Solutions to MATH102 Practice Exam
Section A

1. The Taylor series of f(x) = 2% is

1420+ —+—+-+- =

422 8z° i 2"
2 6 )

n!
n=0

This series is convergent for all x

[4 marks]
o3 2)e

2 a)
2
ln|y|=ln|w|—E+C.

or

Another way of writing this is

y = Age™ /7.
[4 marks]
b) The integrating factor is
exp (—1ldz) = e™".
So p
Lyey=e
So
ye ¥ = ——e 2 4 C,
or
_ 1 —x C T
Y= 26 + Ce”.
[4 marks]

It is also possible to solve this by finding particular and complementary
solutions.
3. Trying y = €"*, we get

r?—2r—-15=0=(r+3)(r—-5)=0=>r=-3orr=5.

[2 marks]

So the general solution is y = Ae™3® 4+ Be®®, which gives 3y’ = —3e™3% +
5Be®®. So A+ B=0and 5B—34=8B=4. So B = % andAz—%. So the
solution is

1 —3z 1 5z
e +2€ .



[4 marks]

4. We have
. 22 + 92 . x?
im ——— = lim — =1,
(z,y)—0,y=0 T2 + 2y2 z—0 2
22 4y oy 1

lim ——— = 1lim = = —.

(z,y)—=0,2=0 T2 + 2y2  y—02y2 2

So the limits along the axes are different and the overall limit does not exist.
[4 marks]

5.
of _ , 3 2 O _ 2 3
97 4z° — 12zy°, By 122y + 4y°,
[2 marks]
0*f 2 » O°f
922 = 122° — 12y~ Bydr —24zy,
0% f 0% f
5 = —1227 4+ 12y? = —24zy.
Oy? Ly Ox0y Y
[3 marks]
So we do indeed have
*f _ 0*f
= =-24
oxdy  Oyox Y
and
P A
ox? = 0y
1222 — 1292 — 1222 + 122 = 0.
[1 mark]
6.
0z _ + y 0z _ z+Inz
or VT By '
We have 2(1,2) =1 and y(1,2) = 1. Then
0z 0z
—(1,)=14+1=2, —(1,1)=1 1=1.
6m( ,1) + , 6y( ,1) +1n
[2 marks]
We are given that
Ox Ox Oy Oy
—(1,2) =1, —(1,2)=2, —=-1, —=0.
8“/( ’ ) ? 6U( Y ) 7 611/ ? av 0
50 9 92 .0 92, .0
z z z z Y
22(1,2) = 22 (1,1) 2= (1,2) + ——(1,1) =2
6u( 2) 63:( ’ )8u( ’ )+8y(1’1)6u(1’2)

=2x14+1x-1=1,



[2 marks]

0z 0z oz 0z oy
—(1,2) = —(1,1)—(1,2 —(1,1)==(1,2
8'11(,) 6$(7)8U(5)+8y(3)60(7)
=2x24+1x0=4.
[2 marks]
7.
Vf(z,y,2) = (22 — 2)i — 2yj — zk.
So
Vf(l,-1,2)=0i+2j—k=2j— k.
Now

12 +j+2k|| = V22 + 1+ 22 = /9 = 3.

So the derivative in the direction 2i + j + 2k is

%Vf(l,—1,2).(2i+j + 2Kk)

- %(2j CX).2i4j+2K) = % < (2—2) =0.
[4 marks]
8.
of 2 of
9T 5y 162, 2L =102y — 18y = 2y(5z — 9).
e 5y 6, 3y Ozy — 18y = 2y(5z — 9)

So for a stationary point we must have y = 0 or z = 9/5. If y = 0 then
0f/0x =0 gives . = 0. If z = 9/5 then 0f/0x = 0 gives y = £12/5. So the
critical points are (0,0) and (9/5,£12/5).
[4 points]
Now o f o f o f

g0 = 16 59, =100, 55 =100-18.
So at (x,y) = (0,0) we have A = —16, B = 0, C = —18. So AC — B2 > 0
and A < 0 and (0,0) is a maximum. At (z,y) = (9/5,£12/5) we have C =0,
B = 424 and AC — B? < 0. So both these points are saddles.
[4 points]
9. We have f(z,y) = (z* + y?)/2.

of

of

A 2 2 —1/2 A 2 2 —1/2
So o7 o/
f(1,0)=1, %(1,0):1, 6—y(1,0):0.

So for (z,y) near (1,0) we have

fay) ~1+(@—1) =



[4 marks]
10. We are integrating over the region

{(,y):0<a<1, s <y<1}
This can equally well be described as
{(z,y): 0<y <1, 0<z <y}

[2 marks]
So

/01 /zl écos(wx/(Zy))dydx = /01 /Oy icos(wm/@y))diﬂdy

Yy

:A[gmmwmm]=/%@mﬂm—WM=%

0 0

Section B

11a) We have f'(y) = e¥ = f(y). So f*)(y) = e¥ for all k and f*(0) =1 for all
k. So

2

PZ(y,O):]-‘i‘y"F%,

3
R2 (Il/; 0) = ec%

for some ¢ between 0 and y,

vov_ vy
6 a5

Pg(y,0)=1+y+7

and

Yt
RQ(ya 0) =€ 1_0'
for some ¢ between 0 and y.
[6 marks]
If y=—x for x > 0 and ¢ is between 0 and —z then ¢ < 0 and 0 < e® < 1.
So since
e’ - P2(_$70) = R2(_$70)7

and similarly



Hfo<z< % we obtain

D
—% _ Py(—gz,0)| < 2L = —
|e 2( 'Z) )l — 6 48
and if 0 < z < 2 we obtain
210 910 1024 1024
T _P(-z,0) < - ="_ = = .0003
le 22,01 < 751 = 101 = 5080 x 720 ~ 3628800 <
[4 marks]

b) The Taylor series for e is

2 8
1+$+?+§"'
The Taylor series for e * is
2 8
Imetgr—5

The Taylor series for e® is convergent for all , and equal to e*, respectively for
all z. [3 marks] Since the Taylor series for e~ is simply obtained by substituting
—z for z, the same is true for e *. So

) 1—m+§—e’z
lim 5 =
z—0 1—|—$+%—ez

1im1—$+§—(1—x+”§—2—§—2---)
=501+ +Z —(1+z+2 +2 )

z_3

. 3T
= lim -2 = —1.
z—0 — L2
3!

[2 marks]
It is also possible to prove this using ’'Hopital’s Rule.
12a) Making the substitution y = vz, we have

dy dv
%:U+x£.
So
oy v
VT 22 —y2  1—0?
So
dv  v—(w-v*) 03
dx 1—v2 1 —2
So




and
—2

—UT —In|v| =In|z| + C.
So
22
~27 —Injy| +1n|z| =In|z| + C.

So )

z

i Inly|=C

[6 marks]

12b) Trying y = e"* for the complementary solution, we have
(r’+2r-3=0&(r+3)(r—-1)=0&r=1orr=-3.

So the complementary solution is y = Ae® + Be 3.

[2 marks]
For the particular soution we try y = C cosz + Dsinz. So y' = —Csinz +
Dcosz and y" = —C cosxz — Dsinz and

y" +2y' — 3y = (—4C + 2D) cosx + (—4D — 2C) sinz = cosz.

So equating coeffiients of sinz, C = —2D and equating coeflicients of cos z,
D=2L.So
10

1 1
y(z) = —peosz+ 15 sinz + Ae” + Be %%,

So

1 1
y'(z) = s sinz + g Cose + Ae® — 3Be 3.

[4 marks] So

-1 1
l=—+A+B, -1=—+A-3B.
=~ +A+B, G tA-3

Subtracting these,

3 23
2:—E+ALB=>B:E
So
4_6_B_ %5
5 40 40 8
So
y:ge$+i—3e_3m—%cosm+11—osinx.
[3 marks]
13.

a) The area of the triangle is

1 1
ibase x height = 5(23: x(1-9)) =2z —2y = f(z,y).



[2 marks]
We want to maximise f(x,y) subject to g(x,y) = 1. We have

Vi(z,y) = (1 -y)i-aj,
Vy(z,y) = gi+ 2yj.

So Lagrange equations become
A
1—y= 5% —x = 2Ay.

This gives
dy —4y* + 22 = 0.

Combining with 4g(z,y) = 2% + 4y? = 4, this gives

4+4y—8y2=0=>(1—y)(1+2y):0:>y:10ry:7.

If y =1 we have x = 0 and the area is 0. If y = —% then z = /3 and the area
is 3/3.
[6 marks]
b) We have
Vf(z,y) =2zi—4yj=0z=y=0.

Clearly f(0,0) = 0.
[2 marks]

Let g(z,y) = z? + y?. The maximum and minimum of f in the region
g(z,y) <1 either occurs at (0,0) or on the boundary g(z,y) = 1. We have

Vy(z,y) = 2xi + 2yj.

[2 marks]
A maximum or minum on the boundary must occur at a point (z,y) where

Vf(x,y) = Anablag(z,y),

that is,
2 = 2)z, 2y = —4)\y.

Mutliplying the first equation by 2y and the second by z, we obtain zy = 0. If
z = 0 we have y = £1 and if y = 0 we have x = £1. Checking the values of f at
(£1,0), (0,£1), (0,0, we see that the maximum value 1 of f occurs at (£1,0),
the minimum value —2 occurs at (0,+1). We can also compute that (0,0) is a
saddle point and so cannot be a maximum or minimum but we do not need to
do this.

We do not have to use Lagrange’ method. Alternatively we can say that
because y?2 = 1—22 when g(z,y) = 1, we have f(z,y) = 3z2—2 when g(z,y) = 1.
On this set we have —1 < x < 1, so we need to find the maximum and minimum



of 322 — 2 on the set of £ where —1 < z < 1. The maximum and minimum can
occur at = +1, of or the stationary point = 0 f 3z? — 2. The points z = +1
give the maximum value 1 and z = %1 give the minimum value —2, the same
answers as the other method.
[5 marks]
14.

The centre of mass is (Ty) where

A://da:dy,

R
=L f 5= L s
T=~ R:z::z:y,y—A Rymy.

4y =2y +2e 22 —y—-1=0 (2y+1)(y—1)=0.

We have

So a sketch of the region R is as shown.

Y

[3 marks]
The area A is

1 2y+2 1
/ / dzdy = / (2y + 2 — 4y*)dy
—1/2 Jay2 -1/2
3

1
1y 41 1 9
=|2+oy-L|  =1+2----y1--="
{y+y 3 )., T3 TAT 6T

[4 marks]



14b) Then

1 /1 2y+2
T=— zdxdy
A /;1/2 A;ﬂ

4 z2712v 2 9 1
=3 / [7] dy = 9 / (4y® + 8y + 4 — 16y™*)dy
1/2

_ 492 —-1/2
2[4y 16y°1" 2 (4 16 1 1
=2 |2 gy L = (2444 -24+ 2142 =
9[3+y+y 51, 93T T TETET T
_236_38
95 5
[3 marks]
1t 2y+2
ﬂz—/ / ydzdy
A —1/2 J4y2
4 ! 4 [24° !
=—/ (2y2+2y—4y3)dy=—[l+y2—y4]
9 _1/2 9 3 _1/2
42 g 1 1y 49 1
~9\3 12 4 16) 916 4’
So 81
(wy):<gaz>
[5 marks]

[3+4+3+5 =15 marks.]



