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The title announced for my talk1 was ‘Quadratic forms in singularity theory’.
But that is too wide a topic for a lecture. There are important applications of
quadratic forms to the study of deformations and hence, for example, to enu-
meration of possible configurations of singularities on quartic surfaces. A good
survey of such applications is given by Nikulin [29]. I have chosen the above topic
partly because it remains an area of current activity, with challenging problems.

This is intended as a survey article for non-specialists. No new results are
claimed, and I will attempt to explain things as we go.

1 Terminology and examples

Roughly speaking, a normal surface singularity is an isolated singular point of
a complex surface (i.e. 2 complex dimensions). We may regard (a piece of) the
surface as embedded in affine space Cn, with the singular point at O: then the
surface X is locally defined by equations fi = 0 where each fi is holomorphic in
some neighbourhood of the origin. More precisely, one may choose a neighbour-
hood U of O in Cn such that all fi are holomorphic on U ; X is the locus of their
simultaneous zeros in U , and X is of dimension 2, with O as its only singular
point.

We are only interested in a neighbourhood of O in X; we use the standard no-
tation (X, O) to denote the germ of X at O: a normal surface singularity consists
of such a germ. Later we will need to be more precise about the neighbourhood
U . The local ring OX,O is defined as the quotient of the ring On of germs at
O of holomorphic functions on Cn (or equivalently, the ring of power series in
(z1, . . . , zn) with non-zero radius of convergence) by the ideal generated by the
fi. This ring determines the singularity up to the natural equivalence relation,
local analytic isomorphism. A convenient reference for foundational material on
normal surface singularities is [15].

The word normal refers to the fact that we require the local ring OX,O to
be normal — i.e. integrally closed in its quotient field. For the case of surface

1Expanded version of talk given at conference on quadratic forms, Dublin, July 99.
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singularities, this implies that O is an isolated singularity of X, and that X has
only one branch at O. The converse holds if [15, 3.1] (X, O) is an IHS or more
generally if it is an ICIS; the example of the image of the map (C2, O) → (C4, O)
given by (x, y) 7→ (x2, x3, y, xy) shows that some further condition is needed.
In general, an isolated surface singularity is normal if and only if it is Cohen-
Macaulay.

We illustrate these definitions with some important examples.
Let f(x, y, z) = 0 be an algebraic equation in 3 complex variables having an

isolated singularity at the origin. This is said to define an isolated hypersurface
singularity, or IHS2 for short. Examples of particular importance are the ADE
singularities:

An xn+1 + y2 + z2 = 0 (n ≥ 1)
Dn xn−1 + xy2 + z2 = 0 (n ≥ 4)
E6 x4 + y3 + z2 = 0,
E7 x3y + y3 + z2 = 0,
E8 x5 + y3 + z2 = 0.

The next most complicated examples may be defined by equations of the form

xp + yq + zr + λxyz = 0,

where p, q, r ≥ 2 are integers. For the parabolic singularities we have 1
p
+ 1

q
+ 1

r
= 1

(and in each case certain values of λ are excluded). If 1
p

+ 1
q

+ 1
r

< 1 we say we
have a cusp singularity: here λ 6= 0 and we may change variables to reduce to
λ = 1.

There exist extensive further classifications (see e.g. [1], [46]) of IHS’s, mostly
included in the subclass of examples of the form g(x, y) + zn = 0.

A surface defined in Cn+2 by just n equations is said to be a complete in-
tersection. If in addition we have an isolated singularity (usually taken to be at
the origin) we speak of an isolated complete intersection singularity, or ICIS for
short. In many ways these are similar to IHS’s. The most important examples
are surfaces given by 2 equations in C4.

If a finite group G acts linearly on C2, with the action free on the complement
of the origin, one may define a quotient space X = C2/G, which will have an
isolated singularity at the image of the origin: these are called quotient singu-
larities. For example, we write (Xn,r, x) for the quotient of the unit ball by the
action of the cyclic group Zn of order n given by T.(z1, z2) = (εnz1, ε

r
nz2), where

εn := e2πi/n (we will retain this notation for other examples) and r is prime to n.
Although this definition does not exhibit X as a subset of affine space, an

embedding may be constructed using a set of generators of the ring of invariants
C[z1, z2]

G. For example, the action of Z3 defining X3,1 has generating invariants
w1 = z3

1 , w2 = z2
1z2, w3 = z1z

2
2 , w4 = z3

2 , and X3,1 can be identified with the subset
of C4 defined by w1w3 = w2

2, w1w4 = w2w3, w2w4 = w2
3.

2Warning: some authors use IHS to mean integral homology sphere.
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One may always suppose G ⊂ U2; if further G ⊂ SU2 then, as was shown by
Klein, we have an ADE singularity, as shown in the following table, where Q4a

denotes the quaternion group of order 4a and T ∗, O∗, I∗ the binary polyhedral
groups.

Singularity An = Xn+1,−1 Dn E6 E7 E8

Group Zn+1 Q4n−4 T ∗ O∗ I∗

Otherwise we have a singularity which is not an ICIS: the example given above
required 3 defining equations in C4.

One may combine the above constructions by taking the quotient of an IHS or
ICIS by a finite group acting on it in a manner which is free outside the singular
point, giving a hyperquotient singularity.

In a certain sense, quotients of spheres can be replaced by quotients of the
hyperbolic plane H. Let a, b, c be natural numbers with a−1 + b−1 + c−1 < 1.
Consider a triangle in H with interior angles π/a, π/b and π/c. Let G be the
group of isometries of H generated by the reflections in the edges of this triangle,
and G+ the subgroup of index 2 of orientation-preserving isometries. There is an
induced action of G+ on the tangent line bundle TH. Form the quotient space
TH/G+, and collapse the zero section H/G+ to a point. The quotient can be
proved to have an induced structure as complex space, and is a normal surface
singularity. These are called triangle singularities. It is known that there are just
14 triples a ≤ b ≤ c for which the singularity is an IHS, and a further 8 for which
we have an ICIS. For example, the triple (2, 3, 7) corresponds to the singularity
x2 + y3 + z7 = 0.

Cusp singularities in general are so called because they arise naturally as
‘cusps’ in the compactification of Hilbert modular surfaces [11]. We briefly recall
the definition. Let K be a real quadratic field; denote conjugation over Q by
a prime. Let M be an additive subgroup of K which is free abelian of rank 2;
we may suppose M generated by 1 and ω with ω > 1 > ω′ > 0. The group
G of elements γ ∈ K with γM = M and γ, γ′ > 0 is infinite cyclic: let Gj be
the subgroup of (finite) index j. The semi-direct product M.Gj acts freely and
properly on H×H by (γ, m)(z1, z2) = (γz1+m, γ′z2+m′): denote the quotient by
X ′(M, Gj). Then define X(M, Gj) by compactifying at one point, corresponding
to (i∞, i∞).

In [11], Hirzebruch gives a detailed analysis of these singularities and their
resolutions. There is a purely periodic negative continued fraction expansion

ω = b1 − 1
b2−

1
b3− . . . 1

bk−
1

b1− . . .,
with each br ≥ 2, where we take k as j times the minimal period. We may
distinguish the br equal to 2 from those exceeding 2 and then write the sequence
b1, . . . , bk (up to cyclic reordering) as

b = 2, . . . , 2, k1 + 2, 2, . . . , 2, k2 + 2, . . . . . . kg + 2,
where there are k∗1 − 1 numbers 2 in the first group, k∗2 − 1 in the second, and so
on. We have (up to cyclic reordering) the continued fraction expansion
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ω − 1 = k1 + 1
k∗1+

1
k2+

1
k∗2+

. . ..

Shifting this by 1 to interchange the roles of k and k∗ yields another cyclic se-
quence

b∗ = k∗1 + 2, 2, . . . , 2, k∗2 + 2, . . . , . . . , 2, . . . , 2,
where there are k1− 1 numbers 2 in the first group, and so on till kg− 1 numbers
2 in the last. Then ∆ =

∑
(br − 2) =

∑
ki is the length of the sequence b∗ and

∆∗ =
∑

(b∗r − 2) =
∑

k∗i is the length of the sequence b.
Cusp singularities are classified by sets b of integers ≥ 2, defined up to cyclic

reordering, or equivalently by the dual set b∗. The cusp singularity is an IHS if
∆∗ ≤ 3 and an ICIS if (and only if) ∆∗ ≤ 4.

Another important class are the quasihomogeneous singularities: here we re-
quire all the equations defining X to be homogeneous (of various degrees) with
respect to assigning zi to have weight ai for each i. We may then choose a com-
mon multiple A of the ai and define an action of the multiplicative group C× by
t.(z1, . . . , zn) = (tA/a1z1, . . . , t

A/anzn). This group action, with O as fixed point,
is the essential feature of this class of singularities. Thus an IHS is quasihomoge-
neous if the equation f is equivariant under an action of the multiplicative group
C× of the form f(tax, tby, tcz) ∼= tdf(x, y, z).

Of the above examples, the ADE, parabolic, quotient and triangle singularities
are quasihomogeneous; the cusp singularities are not.

The above examples are the easiest to describe, and hence in some sense the
simplest. We shall see that even for them there are unsolved problems.

2 Topological classification

Somewhat surprisingly, the most accessible part of the structure of a normal
surface singularity is its topology. Let us begin by choosing the neighbourhood
U of O in Cn to be a closed neighbourhood, with boundary ∂U , such that X0 =
X ∩ U is homeomorphic to the cone on its boundary ∂X0 = X ∩ ∂U . Routine
arguments show that we may choose U to be given by

∑n
1 |zi|2 ≤ ε for any small

enough ε. This is not always a convenient choice: if X is quasihomogeneous as
just described, then we may take U as

∑n
1 |zi|2A/ai ≤ ε for small enough ε. This

gives a neighbourhood X0 invariant by the action of {t ∈ C | |t| ≤ 1}, with ∂X0

invariant by the circle group S1.
From now on, when we write (X, x) for a normal surface singularity, we sup-

pose X itself to be a good neighbourhood of x in this sense.
It is known that one may construct, by a sequence of blowings-up and nor-

malisations, a resolution, viz. a proper map

π : (X̃, E) → (X, x)

with the following properties:
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X̃ is a non-singular complex surface (with boundary);
E has dimension 1, and is a union of irreducible curves Ei;
π induces an isomorphism of X̃ − E onto X − {x}, and π(E) = x.

We have a good resolution if also
each component Ei of E is a smooth embedded curve;
the components Ei have normal crossings: at each point of E lying on more

than one Ei there are local coordinates (z1, z2) (in X̃) such that the components
are given respectively by z1 = 0 and z2 = 0; in particular, there are only 2
components through such a point.

This result has a somewhat involved history. In Zariski’s 1935 book he ex-
amines critically each of 4 claimed proofs of resolution of singularities of surfaces
and finds them all wanting; a satisfactory argument was given in 1936 by R.J.
Walker. A convenient proof for present purposes may be found in [15, Chap. 2].

The resolution procedure is explicit enough to be used for effective calcula-
tions, and has been implemented in computer algorithms. The result is almost
unique, but it remains possible to blow up a point of E, giving a further reso-
lution. The effect of blowing up a point on a smooth surface is to produce one
exceptional curve, of genus 0, with self-intersection −1: such a curve is tradi-
tionally called an exceptional curve of the first kind. A resolution is said to be
minimal if it includes no exceptional curve of the first kind; a good resolution is
minimal if it includes no exceptional curve of the first kind which meets at most
2 other components of E. There exist an essentially unique minimal resolution
and an essentially unique minimal good resolution [15, 5.12]. Mostly we prefer to
deal with an arbitrary good resolution, and take care when it matters that the
invariants we define are unchanged by this process.

The resolution provides the following numerical data:
for each component Ei, the genus gi = g(Ei);
the self-intersection numbers bi,i = E2

i of the cycles Ei in X̃;
the intersection numbers bi,j = Ei.Ej = #(Ei ∩ Ej).

The numerical data are usually conveniently presented in the form of a weighted
graph Γ. This has one vertex vi for each component Ei of the exceptional set,
which is weighted by the genus (in brackets: [gi]) and negative self-intersection
ai = −E2

i : the default values gi = 0, ai = 2 are omitted where they occur. Two
vertices vi, vj are joined by Ei.Ej edges.

Theorem 2.1 A set of integers {gi : 1 ≤ i ≤ n} and {bi,j : 1 ≤ i, j ≤ n} can be
realised as arising from an isolated surface singularity if and only if gi ≥ 0 for
each i, bj,i = bi,j ≥ 0 for each i 6= j, and the quadratic form

∑n
i,j=1 bi,jxixj is

negative definite.
The numerical data completely determine the topology of X̃ and X.
If the singularity is normal, then Γ is connected.

Proof The fact that the quadratic form defined by intersection numbers is neg-
ative definite was proved by Mumford [23] in a paper which marks the beginning
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of modern research in this area. A proof is also given in [15, 4.4].
The self-intersections E2

i determine the normal bundles of the curves Ei, which
are embedded and of given genera gi, and hence the topology of the neighbour-
hood is determined. The neighbourhoods are plumbed together as indicated by
the intersection numbers Ei.Ej. Moreover, since we chose a good neighbourhood
X of x, X̃ is itself a smooth regular neighbourhood [10] of E, so may be described
topologically as such a plumbing.

Conversely, we can use plumbing to construct a neighbourhood X̃ of a set
E with the given invariants. Now by a theorem of Grauert [8] (a proof is also
given in [15, 4.9]), since the quadratic form is negative definite, there exists a
map π : (X̃, E) → (X, x) defining an isolated surface singularity: this proves
sufficiency. If the singularity is normal, there is just one branch at x: this is
equivalent to connectedness of E, and hence to that of Γ. 2

In particular, the numerical invariants determine the topology of the link
L = ∂X ∼= ∂X̃, which has a natural orientation as boundary of the complex
(hence oriented) manifold X̃. (To determine the analytic type one would need
also the analytic types of the Ei, of their normal bundles, and the precise positions
of the intersection points.) There is also a strong converse result, due to Neumann
[26].

Theorem 2.2 (i) The topology of the oriented link L uniquely determines the
numerical data.
(ii) Both L and −L are singularity links if and only if either (a) L is a lens space
or (b) L is a T 2 bundle over a circle whose monodromy matrix has trace ≥ 3.
(iii) If L is not as in (a)or (b), then π1(L) determines L uniquely.
(iv) In all cases, L is an irreducible 3-manifold; unless π1(L) is cyclic or a triangle
group, L is Haken.

As to (a), the following are equivalent:
π1(L) is cyclic,
L is a lens space,
(X, x) is a cyclic quotient singularity.

In fact, ∂Xn,r is the lens space L(n, r), which is orientation-preserving homeomor-
phic to L(n, s) if and only if s ≡ r or rs ≡ 1 (mod n) and is orientation-reversing
homeomorphic to L(n,−r).

The exceptional case (b) corresponds to cusp singularities, where the mon-
odromy matrix may be taken as

A(b) =

(
b1 1
−1 0

)
· · ·

(
bn 1
−1 0

)
,

and −L is the link of the cusp singularity defined by the dual sequence b∗.
For all the simpler examples, the graph Γ is a tree. For the cyclic quotient

singularity Xn,r, Γ is a bamboo or chain, so Ei.Ej = 1 if j = i + 1 and 0 if i < j
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otherwise; all gi vanish, but the ai = −E2
i are determined as the coefficients in

the expansion of r
n

as a negative continued fraction 1
a1−

1
a2− . . . 1

ak
.

For a cusp singularity, Γ consists of rational curves Ei arranged in a cycle with
the negative self-intersection numbers being (b1, . . . , bk) (this needs interpretation
if k = 1).

For a parabolic singularity E has just one component, which has genus 1. In
general, a singularity for which E consists of a single elliptic curve is called simple
elliptic [33].

For any quasihomogeneous singularity, we have an action of S1 on the link L,
and L/S1 has the structure of orbifold, with genus g, say, and some cone points.
The corresponding resolution graph is a star, with central vertex having genus
g, and one arm for each cone point corresponding to the resolution of a cyclic
quotient singularity. The details are explained in full in [26].

For an ADE singularity, Γ is the Dynkin graph associated to the Lie group of
the same name (with each gi = 0, ai = −2). For a triangle singularity there are
3 cone points; the central vertex has g0 = 0, a0 = 1; and each arm has length 1.

Each 2-dimensional orbifold has a geometric structure in the sense of Thurston,
whose type is determined by the sign of the orbifold Euler characteristic. Cor-
respondingly it was shown by Neumann [27] that each quasihomogeneous singu-
larity link L has a geometric structure, whose type is S3 if χ(L/S1) > 0, Nil if

χ(L/S1) = 0, and S̃L2(R) if χ(L/S1) < 0.
For a cusp singularity, the link has a geometric structure of type Sol.
Among the more naive invariants of the topology of any normal surface sin-

gularity are the Betti numbers (with rational coefficients) β1(Γ) of the graph and
β1(L) of the link. Elementary homology calculations show that

β1(L) = β1(X̃) = β1(E) = β1(Γ) + 2
∑

gi,

while of course χ(Γ) = 1− β1(Γ) = #I −
∑

i<j bi,j.

3 The algebra of cycles

Some interesting topological invariants of (X, x) can be obtained from a close
study of the quadratic form of Theorem 2.1. In this section we will give more
details than in the rest of this article, since some of the results may be new
to specialists of pure quadratic form theory. Write H for H2(X̃; Z) and HQ
for H2(X̃; Q). Then the quadratic form is just that given on H by intersection
numbers on X̃. We make the standing hypothesis that the form is negative
definite, with bi,j ≥ 0 for i 6= j; we usually (but not always) suppose also Γ
connected.

The group H has a preferred basis consisting of the classes of the cycles Ei

(which we also denote by Ei). This defines a partial order on H: set
∑

aiEi ≥ 0
if ai ≥ 0 for each i.
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We say that D ∈ H is nef if D.Ei ≥ 0 for each i. The negatives of the nef
classes form a semigroup E ⊂ H (it is the intersection of H with a convex cone),
and we write E+ for E with {0} removed.

Lemma 3.1 (i)If D ∈ E, then D ≥ 0.
(ii) If Γ is connected, and D ∈ E+, then D ≥

∑
Ei; in particular, D > 0.

(iii) If Γ is connected, and W ⊆ E+, then inf W ∈ E+.

Proof (i) Set D =
∑

aiEi = D+ −D−, where D+ := sup{D, 0} =
∑

ai>0 aiEi,
so also D− :=

∑
ai<0(−ai)Ei ≥ 0. Since −D is nef and D− ≥ 0, D.D− ≤ 0. Since

Ei.Ej ≥ 0 for i 6= j and D+, D− have no components in common, D+.D− ≥ 0.
Thus D−.D− = D+.D−−D.D− ≥ 0. Since the form is negative definite, it follows
that D− = 0.

(ii) Now D ≥ 0. If any ai = 0, D.Ei ≥ 0 while as −D is nef, D.Ei ≤ 0, so
D.Ei = 0. Thus for each j such that vj is adjacent to vi in Γ, we must have
aj = 0. By connectivity of Γ, it follows that D = 0, contrary to assumption.

(iii) Set W := inf W =
∑

aiEi, and choose Di ∈ W having ai as coefficient of
Ei. Then Di−W ≥ 0 and has zero coefficient of Ei, so 0 ≤ Ei.(D

i−W ) ≤ −Ei.W
since Di ∈ E+. Thus −W is nef. By (ii) we cannot have W = 0. 2

The element Znum := inf E+ was introduced by Artin [3], who called it the
fundamental cycle. It follows from the lemma that Znum ≥

∑
Ei. Now if Znum ≥

D ≥ 0 and D.Ei > 0 we have Znum ≥ D + Ei. For if Znum −D =
∑

miEi ≥ 0,
since (Znum−D).Ei < 0 we must have mi > 0. We may thus begin with D =

∑
Ei

and whenever D.Ei > 0, add Ei: the process must terminate with Znum.
Our first important invariant of the singularity is the integer ∆ = −Z2

num.

We next consider the canonical class K ∈ H2(X̃; Z). For any divisor D on
any smooth algebraic surface X̃, we have the formula χ(OD) = −1

2
(D2 +〈K, D〉).

If D is the class of a reduced curve C, then χ(C) = 2χ(OC) + µ(C), where χ(C)
is the usual Euler characteristic and µ(C) a measure of the singularities of C. In
particular as Ei is non-singular, we obtain

2− 2gi = χ(Ei) = 2χ(OEi
) = −E2

i − 〈K, Ei〉.
Thus in the presence of the quadratic form, the knowledge of the 〈K, Ei〉 is
equivalent to a knowledge of the genera gi. Since E2

i < 0 we see that if 〈K, Ei〉 < 0
then gi = 0, E2

i = −1 and we have an exceptional curve of the first kind. If
〈K, Ei〉 = 0 then gi = 0 and E2

i = −2. In particular, if we have a minimal
resolution, 〈K,Ei〉 ≥ 0 for each i.

Since the quadratic form is nondegenerate, there is a unique K ′ ∈ HQ such
that, for each i, K ′.Ei = 〈K, Ei〉 = 2gi − 2 − E2

i . We may now define fur-
ther numerical invariants K ′.Znum = 〈K, Znum〉 (equivalently we may consider
χ(OZnum) = −1

2
(Z2

num +K ′.Znum)) and K ′2. Unlike the others the latter changes,
being decreased by 1, if we blow up an additional point of E. Thus we must either
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insist that we have a minimal (perhaps good) resolution or add the number of
components of E, which is #I = β2(E) = β2(X̃), thus giving K ′2 + β2(X̃).

There is an alternative ‘fundamental cycle’ defined as follows (cf. eg. [14]).
Set K ′ =

∑
aiEi and define Zk :=

∑
[−ai]Ei, where the square bracket denotes

integer part. The relation of this to Znum is not clear to the writer.
An invariant of a rather different kind is obtained from the Zariski decompo-

sition. The following is an adaptation by Sakai [34] and Wahl [45] of Zariski’s
original result, and presents a rather strange feature of quadratic form theory.

Theorem 3.2 For each D ∈ HQ there is a unique decomposition D = P + N
such that

P is nef, so for each i, pi = P.Ei ≥ 0;
N ≥ 0, so N =

∑
qiEi with each qi ≥ 0;

for each i, piqi = 0.

Proof The proof will use induction: observe that our standing hypothesis is in-
herited by the restriction of the form to the sublattice generated by any collection
of the Ei (we are not assuming Γ connected).

We begin with existence. Set D1 := D, I1 := {i |D1.Ei ≤ 0}, and let N1 be
the unique linear combination of {Ei | i ∈ I1} such that N1.Ei = D1.Ei for each
i ∈ I1: this exists since the restriction of a negative definite quadratic form to
any subspace is nondegenerate.

Applying (i) of Lemma 3.1 to this subspace, we find N1 ≥ 0. Now set D2 :=
D1 −N1, I2 := {i |D2.Ei ≤ 0}, and repeat the process.

More formally, suppose inductively that we have constructed Dk and Nk ≥ 0
by this process. Set Dk+1 := Dk − Nk, Ik+1 := {i |Dk+1.Ei ≤ 0}, and let Nk+1

be the unique linear combination of {Ei | i ∈ Ik+1} such that Nk+1.Ei = Dk+1.Ei

for each i ∈ Ik+1: then by Lemma 3.1, Nk+1 ≥ 0.
Then by construction if i ∈ Ik, Dk+1.Ei = 0 so i ∈ Ik+1, so Ik+1 ⊇ Ik. Since

there are only finitely many subsets, this sequence must become constant. But if
Ik+1 = Ik, then Dk+1 is nef. It then suffices to take P = Dk+1, N =

∑k
1 Nr.

As to uniqueness, suppose we have two decompositions D = P +N = P ′+N ′;
write N = Nc + Nd, N ′ = N ′

c + N ′
d, where Nc, N ′

c contain the components Ei

appearing in both N and N ′ and Nd, N ′
d are linear combinations of the other

components. Thus for Ei in N , Ei.N
′
d ≥ 0. Hence N ′

c.Ei ≤ N ′.Ei, and since
D − N ′ is nef, this ≤ D.Ei, which equals N.Ei since Ei is orthogonal to P .
Now N ′

c −N involves only components of N , and we have seen that its product
with each is non-negative. Thus by (i) of Lemma 3.1 again, N ′

c − N ≥ 0, so
N ′ −N ≥ N ′

c −N ≥ 0. By symmetry, N −N ′ ≥ 0. Hence N = N ′. 2

To illustrate the character of this result, consider the quadratic form with

matrix

(
−2 1
1 −2

)
. The decomposition of xE1 + yE2 has
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N = xE1 + yE2 if x ≥ 0, y ≥ 0,
N = (y − 1

2
x)E2 if x ≤ 0,−x + 2y ≥ 0,

N = (x− 1
2
y)E1 if 2x− y ≥ 0, y ≤ 0, and

N = 0 if −x + 2y, 2x− y ≤ 0.
We now apply the decomposition theorem to write K ′ +

∑
Ei in the form

P +N . It is then shown by Wahl [45] that P 2 is a useful invariant. In particular,
he shows that P 2 ≤ 0, and depends only on π1(L).

4 Some analytic invariants

A surprising — and challenging — feature of the theory of normal surface singu-
larities is that their analytic properties are only weakly related to the relatively
straightforward topological classification. In this section we define some of the
most important analytic invariants which we would like to understand.

The simplest of these is the embedding dimension ed (X, x): the least number
n such that there exists a singularity (Y,O) ⊂ (Cn, O) isomorphic to (X, x).
The components of any map from (X, x) to (Cn, O) must be functions on X,
i.e. elements of OX,x, vanishing at x; and thus belonging to the maximal ideal
m of OX,x. It is not hard to show that a collection of n elements of m defines
an embedding of (X, x) in (Cn, O) if and only if it spans m modulo m2. Thus
we have ed (X, x) = dim (m/m2). We may regard the embedding dimension as
the first in the sequence of invariants dim (mk/mk+1), which may be collected
as the coefficients in a power series, the Hilbert-Samuel function of (X, x). This
determines in turn the multiplicity mult (X, x): the local intersection number of
(X, x) at O with a generic (n− 2)-dimensional linear subspace of Cn. In fact we
have

2 mult (X, x) = lim
k→∞

k−2 dim (mk/mk+1).

Next write ωX for the sheaf of regular holomorphic 2-forms on X. On the
smooth part (X − {x}) of X, we can identify this with the determinant line
bundle of the complex cotangent bundle. The singularity (X, x) is said to be
Gorenstein if this bundle is trivial over the punctured neighbourhood X − {x}
of x. This turns out to be an extremely important condition. It holds for all
IHS, ICIS, cusp and triangle singularities, but not for quotient singularities other
than the ADE singularities. For the IHS f(x, y, z) = 0, for example, elementary
calculations show that

ω :=
dx ∧ dy

∂f/∂z
=

dy ∧ dz

∂f/∂x
=

dz ∧ dx

∂f/∂y

spans ωX at any point 6= O, since at least one of the partial derivatives is non-zero.
If (X, x) is Gorenstein, then K ′ ∈ H is integral, and hence Zk = −K ′.

There are several equivalent definitions for the genus pg(X, x) of the singu-
larity. We may set pg(X, x) = dim H1(X̃;OX̃) = dim (R1π∗OX̃)x, or regard
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pg(X, x) = dim (Γ(X̃ − E, ωX̃)/Γ(X̃, ωX̃)) as the dimension of the space of ob-
structions to extending a holomorphic 2-form defined on X̃ − E to one defined
on the whole of X̃ (note that numerator and denominator in this definition are
each separately infinite-dimensional).

The genus can also be regarded as the first in a sequence of invariants, the
plurigenera. There are several variations of the definition (see e.g. [22]). Consider

dim
(
Γ(X̃ − E,O(mKX̃))

/
Γ(X̃,O(mKX̃ + rE))

)
Taking r = m−1 we obtain the L2-plurigenus P l

m(X, x) (see particularly [47]), and
with r = m the log-plurigenus P g

m(X, x) (it is natural to take r = 0, but this does
not give good results). Following (as we have done with the other invariants) the
standard development for algebraic varieties, we extract invariants that measure
the rate at which Pm tends to infinity. For b = l or g we define the Kodaira
dimension κb(X, x) as lim supm→∞ log P b

m/ log m, where log 0 is interpreted as
−∞. Thus κb(X, x) is −∞ if all P b

m vanish, and is 0 if not, but they are bounded.
For normal surface singularities, κl(X, x) takes only the values {−∞, 0, 2} and
κg(X, x) the values {−∞, 2}.

One may also measure the growth of P b
m by the invariant Cb := lim sup P b

m/m2:
thus Cb = 0 unless κb = 2. It was shown by Morales [21] that Cg = −1

2
K2 (for

the minimal resolution), and by Wahl [45] that C l = −1
2
P 2.

Finally, the definitions of classes of singularities important for the classifica-
tion theory of algebraic varieties specialise to surfaces as follows (see e.g. [14,
§2.3]). For a normal surface singularity (X, x), K ′ =

∑
eiEi — or sometimes

min ei — is called the discrepancy. Now (X, x) is said to be
terminal if each ei > 0; canonical if each ei ≥ 0;

log terminal if each ei > −1; and log canonical if each ei ≥ −1.

5 Characterisations of classes of singularities

5.1 Rational singularities

The singularity (X, x) is said to be rational if pg(X, x) = 0. This condition was
defined by du Val [40] and developed by Artin [2] and [3]. Artin showed that it was
equivalent to the condition χ(OZnum) = 1 (we always have χ(OZnum) ≤ 1). Artin
also showed that within this class, the embedding dimension and multiplicity
could be computed topologically: ed (X, x) = 1−Z2

num and mult (X, x) = −Z2
num.

A singularity is rational and Gorenstein if and only if it is an ADE singularity;
these are also the only canonical singularities (and a terminal surface singularity
is, in fact, non-singular). This class of singularities has a long history: algebraic
geometers often call them du Val singularities after [40]; they may also be char-
acterised as rational singularities of multiplicity 2, and so are sometimes called
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rational double points. Singularity theorists call them simple singularities after
[1]. Further equivalent conditions are K2 = 0 and κg(X, x) = −∞.

We have κl(X, x) = −∞ if and only if (X, x) is a quotient singularity. All such
singularities are rational. They were first studied by Brieskorn [4]. Equivalent
conditions are that π1(∂X) is finite, and that X is quasihomogeneous, with ∂X
having geometric structure of S3 type: an enumeration is easily derived from this.
A singularity is log terminal if and only if it is a quotient singularity [14, 4.18].

Since rational singularities may be characterised topologically they may in
principle be enumerated by combinatorial arguments. In each case, Γ is a tree,
and all components Ei are rational curves. Enumerations were given for rational
singularities of multiplicity 3 by Artin [2], multiplicity 4 by Stevens [38] and
multiplicity 5 by Tosun [39] (those of multiplicity 2 are the ADE singularities).

The sandwiched singularities defined by Spivakovsky [36] as singularities which
can be mapped onto a smooth surface are also rational singularities of some im-
portance.

5.2 Elliptic singularities

Following Wagreich [41] many authors use the term ‘elliptic’ to refer to singular-
ities with χ(OZnum) = 0. However we will reserve the term for the singularities
with genus pg(X, x) = 1: pg(X, x) = 1 implies χ(OZnum) = 0, but not conversely.
The condition pg(X, x) = 1 cannot be characterised topologically.

Elliptic Gorenstein singularities were studied by Laufer [16] and Reid [32],
who (each) characterised them topologically by the condition

χ(OZnum) = 0, and 0 < D < Znum implies χ(OD) > 0.
In view of this latter condition, they are often called ‘minimally elliptic singular-
ities’. Both authors showed that the embedding dimension and multiplicity are
topological invariants for this class, and established Theorem 5.2 for this case.

A different, but also important class is given by

Proposition 5.1 The following conditions on a normal surface singularity are
equivalent, and imply that pg(X, x) ≤ 1: (X, x) is log canonical; π1(L) is solvable
or finite; (X, x) is either smooth, simple elliptic, or a cusp singularity or a finite
quotient of one of these; κl(X, x) ≤ 0; P 2 = 0.

Singularities with solvable or finite fundamental group were studied by Wagreich
[42], who enumerated the graphs Γ. One may deduce directly that in each case
some finite cover is either smooth, simple elliptic, or a cusp singularity. The
equivalence of this to log canonical was proved by Kawamata [13] (see also [14,
4.1]), who again enumerated the graphs. If (X, x) is a finite quotient of a simple
elliptic singularity, ∂X is geometric of type Nil; a classification may be obtained
directly via listing orbifolds with χ = 0. The only possible type of covering giving
a cusp singularity is a double covering; these too are easily listed (reversal of order
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in b must give the same sequence up to cyclic rearrangement). Equivalence of
these conditions to κl(X, x) ≤ 0 is given by Ishii [12].

5.3 Other singularities

Although there exists an extensive literature, and many classifications (partic-
ularly for singularities with χ(OZnum) = 0), very few general results are known
beyond the above classes.

If κl(X, x) > 0, then κl(X, x) = 2; κg(X, x) takes only the values −∞ and 2;
so neither of these invariants yields further information.

A Gorenstein surface with pg(X, x) = 2 satisfies χ(OZnum) = 0. However, this
class is not topologically defined.

The following recent result is the best currently known on the questions we
have mentioned.

Theorem 5.2 [24] Suppose (X, x) a Gorenstein surface singularity such that
χ(OZnum) = 0 and β1(X̃) = 0. Then
(i) there is a topological way to calculate pg(X, x) (it is the length of the ‘elliptic
sequence’ of divisors);
(ii) ed (X, x) = max (3,−Z2

num);
(iii) If Z2

num ≤ −3, then dim (mk/mk+1) = −kZ2
num for all k ≥ 1, (there are also

formulae for −Z2
num = 1, 2) and hence

(iv) if Z2
num ≤ −2, then mult (X, x) = −Z2

num.
(v) (X, x) is an ICIS if and only if −Z2

num ≤ 4.

6 Smoothings

If f(x, y, z) = 0 defines an IHS, then nearby surfaces f(x, y, z) = η are smooth (at
least, in a neighbourhood of O). If we intersect with the ball Bε : |x|2+|y|2+|z|2 ≤
ε, where η << ε << 1), and set D∗

η := {t|0 < |t| ≤ η}, then according to Milnor
[20] f induces a fibration Bε ∩ f−1D∗

η → D∗
η. The fibres of this are called Milnor

fibres; we write M for a typical one. Milnor also showed that M is simply-
connected. For the restriction to the boundary ∂Bε, there is no need to exclude
the value f = 0, and we find that ∂M can be identified with L.

We thus have two 4 (real) dimensional manifolds with boundary L: X̃ and
M . We will see that usually they are very different, and will seek to compare
them.

A slight variation of the argument also goes through for the case of an ICIS.
Here, as in the IHS case, M is simply-connected.

More generally, for any normal surface singularity (X0, x), where we suppose
(as usual) X0 chosen as a good neighbourhood, a deformation consists of a flat,
proper map π : M → S, which we may suppose topologically trivial on the
boundary, of complex spaces, such that O ∈ S and π−1(O) ∼= X0. It can be
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shown that there always exists a deformation which is universal in an appropri-
ate sense. The base space S of this universal deformation is in general reducible
(see Example 1 below). A component Si of S is called a smoothing component if,
for generic v ∈ Si, Mv := π−1(v) is smooth, and such a fibre is called a smoothing
of (X0, x). The topology of Mv does not depend on the choice of v ∈ Si (provided
v avoids a suitable discriminant variety), but may well depend on the choice of
component Si (see Example 1 below). We shall see that there may be no smooth-
ing components, but Artin showed that there always is one if (X0, x) is rational.
If (X0, x) is an ICIS, then S is smooth, of dimension τ , say.

Example 1 (Pinkham [30]). Let X = X4,1: X is a cone on a rational normal
quartic curve, and is parametrised by (x4, x3y, x2y2, xy3, y4).

We may write the equations defining X as the conditions that the matrix(
z0 z1 z2 z3

z1 z2 z3 z4

)
has rank ≤ 1. Introduce parameters t1, t2, t3 and replace the

lower row by (z1 + t1, z2 + t2, z3 + t3, z4). This defines a family {Mt} with base
space S1 having three coordinates (t1, t2, t3).

Secondly, we write the equations using a 3× 3 matrix, which we deform to z0 z1 z2

z1 z2 + u2 z3

z2 z3 z4

 .

Here we have one parameter u2 giving the coordinate on the base space S2. Again
writing the conditions that the rank of the matrix is 1 defines a deformation {Mu}
of X, which is smooth for generic values of the parameter.

The deformation space S is the union of the 3-parameter space S1 and the
1-parameter space S2, meeting in a single point. Each of S1 and S2 is a smoothing
component. For one of S1, S2 the Betti number of the fibre β2(M) = 0; for the
other β2(M) = 1.

We have the following interesting characterisation.

Theorem 6.1 (Wahl [44]) For (X, x) an ICIS, β2(M) ≥ τ , with equality if and
only if (X, x) is quasihomogeneous.

Suppose M the fibre of a smoothing of (X, x); we may, as above, suppose
∂M ∼= L. Consider the quadratic form of intersection numbers on H2(M). This is
no longer in general negative definite. Diagonalise the form over R on H2(M ; R),
and write µ−, µ0 and µ+ for the respective numbers of negative, zero and positive
terms, so that µ− + µ0 + µ+ = µ = dim H2(M ; R). We concentrate on these
invariants. Write also σ for the signature µ+ − µ−.

Elementary homology calculation shows that µ0 = β1(L)− β1(M). But in [9]
we find the nontrivial result:
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Theorem 6.2 For M a smoothing of a normal surface singularity, β1(M) = 0.

Thus µ0 = β1(L) is determined by the topology of the singularity. Also, χ(M) =
1 + β2(M) = 1 + µ. Now we have

Theorem 6.3 The genus is given by µ0 + µ+ = 2pg.

This was established by Durfee [5] in the case of IHS and, following some par-
tial results, proved for arbitrary smoothings of normal surface singularities by
Steenbrink [37].

Thus the quadratic form on H2(M) is negative definite if and only if the sin-
gularity is rational (we recall that the form on H2(X̃) is always negative definite).
Moreover, (X, x) (though not just the topology of (X, x)) determines µ+ as well
as µ0. It follows from Example 1 that it does not always determine µ−. However
there are several essentially equivalent formulae for µ.

First, for the case of IHS, Durfee [5] established the formula (1), and Laufer
[17] proved (2).

3σ + 2µ + 2β1(L) + K2 + β2(X̃) = 0. (1)

12pg − µ− β1(L) + K2 + β2(X̃) = 0. (2)

Subtracting (2) from (1) and dividing by 3 gives σ + µ + β1(L) = 4pg. Using
β1(L) = µ0 and σ = µ+ − µ−, this reduces to the assertion of Theorem 6.3.

Then Looijenga and Wahl proved in [19] that (3) holds, and reduces to (4),
for arbitrary smoothings of normal surface singularities.

(K2
M − 2χ(M))− σ(M) = (K2

X̃
− 2χ(X̃))− 3σ(X̃). (3)

c2
1(M) + χ(M) = c2

1(X̃) + χ(X̃) + 12pg. (4)

Substituting χ(M) = 1+µ, c1(X̃) = K, and χ(X̃) = 1−β1(X̃)+β2(X̃) with
β1(X̃) = β1(L), we see that (4) reduces to

c2
1(M) + µ = K2 − β1(L) + β2(X̃) + 12pg, (5)

which coincides with (2) apart from the term c2
1(M). Now we have

Lemma 6.4 (Seade [35]) If (X, x) is Gorenstein, then M admits a nowhere 0
holomorphic 2-form, so c1(M) = 0.

Hence (2) holds for all smoothings of normal Gorenstein singularities (X, x) —
in fact, this result is due to Steenbrink [37] — in particular, (X, x) determines µ
and hence also µ− in these cases.

For any normal Gorenstein singularity we may use these formulae to calcu-
late a value of µ−. If this value turns out to be negative, there cannot exist a
smoothing. This conclusion is already non-trivial — for example, it implies that
if a simple-elliptic singularity with Z2

num = −D is smoothable, we must have
D ≤ 9, which is best possible. For smoothability of a cusp singularity it yields
the necessary condition (in the above notation) ∆ ≤ ∆∗ + 9.
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Example 2 (Laufer) The IHS x2 + y7 + z14 = 0 and x3 + y4 + z12 = 0 have
the same topological type, with Γ consisting of only one vertex, with g = 3 and
E2 = −1 (so µ0 = β1(L) = 6). But the invariants (µ−, µ0, µ+, pg) take the values
(60, 6, 12, 9) in the first case and (50,6,10,8) in the second. Moreover, the singu-
larities have different multiplicities.

Now let M be a simply-connected 4-manifold with boundary L such that
β1(L) = 0. The quadratic form of intersection numbers on H2(M ; Z) is non-
degenerate, so we can identify the dual lattice in H2(M ; Q) with H2(M ; Z),
and the quotient H2(M ; Z)/H2(M ; Z) with H1(L; Z). The bilinear pairing of
H2(M ; Q) with itself to Q (the discriminant bilinear form) thus induces a bilin-
ear pairing of H1(L; Z) with itself to Q/Z: the linking pairing. For a general
4-manifold we obtain a non-degenerate quadratic form on the quotient H2(M ; Z)
of H2(M ; Z) by the torsion subgroup and the radical of the intersection form,
and this induces a linking pairing on the torsion subgroup H1(L; Z)t of H1(L; Z).

If (X, x) is a normal Gorenstein singularity, and M a smoothing, we may
apply the above considerations to both M and X̃, each having boundary L. The
discriminant bilinear forms of the intersection forms on H2(M ; Z) and H2(X̃; Z)
must both coincide with the linking pairing on H1(L; Z)t. Thus the singular-
ity (X, x) determines the discriminant bilinear form of the intersection form on
H2(M ; Z) as well as µ−, µ0 and µ+. Thus a necessary condition for the exis-
tence of a smoothing of (X, x) is the existence of a quadratic form over Z, with
the given values of µ−, µ0, µ+ and the given discriminant bilinear form: this is
already quite a strong condition.

This condition was enhanced by Looijenga and Wahl [19], with a very careful
presentation of the details. If M is simply-connected and β1(L) = 0 and moreover
the intersection pairing on H2(M ; Z) is even, the linking pairing on H1(L; Z) can
be enhanced to a quadratic map to Q/2Z (the discriminant quadratic form of
the quadratic form on H2(M ; Z)). A closer analysis shows that such an enhance-
ment can be defined whenever M is almost-complex, and that the discriminant
quadratic form for L is determined (independently of M) by the almost complex
structure on τL ⊕ R, provided only that c1 gives a torsion class in H1(L).

Matters are complicated by the possibility that H1(M ; Z) contains non-trivial
torsion. However, the possibilities for the torsion are bounded by the torsion in
H1(L; Z). Eventually, it is shown in [19] that if we set A := H1(L; Z) and write
q : At → Q/Z for the form that has been constructed, a smoothing component
induces an (isomorphism class of) quintuple (V, Q, I, i, s) where (V, Q) is an or-
dinary lattice; s an orientation on a maximal positive semidefinite subspace; I
is an isotropic subspace of At; and i : V ∗/V → A/I an injective homomorphism
with finite cokernel inducing an isomorphism V ∗/V → I⊥/I of quadratic groups.

Work of Nikulin [29] gives (in most cases) necessary and sufficient conditions
for the existence of a quadratic form with assigned signature and discriminant
form. Using this, Looijenga and Wahl essentially determine the set S of isomor-
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phism classes of the relevant quintuples for the problems, which triangle singu-
larities, or which cusp singularities are smoothable?

These methods do not address the converse problem, of finding smoothings,
for which global methods seem more effective. For triangle singularities work of
Looijenga [18] using the structure of the moduli space for K3 surfaces shows in
many cases that the set of smoothing components maps bijectively to S. The
situation for cusp singularities is similar but less clear; the relevant references
here are [6] and [7].

7 Two conjectures

As a result of a number of calculations, Durfee [5] was led to the conjecture that
for all IHS, and probably for all ICIS (where there is still a canonical smoothing)
σ ≤ 0 and to the sharper conjecture that pg ≤ µ/6 (which is equivalent to
σ ≤ −1

3
µ − µ0). Numerous partial results are known. Stronger inequalities

are available if χ(OZnum) ≥ 0, or if we have an IHS with equation of the form
g(x, y) + z2 = 0: see the review in [25]. The most general result to date is
due to Némethi [25]: the conjecture holds for all IHS with equation of the form
g(x, y)+zn = 0 provided that g is irreducible. The verification depends on direct
calculations of both sides.

The following example shows that the inequality does not hold for all smooth-
ings of normal surface singularities.

Example 3 (Wahl [43]) Consider the IHS (Y,O) defined by z1z
3
2 +z2z

3
3 +z3z

3
1 = 0.

The formula T.(z1, z2, z3) = (ε7z1, ε
2
7z2, ε

4
7z3) defines an action of a group G of or-

der 7; the quotient (X, x) = (Y,O)/G is a triangle singularity corresponding to
the triple (6, 6, 6). There is a smoothing obtained by factoring out G from an
equivariant smoothing of (Y,O). It has (µ−, µ0, µ+) = (1, 0, 2), so σ = 1 > 0.

Again arising out of experimental verifications, it was conjectured by Neu-
mann and Wahl [28] that if (X, x) is an ICIS such that H1(L; Z) = 0, so L is a
homology sphere over Z, the Casson invariant λ(L) is equal to 1

8
σ. They verified

the conjecture if (X, x) is weighted homogeneous, or an IHS with equation of the
form g(x, y) + zn = 0, and in a few other cases.

Perhaps the conjecture holds for any smoothable Gorenstein singularity; per-
haps it can be extended to the case when L is a rational homology sphere (i.e.
β1(L) = 0); but the evidence for any such extension of the conjecture is very
weak.

The cases that have been verified again depend on direct evaluations of both
sides (using, e.g. Dedekind sums . . . ).
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