All questions are similar to homework problems.

MATH102 Solutions September 2006
Section A

This can also be worked out by computing all derivatives of f at x = 2.
[3 marks]
a) When z = 3 the series is convergent and equal to f(3) = 1.
[1 mark]
b) When z = 4 the series is not convergent to f(4) = %. In fact, the series is
not convergent.
[1 mark]
No explanation is required in a) or b).
5=3+1+1 marks

2(i) Separating the variables, we have

/ydy = —/ewdm,

2
%:ew—l-C,

or

y = £v2C + 2e®.

Putting y(0) = 1 gives 2C = —1 and y = ++v/2e® — 1.
2(ii) Using the integrating factor method, and the integrating factor is

oo (i) =

(ye?) = .

So the equation becomes
d
dz
Integrating gives

1
ye® = ieh +C.

So the general solution is
1,
=- Ce™®.
y=ge +Ce
Putting y(0) = 2 gives C = 3 and y = 1e” + 3e7°.
3 marks for (i) 4 marks for (ii).



[7 marks]

3. Try y = e"x. Then
r?+4r+3=0=>(r+1)(r+3)=0=r=-lorr=-3.
So the general solution is

y = Ae ™% 4+ Be3%.

[2 marks]
So y' = —Ae™® — 3Be3% and the initial conditions y(0) = 1, y'(0) = 2 give
A+B=1, —A-3B=2— —2B=3, A=1—B=>B=—g, A=§-
So ; ;
— Tz _ Y 3z
Y 26 2e
[3 marks]
2 + 3 = 5 marks
4. We have
.ZA ;1;4
lim  ——— = lim — =1,
(z,9)—(0,0),y=0 2% +y* 20zt
at 0

im — = lim —

(z,9)—(0,0),e=0 * + y*  y—0 y*

So the limits along two different lines as (z,y) — (0,0) are different, and the
overall limit does not exist.

[4 marks]
5.
of 2@ of 1
dr (2 +y)? 9y (2 +y)?’
’*f_ 2 N 8x?
o2 (22 +y)? (22 +y)¥
0%f _ 4z
oz (22 +y)*’
0% f 4g

OxOy - (22 +y)3
so that these last two are equal, and

of_ 2

dy? (22 +y)*
[4 marks]



6. We have

By the Chain Rule,

0, o _OF ( Bu o Of o
ax(mﬂy) - au (UJU) ax(mﬂy) + 6U (u’v)ax (Z’,y)
of of
8’[,& (u7 U) + 6?] (’LL, U)
Similarly,
99 of of
S (m) = g (w.0) = - w,)
Similarly,

2 2 2 2 2
2111 (P s 200+ (S i)

0
= %(u,v) + %(u,v) +2g@f (u, v)
Similarly,
_ %(u,v)+ ?Tf(u, ) zjjng,v)

Adding, we obtain

d%g g >’ f 9 f

@(ﬂfay) + 6—112(37731) =2 (W(“av) + W(“a“)) .
[6 marks]
7. For

flz,y,2) = 2yz
we have
Vi(z,y,2) = 2zyzi+ 222j + 22yk.
So
V£(2,1,1) = 4i + 4j + 4k.

3 marks

The tangent plane at (2,1,1) is

Vi, 1L,10).((z-2)i+(y-1)j+(z-1)k=0,



or
4x—-2)+4y—-1)+4(z—-1) =0,

or
r+y+2—4=0.

[2 marks]
[3 +2 = 5 marks.]

8. For
fz,y) =2’y — 2yz + 2y° — 3y,
we have of of
= =2y -2y, —— =a—2z+4y—3.
B Ty Y, By T z+4y —3
[2 marks]

So at a stationary point,
yz—-1)=0=22-224+4y-3cy=0=(z+1)(z—3) or (z—1=0=4(y—1)

& (z,y) = (—1,0) or (3,0) or (1,1).
[2 marks]

*f *f
For (z,y) = (—1,0) or (3,0) we have A = 0 and B # 0. So AC — B? <0
and these points are saddle points.
For (z,y) = (1,1), wehave A =2, B=0,C =4. So A >0, AC — B? >0
and (1,-1) is a minimum
[4 marks]
[2 + 2 + 4 = 8 marks]

o*f

9. For )
f(xall):m,
we have
of ___ 2 Of __ %
9z (2?2 —y?)? Jy (a2 —y*’
S0 1 af 4 8f 2
f(271)=§> %(271)2_57 6_]/(271):5

So the linear approximation is



[It would be acceptable to realise that

fl@y)=B+4@-2)+4-2)" -2 -1) - -1

1 4 2 4 1
= (1+-(z-1)-Z(y=-1D+-(z-22-=@yg-1»"1
M4 - -2y -1+ 5@ =2~y -1
and to expand out.]

[4 marks]

10. In polar coordinates (r,6), D is the set where r < 1 and 0 < 6 < 27 (by
choice of argument). Also, 22 + y? = r? and dzdy = rdrdf. So

2w 1 27 r=1
// (% + y?)*2dwdy z/ / rtdrdf z/ [lrs] do
D o Jo o 5 li—o

2mq 2
_/0 pdo =T

[6 marks]
Section B
11.
()a) f'(x) = —sinz, f'(z) = —cosz, fO(z) = sinz, f®(z) = cosz. So
F(0) =1, £1(0) =0, £"(0) = =1, f(0) = 0, and
z? cosc 4
P3($70)=1_?7 R3(.Z’,0): 4! T
for some ¢ between 0 and z.
[3 marks.]
We have |cosc| <1 for all e. So
4
x
< —.
[3 marks.]
(i)b) For the same function f(z) = cosz, we have f(x) = —1, f'(x) = 0,
f'(m) =1, f®(m) = 0. So
)2
Py = 14+ O e m) = et

for some ¢ between 7 and z.
[3 marks.]
(i)c) We have f(2r) = f(0) =1, f'(2n) =0, f"(2r) = —1, f®(27) = 0, and

cosc
4!

(z — 2m)?

P. 2r) =1—
S(xa 7]') 9

, Ry(z,2m) = —~(z — 2m)*




for some ¢ between 27 and =x.
[3 marks]
(ii)a)
y? = 0.001 + 2(cosz — 1).
For Ps(z,0) and R3(z,0) as in (i)a), we have

y? = 0.001 — 2 + 2(Ps(z,0) + R3(x,0)) = 0.001 — 2% + 2R3(z, 0).

So

4
001— 22 —y? <2
|0.001 — y|_12
[3 marks.]
[3+3+3+3+3 =15 marks.]

12. For the complementary solution in both cases, if we try y = e"™ we need
r’+2r —15=(r +5)(r —3) =0,

that is, 7 = 3 or —5. So the complementary solution is Ae3? + Be5%.

[3 marks]

(i) We try y, = Cx + D. Then y, = C and y, = 0. So y, + 2y, — 15y, =
2C —15Cz —15D. So C = —¢ and —15D — 2 =2 and D = -2 = —5. So
the general solution is

1 4
— Ae3T 4+ Be 5% _ Zp - T
y=Aem e 57 25
[3 marks]
This gives
y' =3Ae*® —5Be %% — =
So putting = = 0, the boundary conditions give
4 1 4 1 29 4
A+B—— =1, 3A-5B——- =2 84—-—-=7, B= ——A=A=1, B= —.
+ 25 ’ 5 = 5 5 ’ 25 = ’ 25

So the solution is
4 1 4

25 57 25
[3 marks]
(ii) We try y, = Csinz + Dcosz. Then y,(z) = Ccosz — Dsinz and y, =
—C'sinz — D cosz. So

Yy + 2y, — 15y, = (=16C — 2D)sinz + (2C — 16D) cos z = 5sin .

So C' = 8D and —130D = 13 So the general solution is

4 1
y= Ae™® + Be 3% — R sinz — 1 Co8%-



[3 marks] This gives

y'(z) = 343 — 5Be 5" — %cosm + 1—10 sinz

So putting z = 0, the boundary conditions give

1 4 13 11 83 1
A4B—— =1, 34—5B—==2=84— > =7 B=—"-A= A= B=_—.
tBogp =L dASBp =2=84-p =T, 0 4747 % 16
So
= §63z + i675z - ésin:z: — —CosZ
Y= %0 16 5 10
[3 marks]
[5 x 3 = 15 marks]
13a)
We have
Vf =4xi+ 2yj
Vg =(4-2x)i-]j.
[2 marks]

The only stationary point of f is where 4z = 2y = 0, that is, (z,y) = (0,0).
This is on the boundary of the region, which we call R. So any maximum or
minimum of f must be on the boundary
[3 marks]

To find maxima and minima on the parabola part of the boundary y =
4z — x2, apart from the endpoints, we can either use Lagrange multipliers or
straight substutution. Both methods give similar calculations. Using Lagrange
multipliers, we consider the equation

Vf=AVy,
that is,
4o = A4 — 2z), 2y = =\
So
dr = -2y(4—22) >z =—y(2—z) =2(z —4)(2 — z).
Soz=0or

1=-8+6z—2°= (z—3)>=0.

Sox=3and y =12 —9=3. Then f(3,3) = 27.
[6 marks.]

On the straight part of the boundary, f(z,y) = f(x,0) = 22, which is
largest at the endpoint (4,0) and smallest at the endpont (0,0). We have
f(0,0) = 0 and f(4,0) = 32. So the maximum and minimum of f over the
whole region are 32 at (4,0) and 0 at (0, 0).



[4 marks]
2+ 346+ 4 =15 marks.

14a). The line y = = meets the parabola y = 22 — 2 when 22 —z — 2 = 0, that
is, (x + 1)(x —2) = 0. When z = —1 then y = —1 and when z = 2 y = 2 The
parabola is to the left of the line. The region R is as shown.

Y
2,2)
\ = z
(~1,Xx1)
[3 marks]
The area A is
2 T 2
/ / dyd;v:/ (x + 2 —2?)dz
—1Ja2-2 -1
= x_2+2m_m_32_2+4_§_1+2 1_9
12 3], 32 32
[4 marks]
14b) Then

2 (%, 2 [z3 241’
== 22 —2%)dr = = | & + 2% — =
9/_1(:1:+:1: z°)dz 9[3+$ 4]1
2 (8 1 1 29 1
=2 (S 4q44 142 ) =202,
9(3 it +4) 94 2
1 2 T
y=7 ydydz
A —1Jz2-2



So

[3+4+3+5 =15 marks.]



