn,O is viewed by considering the image under p and @,
of the element of 71 (V5,,, a1) effecting the matching, as described in 5.6, in particular
in (5.6.3) and (5.6.4). So for each adjacent pair (81,02) in R0, we shall choose

Qm € T (C\ Zm,v2) and [,] € MG(C,Y,,) so that

(8.1.1) (s,Ym) 2y, (0a,, 05, Yn),
and, for i =1, 2,
(8.1.2) Bri = @m * Ym (B, ;) Tel Y.

The paths in R, o have been defined as elements of m; (@\ Z ooy Zioos V2), and, if]
m < n we have R,;, 0 C Ry in m (@\ Zooy Zisos v2). As indicated in 7.11, the paths
in R, ; will be defined as elements of 7 (C\ Zm, Zom,va), so that, if m < n,

R;n,O C R;z,o in 1 (C\ Zm, Zpm,v2).

The total ordering on R, o is easily seen, by fixing lifts to the universal cover, all with
the same first endpoint, and using the ordering on the second endpoints. The universal
cover is the unit disc up to holomorphic equivalence, and under this equivalence the
lifts of the paths in R,, o have endpoints in the unit circle. We take the order on the
unit circle, with the endpoint of 35/7 as minimal, and (/95 is maximal. Since the
elements of R'lm,O are matched with the elements of R,, o, they, too, are totally ordered,
by the condition that matching preserves order. The minimal and maximal elements
of R, o are f5,7 and [19/0g. Similarly, the sets R, , and R;, , are totally ordered.
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The minimal and maximal elements of R,, , are 3;, and 3,,,,, and the minimal and
maximal elements of R},  are #1_,, and Bi_g,,,. Since the sets {8, : p > 0} and
{B1—q, : p > 0} are also totally ordered, the sets Up>oRm , and Uy>oR;, , are also
totally ordered

Let (B1,02) be an adjacent pair in R, 9, matched with an adjacent pair (51, 55)
in R), . In general, we shall choose oy, € m1(C\ Zso,v2) and ¢y, representing an
element of MG(C,Y,,) inductively for m > 2. For each 2 < k < m, there is an
adjacent pair (8,1, Bk,2) in Ry o such that §; and f; are between G 1 and B 2. The
induction starts with 821 = B2/7 and B22 = Bg/28, and ends with B, 1 = (1 and
B2 = Be. Similarly, there is an adjacent pair (8} ;,8; 5) in R}, which is matched
with (8,1, Ok,2), and such that 5] and 3} are between /J’,'m and 6,2,2. For intermediate
k, Be1 = Bm,1 and Br2 = Bm2 are possible. If B1 = By 1 in m(C \ Zy, Zi, v2) then
B1 = Br,1 in m (@\ Zoo, ZooV2). The corresponding statement is not quite true for
Br1 and B1. It can happen that 8] = ﬂ,’ﬂ in 1 (C \ Zy, Z,v2) and B = Brs11
in 7 (C \ Zry1, Zri1,v2) but 51/9,1 #+ ﬂllc-l-l,l in 7.(C\ Zry1, Zrs1,v2). In fact this
happens very often, but is not very visible, because of the indirect definition of R;n,(]‘

For any choice of adjacent pair (81, 32) in Ry, 0, we have

B2, = B2z, B2.2 = Bojos,

and, for 0 < < 2, ; is an arbitrarily small perturbation of 35,7 * 85,7, and

Yi = Vi 27,
for 1; 2,7 as in 7.3, which is the identity on B5,7 for i < 2. So the loop ap = a1 = az
bounds a disc not containing ¢;. The defining equations of ¥,, and «,, are
(8.1.3) Ym 08 = 0n,, ©80 Ymi1,

and ., is homotopic to an arbitrarily small perturbation of B, * 1 (Bm.1) in m1 (C \
Zm,v2). We then have

(8.1.4) U % Gyt (B ) = Brmi 0 MG(T \ Zin, Zin, 02).
and
(8.1.5) (5, Yins1) i (G © 8, Yini1).
We also define [¢,,] € MG(C, Yy,) by
(8.1.6) Vmt1 = &mn © Yum-

An example of this inductive construction is given (for general p) in 7.3, for the
adjacent pair (8,,,08q4,,,) in Rp2pr2. We saw in 7.3 that the homeomorphism
effecting the matching between (8,,,8,,,) and (B1—q,, B1—q,,,) satisfies

(8.1.7) P(Br—gy) = Bg, inm (C\ Zopr2, Zapra,va)
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An arbitrarily small perturbation of 3, * ¢(81—g,) is freely homotopic, in C\ Zap+1,
to a simple closed loop which intersects the unit disc in the leaf of L3/ joining the

points e+27i(1/3),

Now we introduce another object related to the adjacent pair (Bm1,0m,2). We
denote the set bounded by By,1 * B 2 and Y (By, 1 * By,.2) bY U(Bm,1, Bm,2)- These

m,1

two paths with endpoints in Z,, are then defined as elements of 71 (C \ Zoo, Zoo)-
The boundary of this set is a union of two arcs: the solid boundary B, 1 * Bm,2 and

the dashed boundary V. (By, 1 * By, 2). We denote the set bounded by Sy, 1 * B 2 and
V1B 1 *Br,.0) by V(Bm,1, Bm,2, m~+1), and, once again, the boundary is the union
of two arcs: the solid boundary By, 1*m 2 and the dashed boundary Yum1(8;, 1% B 2)-

The definitions then give

8/V(ﬁm,17 ﬂm,Z) = ¢m+1(ﬂ1ln,1 * ﬂ;n,z) = gm(alU(ﬂm,lp ﬁm,Z))
We make definitions so that

U(B,82) is a topological disc,

(8.1.8)
V(B1,B2,m + 1) is also a disc

In general, for n > m for an adjacent pair (81, B2) in R, p, we write V (81, B2, 1)
for the union of sets U(fs, 84) for adjacent pairs (83, 04) in R, , between §1 and [s.
We shall see that the two definitions coincide for n = m + 1, up to isotopy preserving
Zins1.

Then it is clear that an inductive definition of R,,410 and R;, ;, is given by
defining a subdivision of the sets V(81, 82, m + 1) into sets U(Bs, B4), for all adjacent
pairs (1, B2) of Ry, 0, thus defining all adjacent pairs (83, 84) in Ry,41,0. We caution
that there will be cases when the set V' (31, 32, m+ 1) is only a union of sets U (83, 84)
up to homotopy in Z,,. In these cases the definition of the elements g, 55 matched
with 4, and B, will be different, as elements of 71 (C \ Zso,v2, Zso), in R0 and in
Rm+170~

In order to prove the Main Theorem 7.11, we have to prove two subsidiary theorems.
We state the first theorem only in the case p = 0, and we shall only prove it only in
this case. However, there is also a version in the case of p > 0.

THEOREM 8.2. — The sets U(B1, B2) for adjacent pairs (81, 52) can be defined so that
the following holds. Fiz any x € W1(0). Let 81 € Ry,0 be minimal with wy(f1) = x,
and m minimal with 31 € Ry, 9. Let B1 < Bn2 be adjacent in R, o for anyn > m. Let
&n,1 be the homeomorphism associated to the pair (B1,0n,2), like the sequence &, in
(8.1.6). Then for any adjacent pair (B3, B4) in R, o with wi(B, 3) = = and associated
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homeomorphism &, as in (8.1.6), up to Z,y1-preserving isotopy, the region bounded,
by B3 x Ba and &,1(0'U(Bs, Ba)) is, up to isotopy preserving Zni1:

(8.2.1) U{U(Bs, Bs) : (Bs, Bs) adjacent in Ry 41,0, B3 < Bs5 < B < Pa}-
Also,
(8.2.2) supp(&n 0 £, 1) N&n 1 (O'U (B3, ) = @.

Also, for any x of the form wh(w) for some w starting with BC, a similar result holds

for the minimal B with wy(61) =z and any pair (B3, Ba) in Ry o with we(fs) = x.

THEOREM 8.3. — The paths of Ry, and Ry, , are in the set D' of 3.5 for allm > 1
and all p > 0.

That is, the obverse of the Inadmissibility Criterion of 3.4 holds. This will be
proved in 8.12.

8.4. Adjacent elements in R,, o: how many S'-crossings are the same?

We have seen that a path 8 in R, o is determined by a sequence
(z, {wj(w,z,0): 2 < i< n}).

We write 8 = B(w, z) if w ends in C and § ends at the point of Z,, encoded by this
word. Because of the rules on the definitions of w}(w,0), w;(w, z,0) and w}(w,z,0),
the paths adjacent to f(w) € Ry, o are determined by the end part of the word. The
examples calculated in 7.4 are therefore highly indicative of the general picture. The
following holds.

Lemma Let 81 and B2 be adjacent in Ry, o with f1 < Ba. If wi(B1) # wi(B2),
define i = 0. Otherwise, let i be such that w}(81) = wj(Be2) for j < i but wi,,(61) #

Wi 1(B2)-

Case 1. Suppose that it is not the case that one of w;+1(61) and w;+1(B2) is of the form
vL1RyUC and the other of the form vLy Ra(BCL1Rs)y.
a) If wi(B1) ends in L3, then wit2(81) = w(B1) and w;+1(82) = w(Bs).
b) If w}(B1) ends in R3, and w;y1(01) # w(B1), then w;13(01) = w(B1) and
wit1(B2) = w(B2).
Case 2 Suppose that w;11(81) and w;+1(B2) are of the form excluded in Case 1. Then
wi1(61) = w(B1), wit1(B2) # w(B2) and wiya(B2) = w(Bz).
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Proof. — Case 1. We are supposing that w;1(82) is not of the form vL; RoUC. Then
w;,1(B2) ends in L3 or R3, and there is z of the same length as w; (32) ending in C,
with D(z) and D(w;,,(02)) adjacent. Let 83 be the path with w;,(83) = wj,(52)
and w;11(B3) = 2. Then since w;+1(81) # wi+1(B2), we have §; < B3 < fBa, and
B3 = P2. So wit1(B2) = w(Bz).
Case 1.1: w;(f1) # wi(B2).

If i = 0 and w1 (B2) = w(B2), then w}(B1) # wi(B2), and so By is maximal in R,, o
with w{(81) = z (for some z). We return to this case shortly.
Suppose that ¢ > 0 and that v = w;(81) # wi(B2) = u'. The possibilities for
u = w;(f1) given w;(B1) are given in 7.5: in all cases, w} is obtained from w; either by
deleting an end part of w;, or, if w; ends in C or BC or UC, then w; and w; have the
same length and the discs D(w;) and D(w}) are adjacent. At any rate, the possibilities
for w; all end in Lz, C, BC or UC, and these are ordered in terms of the order of the
sets D(u), with u being minimal for the unique such word ending in C. If u ends in C,
then u’ ends in BC or UC — depending on whether w;(8;) = w;(52) ends in L3 or R3
— and B must be minimal among 8 € Ry, o with w}(8) = w}(61) = w}(B2) and w(B)
of the form v'y. If w ends in BC or UC, then £y must be maximal among 8 € R, 0
with w(8) of the form uwy and w,(8) = w}(B1). We shall return to these cases shortly.
If u = w;(f1) ends in Ls, for example, u = Lé, then [B; must be maximal among
B € Ry with w;(8) = u and w}(8) = wi(B1). We then have w}, ,(8;) = uL3, and
1 is maximal among 8 € Ry, o with w},,(3) = uL3 and w}(8) = w}(61). Again, we
return to this case shortly.
Case 1.2: wi(B1) = w;i(B2). Suppose that u' = w;,,(61) # wi,,(B2) = w(B2). Then
(1 is maximal among 3 € R, o with w;;(8) = v’ and w;(3) = wj(B1). This is simply
a more general version of the second maximal property of Case 1.1. We return to it

below.
Case 2. Suppose that w;11(B82) = vL1R2UC for some v. Then since w;y1(81) #
w;+1(B2), we must have w(B;) = v, where v’ is obtained by replacing the last

letter of v by C, or w(f1) = vL1ReBCL1RyBCz for some z, depending on the
length of v in comparison with m, and 8; must be maximal in R,, o among § with
vL1Re BCL1 Ry BC as a prefix of w(8). This is the same property as the first maximal
property in Case 1.1.

So suppose that u ends in BC or UC. Maximal paths § € R,, ¢ with w(5) of the
form uy have w(B) = uL; RYRyC for 1 < p < 3, or uL; RaR3L3L>C. Minimal paths
with w(f) of the form uy have w(3) = u(L1R2BC)™ L1 Ry R2C for some n > 0.

Now we return to the other possibilities in Case 1. Words v such that 8 € R,, ¢ is
maximal with respect to the property that w;, (8) = u, with u ending in L3 or R3
are, respectively, u”’C of the same length as u with D(u”C) and D(u) adjacent, then,
for increasing m, v = v’ X L1 R1RyC where X = BC or UC, depending on whether
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u ends in L3 or Rz, then uL3LyC, then uLyR3L3LyC, then different possibilities
depending on whether u ends in Ls or Rs. If w ends in L3, then the additional
possibilities, for increasing m, are of the form

u(LaR3L3)? Loy,
y = BCL1 R RyC or R3L3L,C or R3L3LoR3LiLsC
for any ¢ > 0. If u ends in R3 then the additional possibiliities are
uLyR3L3(LyR3L3)%(Ly or LyR3Ly)C

for any ¢ > 0.
In all but the last case, w;y12(81) = 51, and in the last case, w;13(61) = B1. So
wH_Q(ﬂl) = ,61 if w(,@l) ends in L3 and wi+3(ﬁ1) = ﬁl if w ends in R3. Il

8.5. Definition of ¢, o and ;1

We define ko, and sequences 9, 0, 0um,0 and &y, o associated to an adjacent pair
(71,72) in Ry 0, as follows. If w(y1) starts with BC, then ¥, 0 = ¥m, amo = am
and &,,,0 = &m, where these are the usual sequences associated to (1, 7v2). Otherwise,
let ko be the largest index such that w(8y,) starts with BC, where (8, Bk,2) is the
adjacent pair in Ry with v; and o between [y and (k2. Also, let 5,’% be the
element of R;CO which is matched with B;,. Then ky = 3¢ for some ¢ > 1 and
w(Br,) = (BCL1R2)""'BCL1R1 Ry;C. Then we define

Wko,0 = Vho»  Okp,0 = Ukgy  Eko,0 = Eko-

Then for k > ko, we define 9511,0 and & o inductively by

Tao ©80WUry1,0= Pr,00 5.
and
Yr4+1,0 = &k,0 © Vk,0,
and a1, is the perturbation of B, * ¢k+1,0(570) which is equal to ay in 71(C\
Zy,v2). The support of &, ¢ is relatively easy to compute directly. It can be written
as
Am72/7 U Chp,
where (), is disjoint from A,, 5,7, coincides with Cy, 5,7 for k < ko and only differs
from C,, o/7 for m > kg in preimages of the periodic component of Cj, 5/7. The dif-
ference happens because components of the backward orbit of the periodic component
of Ci,,2/7 which intersect the central gap now pull back homeomorphically, not with
degree two, and pieces of string which are close to the central gap, pull back close to
the preimage gap.
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Similarly, we define sequences ¥, 1, &m,1 and o, 1, using B, for some k; > ko.
If wi(B1) = Ls, then ky = ko. Otherwise, k; is the least index such that wi (08, ) =
wi(B1).

We shall use 8.6 to analyse &, 1 © 5;}0 and &, o 5;1’11.

8.6. Comparing &, and &, and &,

To prove 8.2, we need to compare a sequence of homeomorphisms {&, : n > m}
(as in 8.1.6) associated to an element 8 € Ry, o with {£, 0 : n > m}. We shall relate
&n o 5;}) to &1 0 57;_11,0. So let (Bn, Bn,2) be an adjacent pair in R, o, such that:

— B, € R, is matched with £,,,

— fr and B, 2 are between §,_; and B,_12,

— Bo= 52/77 Qo = &p2/7, o = ¢0,2/7a L

— a, is homotopic, up to homotopy preserving n, to a perturbation of 3, * ¥ (5/,)

which separates the second endpoint of 3, from the second endpoint of 3y, 2.
— Asin (8.1.3) and (8.2.1),

(861) Oa, 080¢n+1 =¢n087
(862) '(/}n—',-l = En o 1/}7”
(863) Oq, ©S80 é-'n 7 gn—l ©0q,_; 0S8

The support of a homeomorphism £ is the set where it is not the identity, written
supp(§).
Lemma The following holds.
Let n be such that ¥, = ¥p,0 and an—1 = ap—1,0. Then

-1 -1
so&, oé—n,O =0, 90a,,08.

So in this case,
(8.6.4) supp(&n 0 £,4) C 5~ H(Ey),

where E,, is any disc which contains &, * ap -

For any other n,

(8.6.5) 08,0808 08,4 =En10&, 1 g00, 008,05,
where
Cn = Cn,l * Cn,2a

and Cn.1 and Cp2 are arbitrarily small perturbations of, respectively,

/67 * ﬂk;o * €n—1,0(/37k0 * ﬂn)
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and
gn—l,O(ﬂin * ﬂn—l * wn—l(ﬁrg_l * ﬁ;))

where (.1 does not contain vy or the endpoints of either B, or Bi,, and (, 2 contains
vy and, if B # Bn—1, also contains the endpoint of By, but not of Bp—1. (Otherwise,
it does not contain the common endpoint.) So

Supp(&n o E;})) - Uk<nEn,k)
where Ey i 1s any suitably chosen disc which contains (i, Exy1k = s_l(Ek,k), and
forr > k41, E, i is defined inductively as

Eri1k = (08, 08) (Erg).

Similar statements hold for &, 1 replacing &,0 for n > ki, and for By, replacing
Bro, for any fized k1, and &1 replacing &,,0, where &, 1 is the sequence obtained by
using B, forn > k1.

Proof. — We need to start the induction and find an expression for &, o 5;’(13 when
Y = YPno and ap_1 = ap_1,0. We start from the expressions
Oa, 080& 0%y =1%,004,.,08
and
Oa,o 080 gn,O o wn,O = wn,O O0q,_1,00S-
The two right-hand sides are equal, and v¢,, = ¥, 0. So we obtain
Oq, ©S0 gn - Uocn,o ©Sso 5n,0~
So
50,0 5;’(1) = a;j 00a,, 05,
which gives (8.6.4).
Now we aim to prove (8.6.5). We use (8.6.3) and the corresponding statement for
the sequences &, o and oy, o, which is:
(8.6.6) Ttiy0 08080 =28n—1,000a, 1,08
This can be rewritten as
-1 -1
(867) Oap_10°8° gn,O = £ -1,0 ©0ay,,©S-
So then from (8.6.3) and (8.6.7), we obtain
G 05060 0605 = Eur 00w, L 050 E0)
= 11000, 1005, ,, 06010 000,,08

With 8 = B4, , the right-hand side can be written as

—1 -1 -1
€n-100a, , 005 0§, 44003004 003, 0S.
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This gives

-1 -1 _ -1 -1
08,0808,08,0=E1-1°0y,_,(8,)°0a, ,© og© §n_1,0°080 o, 008,05,

which gives
0, 080&, 0 g;’(l) =£&,-10 g;ﬁl’o o0¢, 008, 0S5,
where (, is as stated. The subsequent bound on supp(&, o 5;’%)) is then clear.

The similar statements with By, and &, ¢ replaced by Bi, and &, 1 are proved in
the same way. O

8.7. Definition of U(3i, 52)

We now define the sets U (51, 82) for adjacent pairs (81, 32) in Ry, o, for any m >
0. The structure is suggested by the examples in 7.4. In all cases, U(81,82) will
have at most two components of intersection with {z : |z| < 1} which intersect Zo,
nontrivially. We start by defining, for X c C,

ess(X)=XnN{z:|z| <1}

We are really only interested in ess(X) up to isotopy preserving Z..

The basic idea is to choose U(81,2) to be the union of D(w(f2)), and everything
between D(w(f2)) and the nearest disc-crossing of (1, but this might not be quite
appropriate, if the nearest disc crossing by (1 is not close by. So we define i as in 8.4,
that is, i is the least integer > 0 such that w;,(81) # wi,,(B2). Note that D(w(f1))
and D(w(f2)) might not be adjacent in the unit disc. They will be adjacent if:

wit1(B1) = w(B1), wir1(B2) = w(Bz).

‘We consider two conditions:

L wi(B1) = wi(B2);
2. if w(B2) has a prefix of length > m — 6 ending in BC or UC, then (5 is not
minimal or maximal among paths § in R, o such that w(8) has this prefix.

Case that 1 and 2 hold. Referring to 8.4, we see that, since w(f32) does not end in
BC or UC, we are in case 1 of 8.4, and that:

— wipr(B2) = w(B2);
— w;+3(B1) = w(B1), that is, B has at most two more crossings than 85 — and at

least as many crossings as (2, since the assumption that w;(81) = w;(82) means

that w(B1) # wi(B1).
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The minimal path 83 with wj,;(83) = wj,,(B1) is such that w(B3) is of the same
length as w; ,  (61), ending in Ry RyC or LyC, with D(w(f3)) adjacent to D(w;,(61))-
The closure of the set between D(w(f8s)) and D(w(f2)) is D(v), where v is of the same
length as either w(B2) or w(fBs) and is obtained from w(fB2) (or w(Bs)) by replacing
the last letter by Rs.

First suppose that w(f;) does not both have length m + 2 and end in Ry R»C.
Then

(8.7.1) ess(U(B1, B2)) = D(w(B2)) U D(v).

An example is given in 7.4 by w = L3LsR3L3L2C and w' = L3LyR3L,C. If w does
have length m + 2 and end in Ry RyC, then write w(81) = w'RsC, and define

(8.7.2) ess(U(B1, B2)) = D(w(B2)) U D(v) U D(w'Ry).

In cases considered so far, ess(U(31,32)) is connected.

Case that 1 holds and 2 does not. Now suppose that w(f2) has a prefix z of length
> m — 6 ending in BC or UC, and such that (2 is minimal or maximal among paths
(B with z as a prefix. This includes all cases of w;(1) and w;(82) differing in just the
last letter BC or UC. If (35 is maximal among such (3, then let v be as above, and we
define

(8.7.3) ess(U(B1, 82)) = D(w(B2)) U D(v) \ D(zL1 R, UC).

Having excluded D(zL;RoUC) from (01, 32), we have to decide where to add it in.
Let o be obtained from w(fB2) by deleting the maximal suffix containing only the
letters BC, UC, L, and Ry, apart from the last Ry R>C. In the case when (5 is
minimal among (3 such that w(8) has x as a prefix, but not minimal among 8 such
that w(B) has xo(BC or UC) as a prefix and the end word of z includes at least one
UC and has length at least 4, we let ' be obtained from z by replacing the end
UC(L1RyBC)* by BC(L1R2UC)*, and then

(8.7.4) ess(U(By, B2)) = D(w(f2)) U D(v) U D(2'L1 ReUC).

If B is minimal among ( such that w(83) has zo(BC or UC) as a prefix, then let y be
the word ending in L3 LaR3 L3 with D(y) adjacent to D(zoC), and with D(y) between
D(w(B:1)) and D(w(B2)), with y of length > m, and, subject to these conditions, of|
the least possible length. Then we define

(8.7.5) ess(U(B1, B2)) = D(w(B2)) U D(v) U D(y).

If the prefix « does not include any letter UC, and is not minimal among 3 such
that w(B) has zo(BC or UC) as a prefix, then usually we use (8.7.1). But if z is of]
the form L2L,;BC(L1 Ry BC)* and w(B2) (and w(3;)) start with
(BCL1R3)*(BC or UC), then we define ' = BC(L, R,UC)*+! and again use (8.7.4).
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The purpose of these definitions (8.7.3) and (8.7.4) is to ensure that the set bounded

by B1 B2 and &, 0(0'U(B1, B2)) is contained in D(z). The addition of D(zL; RyUC),
or subtraction of D(z'L;RoUC), is made so as to counteract the effect of &, ¢, for
&m,0 as in 8.5.
Case when 1 does not hold and 2 does hold. Now suppose that ¢ > 0, w;(81) = w}(B2)
and w;(81) # w;(B2), that is, that 1 above does not hold, but assume for the moment
that 2 above does hold. If w;(81) = w(B1), then w;41(82) = w(Bs2) is of the form
w’'RoC. In this case, we define

(8.7.6) ess(U(B1, B2)) = D(w(B2)) U D(w'Ry).-

Now suppose that w;(31) # w(f1). Then both wj,(B81) and wj,;(B2) end in Ls.
Write w; ,(81) = uLs. As before, define v to be the word of the same length as w(f52),
with D(v) adjacent to D(w(f2)), and ending in R3. Then if i = 1 and w{(81) = Ls,

we have:

(8.7.7) ess(U(f1,02)) = D(w(B2)) U D(v) U D(u),
and in all other cases, we have:
(8.7.8) ess(U(B1, B2)) = D(w(B2)) U D(v) U D(u) \ D(vLs).

The set vL3 is of the form y for some other pair (81,02) as in (8.7.5). So the set
which is excluded in (8.7.8) is added in in (8.7.5).

Case when 1 does not hold and 2 does not hold. This can only happen when i = 1 and
w}(B1) = wi(B2) = L3, and w(Bs) starts LZL,UC. Then B is minimal among paths
B which start with LZLy BC. Then w(B2) starts with L2Ly(BCLyR2)"BCL1 R, for
some n > 0. The definition of U(B1,B2) in this case is similar to (8.7.5). In that
case we define v to be the word such that D(v) is sandwiched between D(L3L,C)
and D(w(B2)). We take y = BCL1R3(UCL1 Ry)"UC Ly if this has length m — 2, and
otherwise y is empty, and D(y) is empty. Then we define

(8.7.9) ess(U(B1, B2)) = D(w(B2)) U D(v) U D(y).

We define U (31, B2) itself up to isotopy preserving Z,, for any n, by adding handles
round arcs of B * 33 to ess(U(B1, 52)).

LEMMA 8.8. — The sets ess(U(B1,02)), for (61,02) running over adjacent pairs in
R0 with wi(B2) =z, have disjoint interiors, and the union contains all sets D(w) C
U® with w of length < m + 1.

Also, if B is any path in Ry, with wi(8) = z and (81, B2) is adjacent in R,
for some n_> m with w{(B1) = z, then B has no transversal intersections with

a/U(ﬂl) ﬁ2)
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Proof. — The sets D(w(f82)) are disjoint. The sets D(v) are associated with just one
pair (01, 82), as are the sets

D(u), D(w'Ri), D(y),

where defined. So interiors are disjoint. Now we show that the union is as claimed.
The first case of the definition of U (81, 82) is when it is the region of the disc between
the ¢’th unit-disc-crossings of 3; and (2, where these are the first crossings which are
distinct. If w is a word of length < m + 1, the points in U® N D(w) which are not in
such a region are in sets of the form D(w'R;) or D(u) or D(y), where there are as in
8.7. The definition of U(f1, B2) is made to include all of these.

For the last part, if wj(B2) # z, then the claim of no transversal intersections
follows immediately, because [ is contained in U® after the first S'-crossing, and
U(B1,B2) C UY for y # z. There are some intersections between sets U* and
UY, which arise from the exceptional definitions of w/(w,z) (and w/(w,y)) listed
in 7.6: but none of these occurs adjacent to (1, if §; is the maximal path with
wi(B1) = x. So we can assume that wi(8;) = wi(B2) = z. Suppose that § in-
tersects 0'U(B1, B2). Then for some j, wj(B) must be strictly between w;, ,(61) and
w;y1(B2), and w;—1(61) = w;—1(B2) must be a prefix of w’(B) also. If w;(B1) # wi(B2),
then, since n > m, and f; and (2 are adjacent, w;(8) is not between w;(3;) and
w;(fB2), and hence also not between w;_ (1) and w; ,(B2), giving a contradiction.
If w;(B1) = wi(B2), then w;(B1) is also a prefix of w(B), and hence w;(8) = w;(B1)
and w’(8) = wj(B1) for j <i. Then because #; and (3, are adjacent, w;, () is not
between w} ,;(61) and w]_ ;(B2), and w;11(6) is not between w]_ ,(61) and w} ,(B2).
Then since j > i + 2, we see that w;1(81) is a prefix of w}(3), and wj(8) is also not
between w), ,(61) and w},,(832), giving the final contradiction. O

8.9. Preservation of U((,32) under local inverses

We are especially interested in the cases in which a set U(f1, 82) is mapped by a
local inverse of s™ to a set U(Bs, 84). From the definition given of U(8;, B2), it is clear
that this happens precisely when 31 * 32 is mapped by a local inverse of s to B3 * B4.
So for this, we need to refer to 7.7, and, more fundamentally, to (7.7.1) to (7.7.4).
The definitions are such that, if S is a local inverse of s™ as in 7.9, or more generally
a local homeomorphism as in 7.9, and (81, B2) are adjacent in R,, o, then there is an
adjacent pair (83, 04) in Ry,4n,0 such that

(891) SU(/BlaﬁQ) = U(ﬁ3a/84)7

and conversely, if (83, 84) is an adjacent pair in R,,4, 0, in the image of S, then there
is an adjacent pair (31, 82) in R,, o such that (8.9.1) holds.
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8.10. Definition of V (51, 82,n)

Let (681,02) be an adjacent pair in Ry, o. Let &y and &1 be as in 8.5. The
following lemma means that if we define V (81, B2,7n) to be the union of sets U (83, 84)
with (8s, 84) adjacent in R, o and between £, and [, then, up to isotopy preserving
Zm+1, and usually up to isotopy preserving Z.,, the set V (51, B2,n + 1) is also the
region bounded by S; * B2 and &, 0(0'U (81, B2)), except in a few cases, when we shall
see later that it is the region bounded by B * B2 and &, 1(8'U(B1, 32)).

Lemma Let ($1,02) be an adjacent pair in in Ry, o and let i be the largest index with
wi(B1) = wi(B), setting i =0 if wy(Br) # wi(B2). Ifi > 1, set & = wi(B1) = wi(B2).
Then the region bounded by (1 * B2 and &,0(0'U(B1,B2)) is the union of arbitrarily
small neighbourhoods of sets U(Bs, Ba) for (Bs, Bs) adjacent in Ryy1.0, and 1 < f3 <
B4 < B2, up to homotopy preserving Z,,+1 except in the following cases. In cases 2
and 3, we compensate by taking the pointwise definitions of some (] and (4 to be
different in R, 1 o from the definitions in R, ,. Apart from these exceptional cases,
the region and the union are equal up to homotopy preserving Z..

1. There is B3 € R0 between B1 and B such that w = w(Bs) and z = wi(Bs),
and wi,,(w,z,0) is one of the exceptional cases of definition in 7.6.

2. The difference is in a set D(y), where y ends in (L3 or Rg)LoR3Ls. This hap-
pens when w;(B3) # w;(B4) for the largest i with w}(Bs) = w}(Bs), except when
i =1 and wi(Bs) = wi(Bs) = Ls. In all the cases with i > 1, there is a y as
above with D(y) between D(w(f3)) and D(w(Bs)) and with w;(y, wi(Bs)) = y.
It also happens when such a D(y) is between D(w(B3)) and D(w(Bs4)), adjacent
to D(v), with B3 < B4, and By is minimal with v(BC or UC or C) as a prefiz
for some v.

3. The difference is in a word ending in D(y), where y ends in
(UCL1R)"BCL1R 1Ry, and 3n + 6 > m. This happens when such a D(y) is
between D(w;(Bs)) and D(w;(B4)), again for the largest i such that wi(Bs) =
w}(B4). It also happens if y = v(UCL1R1)"BCL1R1 Ry and B3 is mazimal with
w(B3) having v(BC or UC or C) as a prefiz.

Proof. — The first exceptional case occurs precisely when, if paths were defined using
the sequences w}(w,0) rather than w}(w,w}(w,0),0), the paths between 8; and B2
would be different. In all other cases, the paths can equally well be defined using the
sequences w}(w, 0). So now we consider all these other cases
Recall that the support of &m0 is Ay, 2/7 U Cpo. The region bounded by B; * B2
and &, 2/7(0'U (b1, B2)) is
U(B1,2) U Dy \ Dy,
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where D; and D; are as follows. The set D; is the union of any beads on A,, 5/7 or
Cm,0 which follow on from beads inside U(f81, f2) and such that the piece of string
between the two beads first crosses OU (81, B2) along 8'U(B1, B2). The set Dy is the
union of any beads of A,, 5/7 or Cy, o inside U(f1, B2) which follow on from pieces of
string which cross OU (81, B2), and such that the crossing of this piece of string into
U(B1, B2) is across O'U (B, B2).

Most pieces of string on Cp, ¢ trace round inside gaps of L3,7, or segments of the
unit circle close to the boundary of a single gap, so that they have limited scope
for intersecting sets 8'U(B1, B2). The definitions in (8.7.3) and (8.7.4) ensure that
alternate strings, those from beads with words ending in UC to beads with words
ending in BC, usually intersect precisely two sets 8'U(31,02) and 8'U (B2, 33). The
exceptions are words ending Ly BC(L; RoUC)¥*! and L3L,BC(L1 Ry BC)*. But such
a piece of string is the image under S, for some local inverse of some s™ as in 7.9, of the
piece of string on C,, o7 connecting D(BC(L1 Ry BC)*) and D(L3 L, BC(L1 R, BC)F).
This piece of string also intersects precisely two sets 8'U (81, 82) and 8'U(Bs, B4). So
the action of C, ¢ gives rise to the exceptions listed in 3 and the last exception in 2.

Now we consider A, 2/7. Note that ess(U(fB1,/32)) includes D(w(B2)) and also a
connected component D(v) which is adjacent to D(w(f2)), except that in some cases
D(vLs3) may be excluded. Let i be the index with w;(81) = wi(B2) but wi,,(61) #
wj,1(B2). There is a path §3 € Ry,41,0 between $; and (o if and only if w;(83) =
wj(B2) = wi(f1) and wi,,(B3) is between wj ,(B1) and wj,,(B2). Then D(w(Bs)) is
in D(v), unless D(z) is in D(v), for some z such that D(z) and D(2’) are consecutive
beads on some component of A, 5,7, with D(z) preceding D(z’), and w(83) = 2'L2C.
In that case, zLoC = w(f4), where B4 € Ry, 41,0 is also between 1 and B2. The solid
boundary of U(f,32) is By * B2. So the string z +— 2’ crosses 0'U(B1, B2), unless
either D(z) and D(z2’) are both excluded from ess(U(f31,32)) or D(z) and D(2’) are
both included. If D(z) and D(z") are both excluded, then z = vL3 for a nontrivial
v, and we are in case (8.7.8). In that case, the conditions of 5 of 7.5 imply that 4
is between 1 and (2, and (3 is not. The definition of (8.7.8) ensures that D(z) is in
the region bounded by By * B2 and &, 0(0'U(B1,B2)), and D(2’) is not. If D(z) and
D(2') are both included in U(81, 32), then we are in case (8.7.5), and then D(z’) is
in the region bounded by B; * B2 and &, 0(0'U(B1,82)), and D(z) is not. Condition
5 of 7.5 confirms that (3 is between 81 and (2 and (4 is not.

The proof of 8.2 is then completed by the following lemma.

LEMMA 8.11. — Let (v1,72) be an adjacent pair in Ry o. Let i be mazimal with
wi(B1) = wi(B2) (possibly with i =0) and let x = w}(y1,0). Once again, let &m0 and
&€m,1 be asin 8.5. Then, for m > ko, intersections between &m o(0'U(v1,72)) and the
support of Em1 0 5;710 occur only when i > 1, and there is 3 between v and ~ys inl

MEMOIRES DE LA SMF 106



8.10. DEFINITION OF V (81, 82,n) 123

Ryy1,0 such that wi, ,(w(y3),,0) is one of the exceptional cases of definition in 7.6.
There are no intersections at all with the support of &, o 5;1’11.

Proof. — Let (Bk,Bk,z2), En and E, j be as in 8.6, with (y1,72) = (Bm;0Bm,2). So
Enk is obtained by taking successive preimages under maps og, o s a small disc
neighbourhood Ey j, of the loop (i as in 8.6. We need to show that for » < m there
are only limited intersections between E,, ., and &, 0(8'U(01,82)) for r < ki, with
these intersections corresponding to the exceptional definitions of w}(w,®,0) in 7.6,
and no intersections at all between E,, . and &, 1(0'U (71, 72)) for r > ky.

The set Ej is nonempty only when either f; # Br_1 or when §; # 3;_,, or
when the support of £x_ o 5;_1170 intersects Gy * B2 s7- Note that the possibility of
B)._1 # B, does occur, even when f; = fr_1. These are the cases listed in 8.10,
when a set bounded by Br_1 * Br—1,2 and Ex_1,k, (O'U(Br—18k-1,2)) (for k < k1) or
€1k, (O'U(Br—18k—1,2)) (for k > k1) is not the same up to homotopy preserving Z.,
as the union of sets U(ys,~y4) for pairs (7ys3,74) of Rio between B;_1 and Sr_1,2.

The loop {m—r2 traces round the union of sets &, ¢(OU (y3,74)) for adjacent pairs
(v3,74) between Bp,—,—1 and B,—,. It is usually the case that (8,—r—1,Bm—r) iS
an adjacent pair, but there can be a path between (,,_,._1 and 3,,—,. This means
that components of s™"({—r2) do not have transversal intersections with any set
0'U(7s5,76). We claim that the same is true for ¢,,_, 1. This is because the preimage
under s~* of any piece of string in the support of &,,_,_1,0 which crosses By * Bk
and which intersects U, will cross the union of solid boundaries of sets U(~3,7s), for
adjacent pairs (73, v4) in Ry, —r1¢,0, represented by a component of s By * Bko),
and will not cross any dashed boundary before the next bead. So the boundary of]
the set s7%((;n—r2) has no transversal intersections with any set &,,.0(8'U(7vs,76))-

We now consider a component of E,, ,,,_, such that the corresponding component
of Epm—r, for m —r +2 < n < m, does not intersect 8,41. Then E,, ,,_, is a
component of s~ "(Ey,_y41,m-r), and intersections with &, 0(0’U(71,72)) can only
occur as intersections between &, 0(8'U(71,72)) and components of s (8p,—r). For
intersections between &, 1(0'U(7)1,72)) and components of s'~"(E;,—_y41,m—r), for
m—r > ki, under the assumption that we are currently making on these components,
we only need to consider components of the support of s~"(8,,_,) which intersect U°.
In fact, we shall consider, more generally, intersections with &, 0(8'U (73, v4)), for any
adjacent pair (7v3,74) with wj(y3) = wi(y).

First we consider intersections between s~ "(Bm—r) and &, 0(0'U(ys,7v4)). Any
component of &, o 5;7%), for any n, which has support close to s~*(8,,_), can be
broadly represented by

L3L;oR3(bot) < (top)R3L3LoR3
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This means that the part of the homeomorphism supported near s~!(3,,_.) inter-
changes two discs in D(LZLyR3L3) and D(R3L3LyR3) along the line of the diagonal
5~ (Bm—r). We get corresponding components of &1 0 5;414,0 by taking preimages
under s”. The second preimages are

(8.11.1) L3LyR3(bot) «» (bot)R3LyR3L3LoRs,
(8.11.2) R3L3LyR3(top) « (top)L3LyR3L3LoRs,
(8.11.3) LyR3L3LoR3(top) < (bot)L1 RoR3L3LoRs,
(8.11.4) RoR3L2LyRs(bot) < (top)RyRaR3LsLaRs.

We claim that only components of support of &, 1 © 5;,10 represented by further
preimages of the first two will ever intersect &, 0(0'U(vs,74)), for any m. We can
restrict to looking at any set &, 0(0'U (73, v4)) which is not in the inverse orbit of some
other &, 0(0'U(B7,08s)), and a component of support of &, 1 o f;hlo which intersects
U°, and which is not in the backward orbit of any other component of support of
&n10 f;}) which also intersects U°. For if &, 0(8'U(v3,74)) is in the inverse orbit of]
some other &, ¢(0'U (75, 76)), it can only intersect a component of support of &, 1 05;1710
if a component of support of £, 1 o 5;%] intersects &,.0(0'U (v5,76))-

So now we consider the backward orbit of (8.11.1) and adjacent pairs (vy3,74) in
R0 with w{(y3) = wi(y1). The two immediate preimages are given by adjoining
either (L3, L) or (Rs, R2), that is, we have

(8.11.5) L3 Ly R3(top) « (top)LaR3LaR3L3LoRs
and
(8116) R3L§L2R3(b0t) — (bOt)R2R3L2R3L3L2R3.

Any backward orbit of (8.11.6) passes through one of the following:

(8.11.7) L3L2R3L§L2R3(b0t) — (bOt left )BCL1R2R3L2R3L3L2R3,
R3L2R3L§L2R3(b0t) — (tOp right)UCL1R2R3L2R3L3L2R3,

(8.11.8)

BCLlRTfileRgLéLgRg(bOt left) s (bOt left)BCLlR?R2R3L2R3L3L2R3,
UCLi R} RyR3L3 Ly Rs(top right) < (top right)UCL; R} RyRsLoR3 L3 Lo Rs.
There is no intersection of the component of &, 1 © f;b’lo identified by (8.11.7) with

Em,0(0'U(v3,71)), for any adjacent pair (y3,74) in R, o. We see this as follows.
Note that most of the sets U(ys,74) have solid boundary on the left side of D(BC')
and dashed boundary on the right. The only set &, 0(8'U(v3,74)) which spans both

D(BC) and D(L3) is the longest one of all, which passes from the bottom righthand
side of D(BC) to D(L3). Similarly, there is no intersection of the component of
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€m,10 E;L’lo identified by (8.11.8) with &, 0(0'U(7y3,74)), for any adjacent pair (73, 7y4)
in R,,. Applying the prefix and substitution rules of (8.9) for the shape of sets
0'U(73,74), there are no intersections in the other cases also.

So we consider the backward orbit of (8.11.5) obtained by adjoining (uLs,uLs).
Because of the conditions of 5 of 7.5, the presence of intersections, or not, is determined
by the longest suffix of v which consists only of the letters Ly, L3 and Rj3, of the
form wq - --upLs described in 5 of 7.5, that is, n > 1, u; = L3(L2R3)miL§i_1 with
m; +r; =3 for i > 2, my +n, is odd and > 3, and m; > 1. Then intersection occurs
with a set &, 0(0'U(7s,74)) if, and only if, n is odd. The definition of w}(~y3) in these
cases was chosen precisely so that the region bounded by F3 %4 and &, 1(9'U (71, 72))
is the union of the sets U(~ys,~s) for adjacent pairs (7s,76) in Rm+1,0 between 3 and
~v4. These are the exceptions identified in 7.6.

Now we consider (8.11.2). It is probably worth pointing out that, whenever this
case arises, Bpm—r # Pk,, and therefore the immediate preimage is definitely under
s~!. We have two immediate preimages that we can adjoin immediately:

(8.11.9) RyR3Litop < topR3L3LoR3 L3
and
(8.11.10) LyR3L3bot < botL3LyR3 L3

Preimages of (8.11.10) are similar to (8.11.5) but, with top and bottom reversed.
This gives rise to some intersection with sets &, 0(8'U (3,74)), which, as with (8.11.5),
arise exactly in the circumstances identified in (7.6).

For (8.11.9) we have further preimages defined by similar words to (8.11.6):

(81111) BCL1R2R3Lg(bOt I‘lght) — (bOt)R3L2R3L3L2R3L3,
(8.11.12) UCL1R2R3L?; (top left) — (tOp)L3L2R3L3L2R3L3,
(8.11.13) BCLlR?R2R3L§(bOt I“ight) — (bOt I‘ight)BoLlR?_1R2R3L3L2R3L3,

(8.11.14)  UCL1R}RyR3L3(top left) < (top left)BCL1 R} 'RyR3L3LoR3Ls.

No preimage of (8.11.11) to (8.11.14) intersects any set of the form &, 0(8'U(73,74)),
for similar reasons to (8.11.6), that is, for similar reasons to (8.11.7) and (8.11.8).
Now we consider preimages of (8.11.3). The first preimages are

(81115) L3L2R3L§L2R3(b0t}) <~ (bOt I‘ight)BCLlRQRngLQRg,
and
(81116) R3L2R3L§L2R3(t0p) — (tOp left)UCLleRngLzRg.

The track in (8.11.15) does not intersect any set &, 0(0'U(y3,74)) for 6 < m. We
see this as follows. The longest dashed boundary &, 0(0'U(~s,74)) which spans both

SOCIETE MATHEMATIQUE DE FRANCE 2010



126 CHAPTER 8. PROOF OF THE HARD AND INTERESTING CASE

D(BC) and D(L3) passes on the outside of the track of (8.11.15), and apart from this
the there are no other dashed boundaries which intersect either BC Ly Ry R3 L3 Ly R3 or
D(L3LyR3L3LyR3) which are not preimages of others. The same is true if we adjoin
any (u,u’), by the rules of 8.9. For (8.11.16): if we prefix by BCL1Ry(R3L3)™ or by
L3Ly(R3Ly)™ respectively then there are no intersections with any &, 0(8'U(0s, 8s))
for 9+ 2n < m or 8 + 2n < m respectively, by inspection. The same is true for other
choices of prefix, by the rules governing the sets 8'U(vs,7v4) in 8.9.

The case of (8.11.4) is similar. All preimages are further preimages of
LiRYRyR3L2LyR3(top) « (bot) Ly RY T RyR3L3LyRs.
Prefixing by BC, we have
(8.11.17) BCLiR}RyR3L:LyR3(bot left) « (bot right) BCLy Ry ™ RyR3L3LyR3.

We see that there are no intersections with &, 0(8’U(y3,74)) for 6 + n < m, because
any set &, 0(0'U (7v3,74)) with w(v3) starting with BOL; RY RoR3 L2 and with v3 < 74
has w(v,) starting with BC L, R} Ry BC, which is shorter than the track of (8.11.17).
Then there are no intersections by attaching prefixes, by the rules governing the sets
0'U(73,74). The same is true if we attach UC and a prefix.

Now we consider what happens when we drop the assumption that successive
components of s*k(Em_H_Lm_T) avoid Bp—rtk+1. SO suppose a component off
s‘k(Em_,«H’m_r) intersects Bp—rt+k+1. We point out that this can happen, and,
indeed, it is possible for a component of s~*(E,,_+1,m—r) to intersect the initial seg-
ment of B, —r+k+1. Whenever there is intersection with an initial segment, there is an
intersection between a component of s~*(E,,—y41,m—r) and B2/7 for some i < k, with
i < k unless the initial segments of 3,,_r+x+1 and B;7 coincide, and taking further
preimages of this, as necessary, produces the intersection between s_k(Em_TH,m_r)
and B,—r4k+1. In the same way, intersections between s‘k(Em_rH)m_T) and any
segment of B,,_,yx41 arise as preimages of an intersection between a path v whose
first S'-crossing is at e2™*(2/") and a component E’ s_i(Em,Hl,m,r) for some 7 < k.
We consider (o, o s)”*(E’). This has two components, both close to s™*(82/7).
We then consider the backward orbits as before, as in (8.11.1) to (8.11.16). The
backward orbits are on either side of the backward orbits of s™!(8,/7) and we see
that preimages which come close to &, 0(0'U(73,7v4)) — given by (8.11.5), (8.11.10),
(8.11.11) and (8:11.12) as before — either inside, or outside, &, 0(8'U(v3,74)), and
intersections are avoided.

This completes the proof that the support of &,, 1 © 5;’10 intersects exactly those
sets & 0(0'U(7ys,74)) that it is required to. We still have to show that the support
of &, o 5;%11 does not intersect &, 1(0'U(y1,72)). It suffices to show that E,, ,,—,
does not intersect any set &, 1(0'U(vys,v4)) for any pair (vy3,74) with wi(ys) =
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wi(Bk,,1), for m —r > ky. As in the previous case, we consider intersections with
s' " (Bm—r+1,m—r). As before, it is certainly true that s'~"(E,;,—;1+1.m—r) does not
intersect &, 1(0'U(y3,74)) . So we need to show that s~"(5,,—,) does not intersect
€m,1(0'U(Bs,086)). So we use the same analysis as in (8.11.1) to (8.11.4). Inter-
sections with backward orbits of sets as in (8.11.1) and (8.11.2) are now avoided,
precisely because of the definitions of sets U(8s,8¢) for adjacent pairs (vs,74) for
which w)(v3) = w}(B1). Intersections with backward orbits of sets as in (8.11.3) and
(8.11.4) are avoided as before. So there are no intersections, as required. O

8.12. Unsatisfying the Inadmissibility Criterion of 4.4

To complete the proof of the Main Theorem 7.11, we need to show that, for all
m and p, the paths of R, , and R;n’p do not satisfy the Inadmissibility Criterion
of 4.4, so that they lie in D’. We have not defined the paths in R,,, and R, , at
all precisely, but the only properties we shall use is that the the sets U(f1, f2), for
adjacent pairs (B1,2) in Ry, p, lie in UP, and the first S!-crossing of any path in
R p is at €2™ for x € [gp,qp+1). First we consider the case of Ry, ,. We need to
show the nonexistence of (a, Q) as in the Inadmissibility Criterion. As pointed out
in 4.4, this means that we have to analyse the lamination L(g), for 8 € R,,p, and
show that period 2 and period 3 leaves in L() cannot combine to form a set Q. So
let 3 € R, p- Then the only intersections between 3 and s773 for j < 3 are between
the first segment on § — that is, the segment nearest to v = co — and the diagonal
segment on s~1(3). This is because the first intersection of 3 with S* is at 2@ for
vel2d
endpoints in common with a component of 3N {z : |z| > 1}, then 3N s/ = & for

), and all subsequent intersections are such that if I € S! is an interval with

1 < j < 3. So the only leaves of L(3) of period < 3 are the same as those for Lg/; or
L3z ULg /17. So the Inadmissibility Criterion is not satisfied, as required.

The proof that the paths in R;n,p lie in the admissible domain D’ is also indirect,
and uses induction. To start the induction, f5,; C D’. It suffices to show that
if 37 € Ry, is adjacent to 8y € R;, , and B; C D', then §; C D’ also. So
suppose given such an adjacent pair (3, 8]) paired with adjacent pair (8y,01) in
R p, and suppose that the matching is given by (¢, ), that is, @ € m1(C\ Zn11),
and [¢)] € Mod(C, Y,,12) with

(8, Ym+2) =y (0008, Ymy2),

axY(B;) = Pirel Yipqq, =0, 1.
Then since By and 3 C D’, the element + of 71 (Bs ;m+1, s) with p(v) = @ and ®a(y) =
[¢~1] must actually be in 71 (V5 m+1, s) and preserves D', so that 3] C D'. 0
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CHAPTER 9

OPEN QUESTIONS

9.1. Continuity of the Model

‘We end this paper by considering two lines of enquiry which arise. I have given little
thought to the first of these, and have certainly made no progress myself, although
others have made interesting advances in related research. Some progress has been
made on the second line of enquiry

The fundamental domains that have been constructed for V3 ,, give rise to an
inverse limit lim,,,_, ., M,,, which provides a model for the closure in V3 of the union
of all type II and type III hyperbolic components within V3. This union is not dense in
V3, because it omits all type IV hyperbolic components. The hope is that a quotient
of it is a model for the complement of the type IV hyperbolic components.

The definition of the inverse limit uses the fact that the paths of R,,(.) are defined
up to isotopy preserving Z,(s.) for all n. The set M,, will be a union of sets

Mm(aO)y Mm(%): Mm(aly_)a Mm(ala‘i‘),

with some identifications on boundaries, but otherwise these sets are disjoint. We can
form sets U(B1, B2) for (51, 82) an adjacent pair in any of the sets R,,(ag), Rm(ag),
R..(a1,—), exactly as for R,;,(a1,+), except that there is a choice of which of the two
pairs in a matching pair of adjacent pairs to take. This does not matter, because
in these cases, if ((81,02),(B1,85)) is a matching pair of adjacent pairs, then the
boundary of the region U(8;,32) contains both 8; * 32 and ,6’7 * 35, up to homotopy.
This region can equally well be called U (8], 35). Then similarly to 8.1, we can define
V(B1,B2,n) to be the union of all sets U(f3,4) with (8s3,04) an adjacent pair in
R, (.) between (1 and (3, where (31, 32) is an adjacent pair in R,,(.) for some m < n.
Then, using the notation of 4.5 for 3,7 ., and so on, we define

Mm(ao) = V(/Bl/7,017/82/7,s(1)1)7m)/ ~y
Mm(a70) = V(ﬂﬁ/?,cuﬁt’»/?,s(vl)vm)/ ~

SOCIETE MATHEMATIQUE DE FRANCE 2010



130 CHAPTER 9. OPEN QUESTIONS

Mp(a1,—) = V(ﬁl/?wge/?am)/ ~ .
In each case, the relation ~ is simply the lamination equivalence relation for Ly, ¢ = %,
g, % We also define

My, (a1, +) = U{(U(B1, B2) x {(B1,52)})/ ~: (B1,B2) adjacent in Up>o Ry p},

where, in this case, ~ is still to be determined completely, but for all pairs except
when 31 = (3,7, the relation ~ identifies the solid and dashed boundary of U(f1, B2).
In the case of 81 = (3,7, we only identify parts of the solid and dashed boundary
nearer the endpoint of fs.

Now we need to determine how to glue together the different sets M,,(ap) and
M., (ag) and M,,(a1,+). Parts of the boundaries in the respective cases are

B1/7,e0 U B2/7,501) YU Basr,er U Bajz,s(or)s
Be/7,c1 Y Bs/7,5001) U B3/7,60 U B3/7,5001)
Biy7 Y Bs/7s

and parts of 83,7 and ¥, 2/7(85,7) which form parts of the solid and dashed boundary
of U(f2/7,B2). These should be identified. We identify the free part of 8, ,7 — that is,
the part which forms part of the solid boundary of U (8,7, 52), and which has not been
identified with dashed boundary of U(8;/7,82) — with part of B4/7 s(v,). Similarly,
we identify part of 1y, 9/7(05/7) with part of B3/7 5(v,). These identifications are not
so important. There is a natural map from M,,(.) to M,,+1(.) defined as follows. Let
((B1, B2), (B1, %)) be a matching pair of adjacent pairs in R,,(.). In the case of ag, Gg
or (a1, —), the sets U(f1,02) and V (1, B2, m + 1) have the same boundary and we
choose a map from M,,(.) to My, +1(.) which is the identity on this boundary. In the
case of (a1,+) we take (81, B2) to be an adjacent pair in R,, ,, for some p, matched
with (8, 83) from R}, . Then we map V(B1,82,m + 1) to U(B1, B2), by taking the
identity on (1 * B2 and £} on v, 11(B] * B5). Then the inverse limits

li Mm s li Mm ag), li Mm s T )y
o MR L, Mm@, B Minln, =)

lim M, (a1,+)

m=+oo
are well-defined, with neighbourhood base given by sets V(831, 82, m). The analogue
for this inverse limit space in the case of quadratic polynomials is simply the com-
plement in the complex plane of the open unit disc. The combinatorial model for
the Mandelbrot set complement and boundary is a quotient space of this, and the
combinatorial model for the Mandelbrot set itself is a quotient of the closed unit disc.
The big question is then the following.

Question 1. Is a quotient of lim,, . M,,(.) homeomorphic to the closure of the
union of type IT and type III hyperbolic components in V3(.)?
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This question has varying degrees of difficulty. The corresponding question for
the Mandelbrot set is answered relatively easily in one direction. It is known that
the combinatorial model for the Mandelbrot set is a continuous image of the true
Mandelbrot set, because there is a continous monotone map on the union of all type
IV hyperbolic components and parameter rays of rational argument, with dense image
in the combinatorial Mandelbrot set and this map has a unique continuous monotone
extension. The difficulty lies in showing that this map is injective, and hence a
homeomorphism. The parameter rays in the complement of the Mandelbrot set are
the images of radial lines under the uniformising map from the exterior of the unit
disc in the complex plane, to the exterior of the Mandelbrot set. The big Mandelbrot
set question is then equivalent to the question of whether limits along rays exist.
These parameter rays do have an analogue in Vs(ag), Vs3(ag). Type III components
in V3(ap) are connected together in a particularly simple way, mimicking connections
between between Fatou components of h,,, excluding those Fatou components in the
“forbidden limb”. So the analogue, in V3(ap), of the parameter rays in the complement,
of the Mandelbrot set, is a collection of paths in the union of type III hyperbolic
components and connecting points between two hyperbolic components, which extend
through infinitely many hyperbolic components, with no backtracking, to limit points
in the closure of the union. So these are limits of rays w,, where w, are the paths first
mentioned in 4.5, and defined there in terms of image under p(wq, s1/7). The result
about parameter rays of rational argument having limits then has a possible analogue
given by the following question.

Question 2. Does the 1-1 correspondence endpoint(p(wq, $1/7)) + endpoint(w,)
extend continuously to paths with periodic endpoints?

The analogue of this for V5 is proved in [1]. I think the analogue for V3(ag) and
V3(@o) should be reasonably straightforward. The question for V (a1, —) looks harder.
There is an analogue for V(a;,+) and that looks harder still.

Related to continuity questions, but probably considerably easier, there are ques-
tions about type IV hyperbolic components. There has been no attempt in this paper
to describe type IV hyperbolic components, because the method uses the results of|
[31], and that theory was not developed in the type IV case because of considerable
technical difficulties. But it may well be possible to describe all type IV hyperbolic
components by using the type III ones. In fact, this was the technique used in [29],
where the idea used was that a parabolic parameter value on the boundary of a type IV
hyperbolic component is approximated by a sequence of type III hyperbolic centres.
One can ask if the corresponding sequence in the combinatorial model converges. If so,
one would surely have a description of the type IV centres up to Thurston equivalence.
More generally, one can ask:
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Question 3. Can a complete description be given of the type IV hyperbolic compo-
nents in V3, and of their centres up to Thurston equivalence, by using the description
of the type III hyperbolic components?

Question 3 is related to giving a complete description of all type IV hyperbolic
components. As indicated in 2.8, it is known that all type IV hyperbolic components in
V3(a) for a = ag or ag, are matings. I assume that all type IV hyperbolic components
are matings in V' (a1, —) also. A complete proof would need a a generalisation of the
main result of [31], and of the present paper, in order to deal with type IV centres,
or some circumnavigation, which might well be possible, and certainly desirable. In
order to describe completely all type IV hyperbolic components in Vs(ai,+), one
would probably first have to answer the following purely combinatorial question, which
should not be too hard.

Question 4. What are all possible limits of paths in U, R, p such that the limits
have periodic endpoints? Is the number of paths with endpoint of period n precisely
twice the number of type IV hyperbolic components of period n in Vz(a1)?

If the answer to question 2 is “yes” for periodic rays, then the answer to question
5 is also “yes”, by the same argument as for the Mandelbrot set. The approximate
analogue to this question for the Mandelbrot set is the known fact that the Mandelbrot
set maps continuously onto its combinatorial model, by a map which sends hyperbolic
components to their analogues in the model. (This known fact is an analogue of the
result that a continuous monotone map from the rationals to a subset of R with dense
image has a unique continuous extension to a homeomorphism from R to R.)

Question 5. Does the map w, + p(wa,s1/7) extend continuously to a map
of the closure of the union all type III components in V(ag) onto a quotient of]
lim 00 M (ao)?

A positive answer to question 2 in the case of V(a1,—) would not so easily yield
a positive answer to question 5 in the case of V(ay,—), because there is no clear
definition of parameter rays in V (a1, —). Interesting work has been done recently by
Timorin [41] on the boundaries of type III components, away from intersection points
with boundaries of type II components. Away from such intersection points, he has
described all boundary points up to topological conjugacy. His topolological models
are described a little differently, but certainly related to those used in [29].

A Markov partition which has come to be known as the Yoccoz puzzle has been
an outstanding tool towards showing that the Mandelbrot set is homeomorphic to
its combinatorial model, although the problem is not usually phrased in this way.
This partition is a Markov partition for all polynomials in a limb of the Mandelbrot
set. It pulls back to give successively finer Markov partitions on nonrenomalisable
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polynomials in the limb, and is a generating partition for all the nonrenormlisable
polynomials. The refined partitions are not topologically or combinatorially the same
for all polynomials, but are controlled by the critical puzzle pieces, which occur at
infinitely many levels. A partition of parameter space is obtained by partitioning
according to the combinatorial nature of the refined partition up to level n, and in
particular, of the critical puzzle pieces up to level n. So a Markov partiton common to
a set of polynomials gives rise to a partition of parameter space which Yoccoz showed
to be a neighbourhood base at each nonrenormalisable point ([12, 35]). Numerous
refinements of this result have been obtained over the past 15 years or so e.g. [23].
There have also, as already mentioned, been analogous results for cubic polynomials,
in the complement of the connectedness locus, and in nonArchimedean dyanmics, and
in other cases ([27, 34, 36]). Recently, Lyubich and Kahn and collaborators developed
a Quasi-additivity Law [17] to extend the methods to unicritical polynomials ([2, 15]),
a result which was, until now, elusive, and have also made other extensions ([13, 14,
16]) which appear to be very important.

Markov partitions which persist arise in each of the four parts of V3 which we
have studied, V3(ag), V3(ag), and V(ai,+), associated to the polynomials h, for
a = ag, Gy, a1. As already mentioned in 2.8, a Yoccoz puzzle for V5, introduced
nonrigorously in Luo’s thesis [22] was used by Aspenberg-Yampolsky [1] and Timorin
[40] to prove essentially the same results about nonrenormalisable points that were
proved by Yoccoz for the Mandelbrot set. It is likely that V(ag) and V(ag) can
be treated in the same way. Recent discussion suggests that there is a chance that
V3(a1, —) will also be eligible to such treatment. However, even in the simpler cases,
the Markov partitions sketched out here are of a somewhat different nature to the
Yoccoz puzzle. So if the answers to the following questions are essentially contained
in the work of [1, 40], this needs checking, to say the least. For concreteness we
consider the case of V3(ap). An obvious question in the reverse direction of question
5, and a generalisation of question 2, is:

Question 6. For a = ag or ag, does the map p(w,, 51/7) — w, extend continuously
to a map of lim,, ., M,,(a) onto the closure of the union all type III components in
V(a)? What about the case of lim,,_, . M,,(a1,—) and V(a1,—)?

Intriguingly, a rather similar-looking question to question 6 about the parameter
space of cubic polynomials has been answered by Kiwi and others. The techniques
used in that case appear to be unavailable here, because in the cubic polynomial
case there is'an unbounded Fatou component in which one can draw rays of rational
argument and show that these extend continuously. Rays of rational argument figure
in the Yoccoz puzzle too of course. So perhaps something can be done in the case of
a = ag or ag, and even in the case of (a1, —).
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The corresponding question for V(ai,+) is harder to state. We use the sets
V (61, B2,m) of 8.1 and 8.10 for adjacent pairs (81, 82) in Ry,0. These sets are not all
disjoint, but sets V (81, B2,n) with the same first S!-crossing are disjoint. We have
developed the theory only in the case of Ry, o, but a similar procedure can be carried
out in R, , for any p € Z with p > 0.

One can then ask:

Question 7. Let (B1, f2) be adjacent in R, ¢, or more generally, in U,R,, ,. Does
the natural map from

V(ﬂl: ﬁ27 m) n (UnZn(S))

to centers of hyperbolic components in V3, given by mapping endpoints of paths p(w,)
to endpoints of paths of w,, extend continuously to

hmn—>o<> V(ﬂl ) /82a ’I’L)?

Question 8. If the answer to Question 6 is “yes”, does the diameter image of a
set lim,_,, V(B1, B2, n) tend to 0 uniformly with n? (Remember that 3; and (s are
assumed adjacent in Up Ry, p.)

These questions are of course, intertwined and there are partial implications in
both directions. But it does not seem worth spelling out implications without more
idea on how to tackle such questions.

The famous quadratic polynomial analogue of the following, has not been answered
but would follow from homeomorphism between the Mandelbrot set and its combina-
torial model:

Question 9. Is the complement in V3 of the closure of the union of the type III
hyperbolic components exactly equal to the union of type IV hyperbolic components?

9.2. Some nontrivial equivalences between captures

It will have been noticed that the part of the fundamental domain corresponding to
V3(a1, +) has relatively few capture paths in it. In fact the proportion of such paths,
for each m, is exponentially small (although growing exponentially with m). I sus-
pect that it is impossible to choose a fundamental domain with a significantly higher
proportion of capture paths, although I cannot be sure. A rather elementary point is
that captures 0.053/7 and 01_,0s3,7 are usually not Thurston equivalent, even when
B, and (1, end at the same point of Z,,(s). An example which was mentioned in
7.4 is given by r = %, so that 8, = B(L3LaR3L3LyC). Then o1_,05s3/7 is Thurston
equivalent to o o s3,7, where ' = B(L3L,C), and hence not Thurston equivalent to
00 837, because it can only be equivalent to one point in the fundamental domain.
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It is also clear that Thurston equivalences between different captures can be quite
complicated. Here is an example. We claim that the captures o, o s3,7 and o4 o
s3/7 are Thurston equivalent, where r = % and q = %. Note that r +¢q # 1.
In fact, 1 —r = % and 0,4 0 s and 01—, o s are also Thurston equivalent. We
have e*?™" € 9D(L3(LoR3)*L3LoC) and e*2™ € 9D(L3LyR3L3L,C). Write w =
Ls3(LyR3)?L3LyC and w' = L3LyRsL3LyC. Now wq(w’,0) = w' and 17 /7 maps
et2m4 to 27 Although Y7,2/7 does not map B, to B, ¥72/7(8,) and S, are
homotopic under a homotopy which fixes endpoints and preserves the forward orbit
of the common second endpoint: because for any suffix u of w, D(u) is not between
D(w) and D(C). So g, 0 s3/7 and o, o s3/7 are Thurston equivalent.

A question that remains is: how to identify all captures, up to Thurston equiv-
alence, maps in the fundamental domain. Vertices of the fundamental domain in
the three “easy” parts of the fundamental domain are represented by captures in any
case. Easy identifications were described in 2.8. So we already know how the following

captures are represented in the fundamental domain:
oo sy forr € (2/7,8/7),
o 057 for r € (=1/7,5/7),
o0 sg/7 forre (=1/7,1/7).

So the case to consider is the “hard” case:
or083/7 forr e (2/7,1/3)uU (5/7,2/3).

This can be done on a case-by-case basis, simply because, given a fundamental domain
F' in the unit disc D, for a free group of hyperbolic isometries with all vertices of F’
on 0D, one can determine, for each vertex of a translate of F', the pair of vertices of|
F' to whose orbit it belongs. Now g, lifts to the set D’ in the unit disc. Identifying D’
with the universal cover of V3 ,,,, as the Resident’s View says we can do, the lift of 8
to D’ has second endpoint at a lift of a puncture of V3 ,,,, and therefore the lift of 3 is
contained in finitely many translates of the fundamental domain. Now ;. 0 s3/7 must
be Thurston equivalent to one of the maps represented in the fundamental domain. A
priori, this map could be in Vs ,,(ag) or V3 n,(ag), or V3 (a1, +). However, it appears
to be the case that the map is in V5 ,,(a1,+), and is therefore of the form

O'C 083/7

for a unique ¢ = ((r) € UpR,, p. It also seems to be true that if r € (gp, gp41] U
1 — gp+151 — ¢p) then ((r) € Ry, p. It was pointed out in 2.8 that the set of r €
(2/7,1/3)U(2/3,5/7) giving preperiod m captures o, o s3/7, after reducing to exclude
obvious Thurston equivalences, has cardinality asymptotic to 2—112m, just half the
asymptotic number of preperiod m type III hyperbolic components in V3 ,,(a1,+).
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In 3.4 we mentioned Jonathan Woolf’s simple recurrence formula for the mean

w(-0-2)")

of a map from a set A of n; elements to a set B of ny elements. We are, of course,

image size

interested in the case when nji/ny — 1/2. Much more detailed information can be
obtained by using the saddle point method. It can be shown, for example, that, if
ng — oo and ny/ne — a, the ratio of the image size to ny tends to 1 — e~ % with
probability one, and a limiting normal distribution of image size can be obtained. It
can also be shown that the the mean of the maximal inverse image size for maps f
from A to B:

Max({#(f~1(4)) : b € BY),

is at least clognay/ loglog ny for any ¢ < 1, with probability tending to one as ny — oo,
if n1/ns — a. This raises the following questions; concerning the specific map from
the set of capture maps to maps in the fundamental domain:
— Can the proportion of preperiod m captures, up to Thurston equivalence, in
Va.m(a1,+), be computed? If so is it ¢2™ (14 o(1)) for some ¢ > 0 which can be
determined?

)

— For each integer N, are there N different rational numbers r; € (%, %) U (%,

|t

such that the captures o, o 53,7 are all Thurston equivalent?

— Are there computable asymptotes in m for the average number of captures
o 0 83,7 which are Thurston-equivalent to a preperiod m capture o4 o 53,7, for
qe (%7 %) U (%’ g)?

I believe that:

— there is a constant ¢ as in the first question, and it can probably be estimated,
at least;

— the answer to the second question is “yes”: see [33].

— qualifying this “yes”, the average number of captures in a Thurston equivalence
class is probably boundedly finite with probability tending to one as m — oo.

MEMOIRES DE LA SMF 106



[1]

2]

[°]

BIBLIOGRAPHY

M. ASPENBERG & M. YAMPOLSKY — “Mating non-renormalizable quadratic poly-
nomials”, Comm. Math. Phys. 287 (2009), p. 1-40.

A. AviLa, J. KAaN & M. LyuBicH — “Rigidity of unicritical polynomials”, to
appear in Ann. of Math.

B. H. BowDITCH — “Length bounds on curves arising from tight geodesics”, Geom.
Funct. Anal. 17 (2007), p. 1001-1042.

, “End invariants of hyperbolic 3-manifolds”, preprint http://www.
warwick.ac.uk/ masgak/preprints.html.

, “Geometric models for hyperbolic 3-manifolds”, preprint http://www.
warwick.ac.uk/ masgak/preprints.html:

B. BRANNER & J. H. HUBBARD — “The iteration of cubic polynomials. I. The
global topology of parameter space”, Acta Math. 160 (1988), p. 143-206.

, “The iteration of cubic polynomials. II. Patterns and parapatterns”, Acta
Math. 169 (1992), p. 229-325.

J. BROCK, R. CANARY & Y. MINSKY — “The classification of Kleinian surface
groups II: The ending laminations conjecture”, preprint http://www.math.yale.
edu/users/yair/research, 2004.

J. Brock, B. K., R. EVANS & J. SOUTO — in preparation.

[10] A. Douapy & J. H. HUBBARD — “Etudes dynamiques des polynémes com-

[11]

plexes, avec la collaboration de P. Lavaurs, Tan Lei, P. Sentenac. Parties I and
IT”, Publications Mathématiques d’Orsay, 1985.

, “A proof of Thurston’s topological characterization of rational functions”,
Acta Math. 171 (1993), p. 263-297.

[12] J. H. HUBBARD — “Local connectivity of Julia sets and bifurcation loci: three

theorems of J.-C. Yoccoz”, in Topological methods in modern mathematics (Stony
Brook, NY, 1991), Publish or Perish, 1993, p. 467-511.

SOCIETE MATHEMATIQUE DE FRANCE 2010


http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#1
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#2
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#3
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#4
http://www.warwick.ac.uk/~masgak/preprints.html
http://www.warwick.ac.uk/~masgak/preprints.html
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#5
http://www.warwick.ac.uk/~masgak/preprints.html
http://www.warwick.ac.uk/~masgak/preprints.html
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#6
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#7
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#8
http://www.math.yale.edu/users/yair/research
http://www.math.yale.edu/users/yair/research
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#9
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#10
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#11
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#12

138 BIBLIOGRAPHY

[13] J. KAHN — “A priori bounds for some infinitely renormalizable quadratics: I.
Bounded primitive combinatorics”, preprint http://front.math.ucdavis.edu/
math.DS/0609045.

[14] J. KAHN & M. LYUBICH — “A priori bounds for some infinitely renormalizable
quadratics. II. Decorations”, Ann. Sci. Ec. Norm. Supér. 41 (2008), p. 57-84.

, “Local connectivity of julia sets for unicritical polynomials”, Ann. of
Math. 170 (2009), p. 413-426.

[16] —, “A priori bounds for some infinitely renormalizable quadratics. III.
Molecules”, in Complex dynamics (D. Schleicher & N. Selinger, eds.), A K Pe-
ters, 2009, p. 229-254.

[17] , “The quasi-additivity law in conformal geometry”, Ann. of Math. 169

(2009), p. 561-593.

[18] J. Kiwi — “Rational laminations of complex polynomials”, in Laminations and
foliations in dynamics, geometry and topology (Stony Brook, NY, 1998) (M. Lyu-
bich et al., eds.), Contemp. Math., vol. 269, Amer. Math. Soc., 2001, Volume
arising from conference, SUNY at Stony Brook, 1998, p. 111-154.

[19] |, “Real laminations and the topological dynamics of complex polynomials”,
Adv. Math. 184 (2004), p. 207-267.

[20] , “Combinatorial continuity in complex polynomial dynamics”, Proc. Lon-

don Math. Soc. 91 (2005), p. 215-248.

[21] ——, “Puiseux series polynomial dynamics and iteration of complex cubic
polynomials”, Ann. Inst. Fourier (Grenoble) 56 (2006), p. 1337-1404.

[22] J. Luo — “Combinatorics and holomorphic dynamics: Captures, matings and
Newton’s method”, Ph.D. Thesis, Cornell University, 1995.

[23] M. LYUBICH — “Dynamics of quadratic polynomials. III. Parapuzzle and SBR
measures”, Astérisque 261 (2000), p. 173-200.

[24] J. MILNOR — “Geometry and dynamics of quadratic rational maps”, Experiment.
Math. 2 (1993), p. 37-83.

[25] , “Rational maps with two critical points”, Ezper. Math. 9 (2000), p. 481—

522.

[26] Y. MINSKY — “The classification of Kleinian surface groups I”, preprint
arXiv:math /0302208, to appear in Ann. of Math.

[27] C. L. PETERSEN — “Puzzles and Siegel disks”, in Progress in holomorphic dy-
namics, Pitman Res. Notes Math. Ser., vol. 387, Longman, 1998, p. 50-85.

MEMOIRES DE LA SMF 106


http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#13
http://front.math.ucdavis.edu/math.DS/0609045
http://front.math.ucdavis.edu/math.DS/0609045
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#14
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#15
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#16
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#17
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#18
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#19
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#20
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#21
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#22
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#23
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#24
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#25
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#26
http://arxiv.org/abs/math/0302208
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#27

BIBLIOGRAPHY 139

[28] M. REES — “Components of degree two hyperbolic rational maps”, Invent. Math.
100 (1990), p. 357-382.

[29] , “A partial description of parameter space of rational maps of degree two.

I, Acta Math. 168 (1992), p. 11-87.

[30] ——, “A partial description of the parameter space of rational maps of degree
two. II”, Proc. London Math. Soc. 70 (1995), p. 644-690.

[31] , “Views of parameter space: Topographer and Resident”, Astérisque 288
(2003).

[32) ——, “The ending laminations theorem direct from teichmuller geodesics”,
preprint arXiv:math/0404007.

33 ultiple equivalent matings wi e aeroplane polynomial”, to appear

[33] , “Multiple equival ings with th plane poly ial”, to app

in Ergod. Th. and Dynam. Syst.

[34] P. RoOESCH — “Puzzles de Yoccoz pour les applications & allure rationnelle”,
Enseign. Math. 45 (1999), p. 133-168.

[35] —, “Holomorphic motions and puzzles (following m. shishikura)”, in The
Mandelbrot set, theme and variations, London Math. Soc. Lecture Note Ser., vol.
274, Cambridge Univ. Press, 2000, p. 117-131.

[36] , “On local connectivity for the julia set of rational maps: Newton’s famous

example”, Ann. of Math. 168 (2008), p. 127-174.

[37] J. STIMSON — “Degree two rational maps with a periodic critical point”, Ph.D.
Thesis, University of Liverpool, 1993.

[38] L. TAN — “Matings of quadratic polynomials”, Ergodic Theory Dynam. Systems
12 (1992), p. 589-620.

[39] W. P. THURSTON — “On the geometry and dynamics of iterated rational maps”,
in Complex dynamics (D. Schleicher & N. Selinger, eds.), A K Peters, 2009, p. 3—
137.

[40] V. TIMORIN — “External boundary of ms”, in Proceedings of the Fields Insti-
tute dedicated to the 75th birthday of J. Milnor, Fields Institute Communications,
vol. 53, AMS, 2006, p. 225-267.

[41] —, “Topological regluing of holomorphic functions”, Invent. Math. 179
(2010), p. 461-506.

[42] B. WITTNER — “On the bifurcation loci of rational maps of degree two”, Ph.D.
Thesis, Cornell University, 1988.

SOCIETE MATHEMATIQUE DE FRANCE 2010


http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#28
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#29
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#30
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#31
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#32
http://arxiv.org/abs/math/0404007
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#33
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#34
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#35
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#36
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#37
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#38
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#39
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#40
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#41
http://smf.emath.fr/Publications/Panoramas/106/html/smf_pano_106_ii+139.html#42

	Chapter 1. Introduction
	Chapter 2. The space V3
	2.1. About Vn
	2.2. Polynomials and Type II components in V3
	2.3. Lamination maps
	2.4. Thurston equivalence
	2.5. Some notation
	2.6. Captures and Matings
	2.7. Captures in V3
	2.8. Trivial Thurston equivalences between captures in V3
	2.9. Symbolic Dynamics
	2.10. The Main Theorem (first version)

	Chapter 3. Captures and Counting
	3.1. Some nontrivial equivalences between captures
	3.3. Equivalences between captures ps3/7, for p(27,13)(23,57)
	3.4. Numbers of type III components
	3.5. Check on the numbers in Theorem 2.10

	Chapter 4. The Resident's View
	4.1. 
	4.2. The maps 1, 2, 
	4.3. The Resident's View of Rational Maps Space
	4.4. Identifying D'
	4.5. The arc set 0 and the image under 

	Chapter 5.  Fundamental Domains
	5.1. Fundamental domains: a restricted class
	5.2. Fundamental Domains: construction from graphs and from matching pairs of adjacent path pairs
	5.3. Examples of Fundamental domains: the graph from a Julia set
	5.4. Fundamental domain for the whole group
	5.5. Fundamental domains for increasing numbers of punctures
	5.6. Specifying to V3,m
	5.7. 
	5.8. Checking vertex group elements

	Chapter 6. Easy cases of the Main Theorem
	6.1. Restatement of the Main Theorem in the easy cases
	6.2. Derivation of the first version of the Main Theorem from the second
	6.3. Proofs in the easy cases

	Chapter 7. The hard case: final statement and examples
	7.1. 
	7.2. Some conjugacy tracks
	7.3. Another sequence of homeomorphisms
	7.4. Hard part of the fundamental domain: the first few cases
	7.5. Definition of wi(w,0) and wi'(w,0)
	7.6. Definition of Ux and wi(w,x,0) and wi'(w,x,0)
	7.7. Properties with prefixes
	7.8. Definition of the paths (w,x,0)
	7.9. Path-crossings and adjacency: preservation under inverse images
	7.10. Notes on the definition of paths in Rm,p for p>0
	7.11. Final statement in the hard and interesting case

	Chapter 8. Proof of the hard and interesting case
	8.1. The inductive construction
	8.4. Adjacent elements in Rm,0: how many S1-crossings are the same?
	8.5. Definition of m,0 and m,1
	8.6. Comparing n and n,0 and n,1
	8.7.  Definition of U(1,2)
	8.9. Preservation of U(1,2) under local inverses
	8.10. Definition of V(1,2,n)
	8.12. Unsatisfying the Inadmissibility Criterion of 4.4

	Chapter 9. Open Questions
	9.1. Continuity of the Model
	9.2. Some nontrivial equivalences between captures

	Bibliography

