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Abstract. Intensity inhomogeneity is a challenging task in image registration. Few past works have addressed
the case of intensity inhomogeneity due to texture noise. To address this difficulty, we propose a
novel three-stage approach for 2D /3D diffeomorphic multimodality image registration. The proposed
approach contains three stages: (1) H ~14+ H°+ H? decomposition which decomposes the image pairs
into texture, noise, and smooth component; (2) Blake—Zisserman homogenization which transforms
the geometric features from different modalities into approximately the same modality in terms
of the first-order and second-order edge information; (3) image registration which combines the
homogenized geometric features and mutual information. Based on the proposed approach, the
greedy matching for multimodality image registration is discussed and a coarse-to-fine algorithm is
also proposed. Furthermore, several numerical tests are performed to validate the efficiency of the
proposed approach.
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1. Introduction. Image registration is used to search for a spatial transformation such
that the deformed image looks like the target image as much as possible. In mathemat-
ics, it is formulated in the following way. Given a bounded domain Q C R%(d = 2,3) with
Lipschitz boundary 92 and two functions/images T, R : Q@ — R, the goal of diffeomorphic
image registration is to search for a bijective deformation ¢ : @ — € such that the de-
formed floating image T o ¢(-) looks like the target image R(-) as much as possible. For
this purpose, the framework for the 2D /3D diffeomorphic image registration is formulated as
follows:

(L1) min €D(T 0 (), R()) +wS(w),
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where £, >0, D(+,-) is the fidelity, and the regularization S(u) provides some prior estimate
on u; here and in what follows, ¢(x) = x + u(x), and N is a set which enforces the model
(1.1) to produce diffeomorphic deformation.

Concerning the regularization S(u), different applications may adopt different forms.
Many types of S(u) have been proposed, for instance, total variation (TV) [8], mean cur-
vature [9], Gaussian curvature [26], and fractional-order TV®-L? [52]. For the fidelity D(-,-),
one may also have different choices [3, 7, 21, 22, 31, 39, 40] according to whether the image
pair T'(-) and R(-) are produced by the same imaging technique. Generally, if 7'(-) and R(-)
are of the same type (i.e., CT-CT, MRI-MRI), it is called monomodality image registration.
In this case, the sum of squared difference (SSD) [3, 21, 22] is the most popular fidelity for
image registration because of its robustness and simple structure. For the case that 7'(-)
and R(-) are of different types of images (i.e., CT-MRI, PET-CT), it is named multimodality
image registration. In this case, the intensity difference based SSD no longer works, since
the intensity in different modalities is of different physical meanings. To address this prob-
lem, some other fidelities are proposed to characterize the similarity of multimodality image
pairs, for example, mutual information (MI) [17], the maximum correlation coefficient (MCC)
[7], the normalized cross-correlation (NCC) [31], and the normalized gradient fields (NGF)
[17]. These fidelities can be classified into two categories: geometric feature based fidelity
(GFBF) and intensity based fidelity (IBF). For GFBF, the main advantage is incarnated in
registration for images with dominant geometric features. The pioneering work for GFBF
is the NGF proposed by Droske and Rumpf [14], who modeled the fidelity by the SSD of
the normalized gradients for the image pair. Later on, Haber and Modersitzki [17] improved
the NFG by replacing the SSD in [14] with cosine of the normalized gradients for the image
pair. Also based on gradient information, Wirth [44] introduced a penalty term to enforce the
registration of edges in the segmentation-registration joint problem. As an improvement for
gradient-based registration, Theljani and Chen [42] also proposed a new normalized gradient
field (NNGF). These works are modeled by using the gradient information. As we all know,
due to noise and data imperfection/inconsistency (for example, intensity inhomogeneity for
images), it is expected to extract consistent geometric information by a model rather than
simply scaling the gradients information. This is specifically important for images whose
gradients are not prominent or second-order information is equally useful, for example, the
multimodality registration with intensity inhomogeneity. In addition, NGF and NNGF pay
attention to the deformation for boundaries, and the lack of control for the small scale feature
(i.e., texture) may lead to an error in matching for these small scale features. In fact, texture
is an important image feature and viewed as a set of primitive texels in some regular or re-
peated pattern. It is a small scale feature which is modeled as an oscillating component (see
section 2.1 for a review of the modeling of texture) and easily destroyed in image processing
[34]. For this reason, the registration for textures is challenging. To our knowledge, there
seem to be few results for this challenge. This will be a problem to be addressed in this paper.
Concerning the IBF, the advantage focuses on the characterization of the global intensity cor-
relation between the image pairs. The pioneering work for IBF comes from Maes et al. [29],
who modeled the fidelity using MI between the image pairs. Since then, many other fidelities
for multimodality image registration have been introduced, for example, MCC [7] and NCC
[31]. Though there are many different fidelities, MI is considered the state-of-the-art fidelity
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for multimodality image registration, although it has a number of well-known disadvantages.
The main disadvantage of the MI based registration model lies in the difficulty of estimating
the probability density function and the lack of local geometric feature characterization. To
improve MI, some new fidelities [35] which combine MI and gradient information are proposed.
For these models, the main drawback is the lack of ability to address image registration with
intensity inhomogeneity, because the gradient information does not work well for intensity
inhomogeneity.

In addition to intensity inhomogeneity and textural control, physical mesh folding [53] is
also a key challenge for multimodality image registration. As we know, mesh folding implies
the volume vanishing of particles after transformation. This contradicts the physical principle.
Therefore, eliminating mesh folding is a key challenge for image registration, especially for
medical image registration. Under this framework, deformation ¢ is expected to be a bijection.
As we all know, the inverse function theorem [15] provides a sufficient condition for this goal.
Generally, it is stated as follows.

Theorem 1.1 (inverse function theorem). Suppose Q is a simply connected domain and
p € CL(Q); then ¢ : Q — Q is a local bijection (the inverse o~ € C1(Q) is also a local
bijection) if and only if det(Vp(x)) #0 for any x € Q).

In physical view, det(Ve(x)) denotes the volume stretching rate for the transformation
@ Q — Q. Stretching rate is positive. Hence, the condition det(Vep(x)) # 0 in Theo-
rem 1.1 is replaced by det(Vep(x)) > 0 in this article. In addition, by additionally giv-
ing the boundary condition ¢(x) = x on dQ and defining p(x) = x if x € R?\ Q, then
¢ € CY(R?) with 11m$x|‘_>+oo lle(x)|| = +o00. It follows from the corollary on page 200 in
[45] that ¢ : R? — R is a O global diffeomorphism. That is, the local bijection in The-
orem 1.1 can be replaced by global bijection if the condition ¢(x) = x on 02 is added.
Under this framework, some diffeomorphic image registration models have been proposed
[27, 11, 20, 21, 24, 28, 36, 37, 46, 49, 50]. These models can be mainly classified into three cat-
egories: (i) using quasi conformal/conformal theory [27, 20, 21, 24, 37, 46, 49, 50] to control the
Beltrami coefficient; (ii) constraining the solution to the set which ensures det(Ve(x)) > 0 for
each x € ) [53]; (iii) introducing the stored energy function of an Ogden material [11]. For the
first choice, Chun and Lui [27] introduced the quasi-conformal theory to control the mesh fold-
ing. Following this work, several models were proposed to improve the quasi-conformal model
[48]. Particularly, Han, Wang, and Zhang also gave a series of 2D /3D diffeomorphic image
registration models and algorithms by restricting u into the 2D /3D conformal set [20, 21, 24].
For the second choice, Zhang, Chen, and Yu [53] proposed a diffeomorphic image registration
model by restricting the deformation ¢ into a set which ensures det(Ve(x)) > 0 for each
x € Q. For the third choice, Debroux, Le Guyader, and Vese [11] established a framework of
variational methods and hyperelasticity by viewing the shapes to be matched as Ogden mate-
rials. The above works for mesh folding mainly focus on the monomodality image registration
in which SSD acts as fidelity. To our knowledge, there seem to have been only a few works
addressing mesh folding for multimodality, for example, [13, 14, 51]. This will be a problem to
be addressed in this paper. Though more restrictive compared with quasi-conformal mappings,
the 2D /3D conformal set [21] is still selected as the constraint in this paper for the following
reasons: it preserves the topological structure of tissue and provides a much simpler constraint
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for diffeomorphic mappings, which further makes possible the mathematical analysis of the
proposed model (i.e., address the greedy matching [23, 24]).

To address the mesh folding, intensity inhomogeneity, and small feature (i.e., texture) con-
trol for multimodality image registration, we propose a novel three-stage approach for 2D /3D
diffeomorphic multimodality image registration (see section 2 for details). The contribution
of this paper is as follows:

e Propose a three-stage approach for 2D/3D diffeomorphic multimodality image reg-
istration with intensity inhomogeneity; the proposed approach contains three parts:
(I) H=' + HY 4+ H? decomposition which decomposes the image pairs into texture,
noise, and smooth component. Note that throughout this paper, H? £ L? denotes the
Banach space L2. (II) BlakeZisserman (B-Z) homogenization which transforms the
geometric features from different modalities into the same modality based on texture
and smooth component. (IIT) Image registration which combines the homogenized
geometric features and MI.

e Introduce textural control to address the registration for small scale features inside
the boundary.

e Discuss greedy matching for the proposed model to provide a more accurate solution.

e Propose a coarse-to-fine algorithm for greedy matching.

Remark 1.2. To make the numerical implementation easier, the proposed three-stage
approach is purely sequential to avoid the coupled terms for different stages. In fact, one can
also consider some joint works for these three stages, for example, merging Stage 1 and Stage
2 to process jointly the decomposition steps and noticeable characteristic extraction.

The rest of this paper is organized as follows. In section 2, a three-stage approach for
2D /3D diffeomorphic multimodality image registration is proposed and the numerical imple-
mentation is also discussed. In section 3, greedy matching for the proposed multimodality
image registration model is discussed and a coarse-to-fine algorithm for solving the greedy
problem is proposed. In section 4, several numerical tests and comparisons are performed to
show the efficiency of the proposed algorithm. Finally, we conclude our paper and list some
problems for future research in section 5.

2. Three-stage approach for 2D /3D diffeomorphic multimodality image registration.
To address the intensity inhomogeneity, mesh folding, and textural control in 2D /3D multi-
modality image registration, we propose a novel three-stage approach for 2D /3D diffeomorphic
multimodality image registration. The proposed approach contains image decomposition, B-
Z homogenization, and image registration, which will be introduced in the following three
subsections, respectively.

2.1. H ' +H° 4+ H? decomposition. Decomposition of an image into smooth, texture,
and noisy parts was much studied about 20 years ago based on the seminal work of Meyer [30],
but there are few follow-up works to extend the ideas to problems beyond a static image. For
image decomposition, it is usually modeled as an inverse problem: given an observed image
Up: Q2 — R, find another image U : 2 — R and feature V : {2 — R such that U is a cartoon of Uy
and V represents the specific small scale feature. That is, Uy = U +V. Generally, V represents
noise (random pattern) or texture (oscillate feature). For the case V representing noise, it is
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not kept. This is so-called noise removal; we refer readers to [6, 33, 38] for details. For the case
of V representing texture, it is modeled as an oscillating component for the image. Concerning
this topic, the pioneering works were done independently by Meyer [30] and Mumford and
Gidas [32], who modeled the texture by introducing the distribution div(L> (€2, R%)). However,
the convex model in [30, 32] cannot be solved directly since the associated Euler-Lagrange
equation with respect to U cannot be expressed directly. To overcome this difficulty, Vese
and Osher [43] proposed a practical method by adopting div(LP(Q2,R%))(p > 1) to model the
texture. Particularly, by taking p = 2, the model in [43] induced a classical model which
modeled the texture via H~1(Q) = div(L?(©2,R?)). Motivated by the above works, Shen [41]
proposed an H~! + H? + H' model to decompose the image into texture, noise, and smooth
component. Note that in [41], only the first-order feature and the texture are included. To
additionally introduce the second-order feature which will be useful for latter modeling, here
we extend the model in [41] to the following H ' + H® 4+ H? decomposition model:

(2.1) EWU,V),

min

UeH?(Q),VEH-1(Q)
where E(U, V) = [ |V2U Pdx+as [o |[VUPdx+p [, |[V(=2) TV 2dx+ X [, (Uo—U—V)?dx,
(—A)~!is the inverse of the negative Laplacian operator, and constants aq, o, pt, A > 0, and
images Up, U,V : 2 — R are the original image, smooth component, and texture, respectively.

The minimization problem (2.1) involves the Hessian matrix of U denoted by V2U. It
appears like an H—' + H° + H' + H? model, establishing its existence and uniqueness can
be done in a similar way to the proof of [41]. In particular, we highlight two key steps of
the proof for (2.1): (1) show the weak lower semicontinuity of £(U,V); (2) show the strict
convexity of £(U,V). Here we do not repeat it. The main challenge for the model (2.1) is
the texture term |, |[V(=A)"1V|?dx. This term forces the texture component V to be an
oscillatory function. Therefore, directly solving the H~! + H® + H? model (2.1) is faced with
the difficulty of numerical instability. To address this difficulty, we introduce a new variable
¢ to relax (—A)~'V. That is, —A¢~ V. Based on this relaxation, (2.1) is reformulated into
the following relaxed form:

(2.2) FU,V,9),

min
UeH,VEH(Q),peHZ ()
where F(U,V,¢) = a1 [, |[V2UPdx + az [, VU Pdx + p [o [VoPdx + X [ (Ug — U — V)2dx +
B[ IV + Agf2dx, H={U € H*(Q): Ulog =Uo, F% |00 =0, I=1,2i=1,....d}, B> 0.

Remark 2.1. Intuitively, (2.1) and (2.2) are equivalent if 5 is large enough (i.e., § — 400).
Therefore, by giving some specific 5, (Ug,V3) produced by (2.2) is only an approximate
solution of H~1 + HY + H? model (2.1). In addition, in the case where the observed image
satisfies Uplan = 0, H can be degenerated to H3(2). To avoid too complex discussions of
the theoretical analysis of model (2.2), U is restricted into the space HZ(Q) in the following
part for theoretical analysis. In fact, for the case where the observed image does not satisfy
Up|aa = 0, one can extend the region € to some larger region Q (2 C Q) with Uy : © — R such
that Up|,g = 0. By replacing 2 with Q in (2.2), the specific problem is transformed to the
case Up|go =0 which will be discussed in the following part.
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Letting (U, V, ¢) be the solution of model (2.2), then (U, V, ¢) satisfies the following partial
differential equation (PDE) in the sense of distribution:

AU — ap AU = \Upy—U = V) =0,
(2.3) ~MNUo—U—=V)+B(V+ Ag¢)=0,
— pA¢+ BA(V + Ag) =0,

with boundary condition Ulgg = Uplsq = 0, %’ag =0(1=123i=1,...,d), Vg = 0,
Ploa =0.

Eliminating ¢ using the second and the third equation in (2.3) leads to the following
equivalent PDE:

A%U — oAU = NUy—U — V) =0,
(2.4) {O” a2 (o )

“AAV +4V — (U — U) + AA(Uy — U) =0,

where 9:%, vy=p+0.
Giving some initial guess U? and V?, (2.4) may be solved by the following alternating

minimization method (AMM):

(2 5) a1A2Uk+l o a2AUk’+l . )\(UO . Uk-‘rl _ Vk) _ O7
' — MNAVFL L AVEL (U — UMY + XA (U — UFHY) =0,

where £k=0,1,2,....
Furthermore, by (2.3) and (2.4), AMM (2.5) is equivalent to the following three subprob-
lems:

(2.6) URH = argmin F (U, VF, ¢%),
UeHZ(Q)
(2.7) VFHL = argmin F(UMV, ¢F),
VEHL(Q)
(28) ¢k+1 —arg min}“(U’Hl, V*k+17 (b)
PEHG ()

Based on (2.6)—(2.8), we give the convergence results of the AMM (2.5).

Theorem 2.2. The sequence {(U*,V¥)} induced by AMM (2.5) converges (strongly in
L*(Q) x L*(Q) and weakly in HZ(Q) x H}(Q)) to the solution of (2.4) as k — +oo.

Proof. Giving a small number ¢ > 0 and setting some perturbation eU € Hg(Q) along U
in the subproblem (2.6), then there holds

(2.9)

dF (U 4+ U, VF, ¢F)
de

:2a1/ VQUk+1~V2ﬁdx+2a2/ VU’““-Vde—Q)\/(UO—U’“+1—Vk)~de:O
Q Q Q

|s:0

for any U € HZ ().
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Taking U = U¥ — U**! in (2.9), then we have that
i :al/gszkH VU — Uk+1)dx+oz2/QVUk+1 V(UF — UF)dx
(2.10) - )\/Q(Uo — Ut vk (UF —URhax =0.

In addition, there holds

FUFVE ¢F) = FURVE 65) = an[|[VPUF = V2UR 12, ) + o VU = VUM [T, g
(2.11) +AUE = U 2oy + L 2 allU” = UM g

for some ¢; = min(ay,az,\). Note that here we use the fact L; =0 in (2.10).
In a similar way, one can also know that

2.12
| f<)U’““, VE ") = FUML VL 65 ) = A+ B)IVE = VER o) > caVE = VI
and
f(Uk+l’Vk+l,¢k) . J-,_-(Uk+1,vk+1,¢k+1>
= pl| V" =V 2 + BIAG" — A" 1220
(2.13) > c3)| 6" — ¢ T ) + BIAS" — AT g

for some cs,c3 > 0.
Following (2.11), (2.12), and (2.13), we obtain that

ap — ak+1é]:(Uk, Vk,(ﬁk) _ f(Uk+1,Vk+1,¢k+1)
> cr||U* = UR iz ) + collVE = VEF T2 + esll 6 — 6"
(2.14) + BIIAGE — Ag* 720,
where a, £ F(U*, VF, ¢F) e R.

It follows from (2.14) that {ax}72 is a decreasing sequence with lower bound. Therefore,
there exists a € R such that limy_,o, ax =a and ap > a Vk € N. This implies

k k
(2.15) |U* — UFY g2y — 0, [[VF = VEHY 12q) — 0
and
k k
(2.16) 16" = " My ) — 0, 1|1A0* — AGFH L2 () =0

as k goes to infinity.
By (2.9), there holds

/ [ A2URY — ap AU — \(Uy — UM — VR Udx =0,
Q
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and it is reformulated as

(2.17) / [ A2URTY — ap AU — \(Uy — UM — VR U dx :/ AVEH VR Odx.
Q Q

By using the Holder’s inequality and (2.15), we have that

(2.18)

~ ~ k
/Q(V’“+1 — VE)Tdx| < |[VE = V¥ 120y 101l 2 () — 0,

as k goes to infinity.

It follows from (2.17) and (2.18) that a3 A2UFH — ap AU — \(Uy — UFT — VF+1) goes
to 0 as k — 400, in the sense of distribution.

Giving a small number ¢ > 0 and setting some perturbation eV € H}(Q), ¢ € HZ(Q)
along V and ¢ in the subproblem (2.7) and (2.8), respectively, there holds

AF (UL VL 4 eV oF)

|s=0

de
(2.19) = 2/ [~ A(Up — UM — V) 4 B(VFHL 4 AgM)Vdx =0
Q
and
AF(URHL VI gt 4 24
d |z—::0
15
(2.20) =2 / Vot . Vodx + 28 / (VFL £ AP Apdx =0
Q Q

for any V € H}(Q), o € H3(Q).
(2.19) is reformulated as

(2.21)
/ (AT — TR — VR 1 VAL 4 Agh+ 1)V dx = 8 / (AGEH - AghY - Tax 50,
Q Q

because | [ (A¢FH! — Agk) - Vx| < | A" — AdF|| 12 ()| V ]| 220 *40 as k goes to infinity.
That is,

(2.22) AU — URHL kLY 4 vkl 1 Agk+ly L,

as k goes to infinity in the sense of distribution.

By (2.14), 1| V208 2 g + aa[V0H 2 + pIVOF [ 0y < FIURVE 68) < F(OO,V°,
¢°) £ M. This concludes U* (or ¢*) is bounded in HZ(Q) (or H}(Q)) and thus compact
in L2(2) [15], we can extract a subsequence of U* (or ¢¥) which is labeled by U™ (or ¢"*)
such that U™ (or ¢™) strongly converges to some U € L?(Q) (or ¢ € L?(2)), and we may
also assume V2U,VU (or V2¢,V¢) are the weak limits of V2U™, VU™ (or V2¢™, V™),
respectively.
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Based on these notations, from (2.22), there holds

it MU0 = UMY = BAGH AUy —U) — A9

(2.23) e — Nt B

in the sense of distribution.

That is, there exists some V = %w € L?(Q2) such that Vk+! LN V', which implies

(2.24) “ANUp—U—-V)+p(Lp+V)=0.
Furthermore, we claim that
(2.25) a A2U — aa AU — \NUg — U = V) =0.

To show the claim (2.25), we define A()) = a1 A% — ag/Ap and T =AUy — U — V). As

A is the derivative of a convex functional, it is a monotone operator and we can write

(2.26) (A(U™) = A(¥), U™ —4) >0
for any v € H3(Q).
As k — +o0,
(AW).U™) = [ V20 VU™ 40270 VU dx
Q
(2.27) N / 0 V2 V2U + sV - VU dx = (A(), U),
Q

as V2U™ and VU™ converge to V2U and VU, weakly in L?(£2), respectively.
Furthermore, by the fact that a; A2UF — ap AUFHL — \(Uy — UF — VF+1) goes to 0,
we have

(Up — U™ — V™ )U™ dx + )\/ (Ve — v gx
Q

(2.28) (AU™), U™ = A /

Q

goes to (T,U) using the strong convergence of U™*.
By (2.26)—(2.28), we have that

(2.29) (T —A(), U —1)>0.

Taking ¢ =U + 7x for any 7 >0 and any y € C2°(Q), (2.29) is reformulated as

(2.30) (T — AU +71x),x) <0.
That is,
(2.31) (T, x) < (AU),x)-

Therefore, T = A(U), which concludes the claim (2.25).
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In a similar way, one can show
(2.32) uAp+ LAV + Ag) =0.

By (2.24) and (2.25), we know (U, V) is the solution of (2.3) and (2.4). [ ]

The first equation in (2.5) is a fourth-order PDE whose numerical implementation is
faced with numerical instability. To overcome this difficulty, we introduce a new variable
YFTl = —AUFHL. (2.5) is approximated by the alternating minimization method

o OélA¢k+1 + a2¢k+1 _ A(U() o Uk - Vk),
(233) . AUk‘+1 — wk+l’
— MV L AV = (U — UM — AA(T — UMY,

by giving some initial guess UY, V°,¢° with k =0,1,2,..., and the three PDEs in (2.33) are
all of the type —yAU (x) + e(x)U(x) = f(x) whose numerical implementation can be realized
as in Appendiz C.

Taking the Barbara image (Figure 1(a)) as an example, where we set Figure 1(a) to be
Uy, the smooth component U(-) and texture V(-) produced by model (2.33) are given in
Figures 1(b) and 1(c), respectively. One can see that the proposed model (2.33) is efficient in
texture extraction. In addition, to compare the proposed model (2.33) with the H 1+ H+ H*!
model in [41], we perform the same numerical test on the H '+ H%+H! model [41]. The results
are given in Figures 1(e)-1(g). By comparing the peak signal to noise ratio (PSNR) [19], we see
that the proposed model achieves nearly the same smooth result of the H~'+ H?+ H! model.
Note that, compared with the H~1+ H°+ H! model [41], the proposed H !+ H"+ H? model
additionally provides the possibility to extract the second-order feature. This is important for
the case where the second-order feature also plays a dominant role.

Figure 1. (a) Uo(-); (b) smooth component U(-) by (2.33), PSNR = 43.73; (c) texture V(-) by (2.33); (d)
homogenized texture W () by (2.33); (e) smooth component U(-) by Shen’s model [41], PSNR = 42.16; (f)
tezture V (-) by Shen’s model [41]; (g) homogenized texture W (-) of V(-) in Shen’s model [41].
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Setting Uy = T and Uy = R in (2.33), one can obtain the smooth component-texture
(Ur,Vr), (Ur,Vg) of T and R, respectively. Note these two groups of images will be set as
the initial input in the next stage.

2.2. Blake—Zisserman homogenization. To design the fidelity for multimodality image
registration, we have a choice of statistic ones [29] and NGF [17, 42] types. Due to noise
and intensity inhomogeneity, we wish to extract consistent geometric information by a model
rather than simply scaling their gradients. This is specifically important for images whose
gradients are not prominent or second-order information is equally useful. In addition, NGF
[17] and NNGF [42] pay attention to the deformation for boundaries. The lack of control
for the small scale features (i.e., texture) may lead to error in matching for these small scale
features. To address these difficulties, our solution is modeling the geometric feature by the
following B-Z [1, 4, 5, 47] type functional:

(2.34) min B(Z,w, W),

(Zw,W)e[H ()]
where B(Z,w, W) = F1(Z) + Fao(w) + F3(W), Fi(Z) =11 [o(Z —1)?|V2U|?dx+ 01 [,e|VZ|* +
L Z%dx, Fo(w) = 72 [o(w — 1)?|[VUPdx + 05 [, e|Vw|? + fw?dx, F3(W) = 73 [(W — 1)?
IVV|2dx+03 [, e| VW [*+ L W?2dx, 73,0; >0 (i=1,2,3), and £ > 0 is a small number. Note that
here w, Z, W represent the homogenized first-order discontinuity, second-order discontinuity,
and texture feature for the original image Uy, respectively.

Remark 2.3. Three comments are due for (2.34):

(i). One can notice that in the minimization problem (2.34), the first term in F;(¥) (¥ =
Z,w,W;i=1,2,3) enforces the final result ¥ to be close to 1 at the points x where
the geometric features are discontinuous, and the second term in F;(¥) enforces ¥ to
be close to 0 at the points x in flat region. In this way, the geometric features are
uniformly rescaled into the same type even if 7'(-) and R(-) are of different modalities.
This is the main motivation for us to introduce the B-Z functional in multimodality
image registration.

(ii). The reason for introducing the H2-structure in Stage 1 is the necessity of extracting
the second-order discontinuity features in Stage 2. It is used only for the purpose of
smoothing the image (similar to the convolution operation). Though it may induce
some blur (e.g., Figure 1(b)), it has little influence on extracting the discontinuous
feature.

(iii). One can notice that V € L?(Q) in Stage 1, but VV is used in (2.34) to extract the edge
of texture. Here we want to emphasis that V' in Stage 2 is the smooth version (i.e.,
texture convolutes some Gaussian kernel) of texture V' in Stage 1. This smoothing
process may help to extend the width of some thin texture and capture the texture
with very thin thickness.

Let (Z,w, W) be the solution of (2.34). Then by the variational principle [15], there holds
A1 Z = 4em |V2U %,
(2.35) Agw = 4emy|VU|?,
AsW = 4em3|VV |2,
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where A1 = —46291A—|— (4€T1‘V2U|2 —1—91), Ay = —46292A + (4€T2|VU|2 —1—92), Az = —48293A+
(48T3’VV|2 + 03)

Concerning the existence and uniqueness of the solution to (2.34) and (2.35), we have the
following results.

Theorem 2.4. Assume esssupycq |V2U (x)|? < M < 400, esssupyeq |VU(X)|? < M < 400,
essSUPyeq | VV (%)|2 < M < +o0o for some M > 0; then there exists a unique solution for PDE
(2.35).

Proof. Define Fi(Z,Z) = [,461>VZ - VZdx + [,[4em1|V?U|? + 61)Z - Zdx; then there
holds

\FI(Z,2)| <4612V 2| 12|V Z | 12 + [4eM 71 + 01](| Z]| 20 | Z | 220
(2.36) <CillZll g @)1 2l ()

for some constant Cf.
Furthermore, we have that

(2.37) fl(ZvZ):49152HVZH%2(Q)+/[91 +4em1||V2U|?) 2%dx > Ca|| Z |31 0
0

for some Cy > 0.

By (2.36)—(2.37) and Lax-Milgram theorem [10], there exists a unique solution for the
first PDE in (2.35).

In a similar way, one can show that there exists a unique solution for the second and the
third PDE in (2.35). This concludes Theorem 2.4. [ |

The three PDEs in (2.35) are all of the type —yAU (x)+e(x)U(x) = f(x) whose numerical
implementation can be found in Appendixz C. Using (2.35), we draw the homogenized texture
feature for the Barbara image (Figure 1(d)). One can notice that Figure 1(d) gives an accurate
characterization of the texture distribution for the Barbara image. Furthermore, to show the
efficiency of model (2.1) and (2.34), we select a square (Figure 2(a)) and Pineapple-Pepper
(Figure 3(a)) as test images. By setting Figures 2(a) and 3(a) to be Up, the geometric features
extracted by model (2.1) and (2.34) are shown in Figures 2(b)-2(c) and Figures 3(b)-3(c),
respectively. In addition, to validate the advantage of models (2.1) and (2.34), we also use the
NGF [17] to detect the boundary of Figure 2(a), and the result is shown in Figure 2(d). By the
comparison between Figures 2(c) and 2(d), one can see that the second-order feature produced

(a) (b) (c) (d)

Figure 2. (a) Uo(:). (b) First-order feature Z by (2.34). (c) Second-order feature w by (2.34). (d) Boundary
detected by NGF.
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Figure 3. (a) Uo(+). (b) First-order feature Z. (c) Second-order feature w. (d) Texture W.

by (2.34) extracts the weak boundary well while the NGF [17] ignores the weak boundary.
This advantage provides us the possibility to address the inhomogeneity in multimodality
image registration. It is also the main reason why the second-order feature is added in model
(2.1) and (2.34). Besides, by the comparison in Figures 2(b) and 2(c), we see that the first-
order feature provides much more information inside the boundary; this is our motivation to
add a first-order feature in model (2.1) and (2.34). Moreover, it follows from the comparison
in Figure 3(b)—(d) that the first-order feature and second-order feature do not extract the
texture inside the boundary while the texture W produced by (2.34) succeeds in extracting
the texture with very thin thickness. It will be a very useful control for the registration
inside the boundary of the object. This is the main motivation why the textural control is
additionally introduced in our model. In fact, the textural control is a novelty of the proposed
model (2.1) and (2.34) compared with the NGF [17] and NNGF [42] for the multimodality
image registration.

Setting (U,V) = (Up,Vr) and (U,V) = (Ug,VRg), one can solve (2.35) to obtain the
homogenized geometric feature Zp,wr, W and Zg,wgr, Wg, respectively. These homogenized
features will be the initial input for the 2D /3D image registration model in the next stage.

2.3. Novel 2D/3D diffeomorphic multimodality image registration. Based on the ho-
mogenized geometric features Zp,wp, Wp and Zg,wr, Wgr extracted by (2.34), respectively,
for the given image pair T'(-) and R(-), we propose the following geometric similarity:

0(u) =8z Zr 0 (-) = ZR() 2 + dullwr 0 () = wr ()72
(2.38) +ow|[Wr o @() = Wr()[l72(0;
where ¢(x) =x 4 u(x) and the weights §, >0 (v =Z,w,W).

Remark 2.5. g(u) is a well-defined similarity because of the existence and uniqueness of
the solutions to model (2.1) and (2.34). This is due to ®, (® = Z,w,W, v = T, R) being
uniquely determined if 7', R, and u are known. In addition, one can selectively set the weights
0y (v=2Z,w,W) according to whether the related features are dominant, for example, in data

Pineapple-Pepper (Figure 3(a)), whose texture is dominant, it is suggested that one choose a
larger &y .

In order to combine the geometric feature and the global intensity correlation, we propose
the following 2D /3D diffeomorphic multimodality image registration model:

(2.39) uG}\n@%{l(Q) K(u) =¢D(u) + wS(u),
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where D(u) = g(u)M(u), M(u) = |1 — MI(T o 4p(~),R(-))H%2(Q), S(u) = [, |V*ul?dx, the

MI for T'o ¢(-) and R(-) is MI(T o (-),R(-)) = [*° fj;opg’R(il,ig) log %dildi%

Go(i1,12) = Ky(i1)Ky(i2), Ko(i) = \/21706_#, P iy, i) = ﬁ JoGolin — T o p(x),iz —
R(x))dx, pf(is) = fj;opZ’R(il,ig)dil, pgTa(z'l) = fj;opZ’R(il,ig)diQ, &,w,0 >0, and for some

small € > 0, the 2D /3D conformal constraint

NGHQ) = {u= (ur,...,ug)" € [H§ (D) [[Vr(x) > = - = [ Vpa(x)|* < M?,
(2.40) det(Vp) >¢e,Vpi(x) - Voji(x) =0, for i#j and Vx e Q},

M >0, p(x) = (p1(x),...,04(x))T 2 x4+ u(x), d = 2,3, the definition of fractional-order
derivatives can be found in [18], and the fractional-order « satisfies o > {%5 ‘flz%’ to ensure

H§(Q) — CL(2) [12, 18], which ensures the derivatives in N(%(Q) are well-defined.

Remark 2.6. Here the constraint N, C%(Q) is used to control the physical mesh folding. In

fact, it is equivalent to the Cauchy—Riemann constraint
8U1 8u2 811,1 aUQ

2.41 u=(u,u)l e[HQ)? ——=22= = =—-"2=
( ) { ( 1 2) [ 0( )] 8%1 axz 8%2 8331
in [21, 23, 24] when d =2 (see Appendix A for details). This constraint makes the numerical
implementation for the 2D image registration much easier. An alternative way of imposing
diffeomorphism is by adding another and explicit control term in the functional of (2.39) as
done in [25, 48, 49, 50].

Concerning the existence of solution to (2.39), we have the following results.

Theorem 2.7. Assume the discontinuous sets for T and @7 (® = Z,w,W) are all zero
measure sets; then there exists at least one solution for (2.39).

Proof. Selecting a minimizing sequence {u*} of the functional (u), then there holds
oy k|2 Lorby o 4
(2.42) [VAu"|?dx < —K(u") < —K(0) < 400,
QO w w

as k is large enough.

That is, {u*} is a bounded sequence in [Hg(Q)]?. By the compactness of H%((2), there
exists a subsequence of u* which is still labeled by k and a u € [H*(2)]¢ such that u* weakly
converges to u with

(2.43) S(u) < lim infS(uk).
k—o0
By the compact embedding theorem (Theorem 4.58 in [12]), we know that H§(Q2) —
C'(€Q). Namely, there exists a subsequence of u* which is still labeled by k and a @ € [C(2)]?
such that u”* converges to u in [C!(€2)]?. Moreover, by the uniqueness of the limit, we obtain
that @ =u. That is, u” s uin [C1(Q)]¢ and satisfies det(V(x + u*)) LN det(V(x+u)) >¢
because of the fact that det(V(x 4+ u*)) >e. Therefore, we conclude that u GNdJ\g(Q).
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In addition, by the fact u” s uin [C1(2)]¢, we have that

1

pg’f(ihig) = Gy (i1 — T o p"(x),iy — R(x))dx
12 Jarax
1
(2.44) A DR (i, ip) = Gy (ir — T o p(x),is — R(x))dx,
12 Jora,

where ¢*(x) = x + u*(x), ¢(x) = x + u(x), and A} = (¢*)"}(Ar). Note that A is a
zero measure set because of the fact that @ : @ — Q and (¢*)~! : Q@ — Q are bijections
(u* € Né‘g(ﬂ) implies det(V*) > 0) and Ar £ {x: T(x) is discontinuous at x} is a zero
measure set. Moreover, by the fact u® s win [C(Q)]4, we know that ¢F LN w in [CH(Q)]%.
By deduction, (¢*)~! LN e 1 in [CH(Q)]? (see Appendix D for details), which implies A,
goes to Ay as k goes to infinity, where Ay = @1 (Ar).

Similarly, there holds

(2.45) Pl (in) = pl(in).
By (2.44) and (2.45), we conclude that
(2.46) M(uF) -5 M(u).

Similarly, by the fact that the set AUp £ {x: ¥p(x) is discontinuous at x} (¥ = Z,w, W)
are all zero measure sets, and the fact u* s u in [C1(Q)]¢, we conclude that

(2.47) g(u®) 5 g(u).

By (2.43), (2.46), and (2.47), we obtain D(u*) — D(u) and

(2.48) K(u) < lim inf K(u),
k—o0
which ensures the existence of a solution for (2.39). [ |

To transform the nonconvexity of u, we introduce a new variable v to relax u. In a similar
way, variable s is also introduced to address the nonlinear constraint in N, %(Q) Based on
these new variables, (2.39) is relaxed to the following variational model:

(2.49) min J(v,u,s),
uc(Hg(Q)]4,ve[L?(Q)]4,s€Maxa(L?(Q))

where J (v, u,s) =E(D(v)+5 [, [u—v2dx+@S(u)+0 [, ||ssT—WIH2dx+T Jo Is—Ve||2dx,
v>0,0>0,7T>0.

Remark 2.8. In (2.49), u € NC%_(Q) Note that here Né\g(ﬂ) is used to rule out the
deformation ¢(x) =x + u whose Jacobian determinant is too small. In fact, by setting some
large ©, one can also achieve this goal. To simplify the numerical implementation, we restrict
u to [H§ ()] and control u € N, C%(Q) by setting some appropriate ©.
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To solve (2.49), we use the AMM, which splits (2.49) into the following three
subproblems:

(2.50) vl = argmin J(v,u, sb),
ve[L* ()]

(2.51) u* ! = argmin J(vF* u,s*),
uelHg ()]

(252) Sk+1 — arg min j(vk‘+17 uk‘i’l) S).
SGMdXd(Lz (Q))

The sketch of the proof of the convergence of (2.50)—(2.52) under some specific conditions
can be divided into two steps: Step 1. Show {J(v¥,u¥,s¥)} is a decreasing sequence with
respect to k and show (v¥ u”* s*) converges to some (v,1@,s); Step 2. Show (v,1,s) is a
minimizer of (2.49). One can use the similar technique of Theorem 3.2 in [21] and Theorem
3.1 in [24] to complete the proof. Here we omit it and focus on the numerical implementation
of (2.50)—(2.52).

v-problem (2.50). Define ¢;(u) = Zp(x + u) — Zr(x), t2(u) = wr(x + u) — wr(x),
ts(u) =Wr(x+u) — Wg(x), t4(u) = MI(T(x +u), R(x)); then there holds

(2.53) t (v =ty (uF) + VZp(x 4+ uF) - (vETL —uh),
(2.54) ta(VFTH) xto(u¥) + Vwr(x + ub) - (vFFTL — ub),
(2.55) t3(vFT) & t3(u”) + VIV (x 4+ ub) - (v —uP),
(2.56) ta(vPTh mty(u?) + 0, MI(T(x +u”), R(x)) - (vFT —uP).

Substituting (2.53)—-(2.56) into (2.50) yields
(2.57) AvFitl = bk,

where A =I+260M(uF)(6,G 2z +0,Ge —|—(5WGW)+2£vg( )GM,bk:—2guM( #)[62t1 (uk)
V707G zu* +6,t2(u ) w—0,G,u +6Wt3(k YV — 6WkGWuk]—l—2§vg( )[(1 MI(T(x+
uh), ROO)Var + Gara] b, V= (0 L OBReT, vy, = (et BT,
Vi = (amgﬂ, ...,ngm“’)? Note that here

X1 Ld

Vi =6uMI(T(x 4 u¥), R(x)) = —|S12| (‘?ﬁ" % Lq,) (T(x +u*), R(x)) - VoT'(x 4+ uf (x)),

Lo(it,in) = 1+ log% Gr=ViVE G, =V,VL, Gy =V VL, Gy =V VL,

and the derivation for 5y MI(T (x4 u¥), R(x)) can be found in Appendiz B.
u-problem (2.51). The associated Euler-Lagrange equation for (2.51) is

LuFT = v o udiv(sh),
(2.58) it
u (X) ’xGaﬂ - 07

where £ = —2TvA + 26vdiv®*(V*) + I and the definition of the fractional-order operator
div®*(V?) can be found in [18, 21].
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Concerning the numerical implementation of (2.58), one can use the multigrid approach
to search for a solution. For d =2 and d = 3, we refer readers to Algorithms 3.1-3.2 in [23] and
Algorithm 3.1 in [24], respectively. Since there is no essential difference, we do not repeat it.

s-problem (2.52). Before the numerical implementation of (2.52), let us recall the fol-
lowing lemma in [16].

Lemma 2.9. Suppose X1 and Xg are d x d (d=2,3) matrices, and define

(2.59) P(Q1,Q2) = [QiX1Q2 — Xa %,

where Q1, Q2 are d X d unknown orthogonal matrices, and || - || denotes the Frobenius norm.
Let X; = P1 AR and Xy = PaAsRS be the singular value decomposition (SVD) of X
and Xa, respectively. Then the minimizer Q1, Q2 of P(Q1,Qz2) satisfies

(2.60) P =QP2IL Ry = QeRoII,

where IT is the permutation matrices that minimizes Tr(A3IT*A;IT).

At the end of this section, we focus on the problem of how to optimize s in (2.52). Let
s(x) € Myxq(L?(Q)) be defined in (2.52), and assume the SVD of Vil (x) is Vil (x) =
U(x)A(x)V*(x), where A(x) € Ty, and U(x), V(x) are orthogonal matrices. Then, for any
orthogonal matrices P(x) and Q(x), define P(x)A(x)Q(x) = U*(x)s(x)V(x), where A(x) €
74 is a diagonal matrix. Note that here U(x), V(x) are known matrices and P(x), A(x),
Q(x), and s(x) are unknown functions for matrix. Based on these facts, s(x) is optimized if
P,Q, A are optimized. To achieve this goal, we use Lemma 2.9 to give some results for the

s-problem (2.52).

Theorem 2.10. Let Ty be a set containing all d-order (d =2,3) diagonal matrices, and let
A be the solution of

2

_ L, A
(2.61) minT/ |yA—A|y2dx+@/ HA2—”dHId dx.
Q Q

AeT;

Then UAV* is a minimizer of subproblem (2.52). Here the SVD of Vip*+! is Vbt = UAV*
and 1, is d-order (d=2,3) identity matriz.

Proof. Based on the above notations, then we know that
(2.62) s=UPAQV*, ss’ = UPA?PU", |s|?=|A|*

Substituting (2.62) into (2.52), (2.52) is equivalent to minimizing the following functional:

~ 2
Pe.A.Q =6 [ [Pra60p 0 O i [ PeoAGQE) A ax
Q Q
~ 2
(2.63) = @/Q A%(x) — ”A(:;)HQId dx + T/Q [P (x)A(x)Q(x) — A(x)||2dx.

Note that in (2.62) and (2.63), we use the relationship ||A||?> = A1 + -+ + Ag, where \; (i =
1,...,d) are the eigenvalues of AAT.
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We propose to solve minimizing (2.63) by alternating minimization: first fixing A and
optimizing (P, Q), and second optimizing A based on the optimized (P, Q) in the first step. The
process is listed as follows. Fixing A, then the minimizing problem (2.63) with (P, Q) being
unknown functions is of the form of (2.59). Suppose (P,Q) is the minimizer of P(P,A, Q)
for some fixed A. By Lemma 2.9, I; = PIT = QII. Besides, for any orthogonal matrices P, Q
and diagonal matrix A,

- 5 A(x)]2 2 ~
7D(P,A,Q)=@/Q AQ(X)—HA(d)HId dx+T/Q||P(x)A(x)Q(x)—A(x)|2dx
>T/|yn* )T — A(x)|| dx+@/ A% (x HA(;‘)”QId dx
)2
>T/HA o dx+9/Q (x)—HA(d)HId dx
(2.64) =P(I4,A,1y) VAET,

That is, P(P,A, Q) > P(I;,A,1;) > P(I4,A,I;) with P = Q = I;. This concludes
I,AI;=U*sV and s = UAV*. [ |

By Theorem 2.10, (2.52) is equivalent to (2.61). Furthermore, by the variational principle
[15], the Euler-Lagrange equation of (2.61) for A is

_ s 1 _
(2.65) T(A —A)+20 (AQ_ d||A|]2Id> A=0.

Letting A = diag(ky,...,5q) and A = diag(o1,...,04), then (2.65) is equivalent to the
following cubic algebraic equations:

(2.66) Y(o; — ki) + 20

o; —ZO’] i=1,....d.

That is,

(2.67) 20073 +

20 d
FZ 12] Z‘—Tfiizo, ’i=1,...,d.

Here we can write (2.67) as a nonlinear system
(2.68) g(o)=0,

where g(0) = (g1(0),...,94(0))", 0 =(01,...,04), gi(0) =03 + po; — 5(0% + 03 + 03)0; — pr;
(i=1,...,d), and p= 55

The Newton’s method [2] is used to solve (2.68). After completing the computation of
(2.68), the solution of (2.52) is formulated as s**! = U*AV.

The numerical implementation for solving (2.49) can be found in Algorithm 2.1.

The overall framework of our proposed three-stage image registration approach is graphi-
cally illustrated in Figure 4.
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Algorithm 2.1 AMM for 2D /3D multimodality image registration.

Input: region (), accuracy, initial error E=1, k=0, A\, M,0,7T, u, and maximum iteration

times K.

while E >accuracy and £k < K

1. Use (2.57) to obtain vF*1;

2. Use (2.58) to obtain uf! and @**1;

3. Compute the SVD of ¢*+1(x) =x + ufT!(x) = UAV* and use (2.67) to obtain A =
diag(o1,...,04);

4. Update s**! by setting s*T1 = UAV*;

T(4ub+1 () =R()|12,
5. Compute T'(x + u**1(x)), registration error £ = | (]T;(.)_(R)z.)nz( Nez e and let k=% +1;
L2(Q)
endwhile

Output: T(- +u”(.)) for some k < K.

Zr S

Decomposition B-Z

(2.20) W

£

Registration

(2.26)

Decomposition B-Z

a0 ez

T(e()

Figure 4. Framework of the proposed three-stage diffeomorphic multimodality image registration.

3. Greedy matching for 2D /3D diffeomorphic multimodality model (2.39). (2.39) pur-
sues the minimizer of {D(u) + wS(u), while the ultimate goal for 2D /3D diffeomorphic mul-
timodality image registration is to search for a global minimizer of D(u) on N (). This is
so-called greedy matching, which is formulated as follows:

3.1 inf  D(u).
(3.1) i o) (u)

Obviously, (3.1) provides a much more accurate registration result than (2.39). In order to

give a more accurate solution for 2D /3D diffeomorphic multimodality image registration, we
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focus on the numerical implementation for (3.1) in this section. For this purpose, we propose
the following coarse-to-fine approach:

I: Downsampling. Given N € N*, we downsample the geometric features ¥, (U =
Z,w,W; p=T,R) and the image pair T'(-), R(-) with size 2" (n=0,1,2,...,N) to obtain the
downsampled features ¥} and the image pair T"(-), R"(-), respectively.

II: Image registration. Based on the downsampled features vy (V=Z,w,W; p=T,R;
n = 0,1,2,...,N), we propose a coarse-to-fine approach for solving the greedy matching
problem (3.1). The proposed approach is divided into the following N + 1 steps, and note
that here and in what follows, Q,, = Q| 2V=" denotes the downsampling of the region Q with
size 2V, for example, giving the region Q = (1,129)¢, Q | 2! denotes the region (1,65)%):

Step 0. Taking \Iff,v (U = Z,w,W; p=T,R) and the image pair T™V(-), RV (-) as initial
features and image pair, we solve the following variational problem on g:

(3.2) up € argmin Ky(u),
ueNs (Qo)

»€0

where g9 > 0, Ko(u) = &Dgq,(u) + wSq, (1), Dg,(u) = gg,(u)Mgq,(u), Mg, (u) = ||1 —
MI(T o cp(-),R(-))H%Q(QO), Sq,(u) = fQo |V*u|?dx. Note that here Dg,(u), go, (1), Mg, (u),
and Sq,(u) are all defined by replacing €2 with Qg in (2.39).

At the end of Step 0, we define @y(x) = ¢y(x) =x + up(x) for each x € Q.

Step 1. Scale @y(x) to ©; and solve the following variational problem on §2; (note that
here ‘Ql‘ = 2d|QQ|)2

(3.3) u; € argmin Ky (u),
ueNse (1)

s€1

where g1 > 0, Ki(u) = £ Dgq, (u) + wSq, (u), Dg,(u) = go,(u)Mgq, (u), here and in what
follows, go, (u) = 07| Z7 " 0 @1 (- +u(-)) = Z5 ()70, + dullwr "0 @na(-+u() —
Wi "Oisgq,y HOWIWE 0@y i (- +u() = W O)lFa g, Ma, () =11 = MI(TN "o
Bus (- + () B ()2

After finding the solution of (3.3), we define ¢;(x) =x + ui(x) and @;(x) = @( ° ¢;(x)
for each x € Q.

Step N. Scale @) _;(x) to Qy and solve the following variational problem on Qx (note
that Qn =Q):

(3.4) uy € argmin Ky(u),
ueNsge (Qn)

where ey > 0, Ky (u) =EnDa, () + wSa, (u).
At last, we define ¢ (x) =x 4+ upy(x) and @y (x) = @n_; © N (X).
Remark 3.1. Three comments are due for (3.2)—(3.4):
(i). In NV, (%(Q), M is only required as a technical requirement to show the convergence of

alternating minimization (2.50)—(2.52). In practical implementation, M is replaced by
oo to simplify the constraints.
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(ii). To ensure the coarsest grid contains at least 5 nodes (divided into 4 parts and 3 grids
belonging to interior points for finite difference method), total time point N is chosen
by N =max{n: Lg—nj <4}, where Ny is the total number of nodes on z direction and
|-] is the round down operator.

There is a scaling for u, and ¢, in each step. To establish the connection between
@, : Q, = Q, and the final deformation ¢y : 2 — €, we give the following notations for
functions ¢,, : @, — Q,, u" : Q, — R and functions ¢ : @ — Q, u: Q — R. By the
principle of scaling, we define ¢(y) = ¢"(335), u(y) = 2V "u" (5= ), where y € Q and
x = y/2N7" € Q,. Here, functions f,(f = ¢,u) denote the scaled version of the function
f on the domain ©Q,. In addition, there also holds ¥} (5= ) = ¥, (y) and p" (37 ) = p(y)
(v =Z,w,W;p=T,R).

Using the variable substitution y = 2V~"x, the variational functional for Step n (n =
0,1,2,...,N) is reformulated as follows:

Ku(0) = g [ 621200 B o 0(3) = Z() + Bulirr 0 ooy 0 ply) — ()
48w [Wr oo 10 0(y) = Waln)Pdy [ (1= MI(T 0,10 0ly). Riy))Pdy
(3.5) S,

where ¢_(x) =x.
This implies the variational problem in Step n is equivalent to

(3.6) u, € argmin K,(u),
ueN,’ffsn (Q)

where K, (u) = £, Dy (u) +@wS(u), Dy(u) = fQ [Zro@, 10p(y)— ZR(Y)]Q +lwro@, 10p(y)—
wr(Y)? + [Wro @, 1 0 p(y) = Wr(y)PPdy [l = MI(T 0 @, o p(y), R(y))|*dy.

By the fact IC,,(u") < K,,(0), we know that {D,,(u")} is a decreasing sequence with lower
bound. Define

(3.7) 0= lim Dp(u”)
and
(3.8) Y =1inf{D(u): uENi%(Q)};

then we have the following results on the relationship between § and .

Theorem 3.2. Let ,, and @,, be defined by (3.2)—(3.4), and suppose lim,_, €, =0 and

limy, 400 34"271]‘2471 =0 for some M,B = B(Q) > 1. Then there holds 6 =1.

Proof. One can use the similar way of Theorem 2.3 in [23] to give a proof. Since there is
no essential different technique compared with the proof of Theorem 2.3 in [23], here we do
not repeat it. Note that here lim,, o £, =0 is used to ensure N3° (Q) = N59(€). [ |
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Algorithm 3.1 Coarse-to-fine algorithm for the greedy matching (3.1).

Initialization: n =0, u) =0, v0=0,s) =14, & (n=0,1,2,...,N), ©, v, w, and
maximum scale N.
Stage 1. Use (2.5) to obtain the smooth texture (Ur, Vr) and (Ug, Vgr) of T, R, respectively;
Stage 2. Set (U,V)= (Ur,Vr) and (U,V') = (Ug, VR), respectively, and use (2.35) to obtain
the homogenized geometric features ¥, (V= Z,w,W; p=T, R);
Stage 3. I: Downsampling: Downsample the geometric features ¥, (V= Z,w,W;p=T,R)
and the image pair 7'(-), R(-) with size 2" to obtain the downsampled features ¥}
(v=Z,w,W; p=T,R; n=0,1,2,...,N) and the image pair T"(-), R"(-), respectively.
II: Image registration:
while n <N
Step 1. Replace ¥, (VY =Z,w,W; p=T,R), T(:), R(:) in (3.9) with \Ilf,v_” (v =2Z,w,
W; p=T,R), TN="(-), RN="(-), respectively, and use Algorithm 2.1 to compute u,, and ¢,,
on Qy;
Step 2. Compute @,, on y;
Step 3. Scale ¢,, onto a finer domain €2,,41;
Set n=n+1;
endwhile
Output: @y and T o @ (-).

By Theorem 3.2, (3.2)—(3.4) provides a solution to the greedy matching problem (3.1) if &,
satisfies the assumptions, and the numerical implementation for (3.2)—(3.4) is approximating
(3.6) by replacing D(v) with D, (v) in (2.49). That is,

(3.9) min TIn(v,u,s),
ue[Hg(Q)]4,ve[L2(Q)]4,s€Maxq(L2(2))

where J,(v,u,8) = &,Dp(v) + & [ [u— v]?dx + wS(u) + O [, ||ss” — WHPCZX—F T fqolls —
Vel|?dx, v>0,0>0,T >0.

The details for the numerical implementation of greedy matching (3.1) can be found in
Algorithm 3.1.

4. Numerical tests. In this section, we perform three different kinds of numerical tests to
show the good performance of the proposed Algorithm 3.1. In Test 1, we design three experi-
ments to show the advantage of the proposed Algorithm 3.1 on the aspects of antinoise, weak
boundary detection, and textural control. The algorithms for numerical comparison involve
NGF [17], NNGF [42], MI [29], and Algorithm 3.1. In Test 2, several 2D/3D comparisons
between other methods like NGF [17], NNGF [42], MI [29], NCC [31], and our Algorithm
3.1 are performed to show the competitiveness of the proposed Algorithm 3.1. In Test 3,
the comparisons for the algorithms NGF [17], MI [29], and NCC [31] and Algorithm 3.1 are
performed on a public database (https://www.kaggle.com/datasets/awsaf49/brats20-dataset-
training-validation). All the numerical tests are performed under Windows 7 and MATLAB
R2012b with an Intel Core i7-6700 CPU @3.40 GHz and 8 GB memory. For the quantitative
comparison, we choose the following four indexes:
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e MI, which is defined by

(i1, ia)

TR u ZpSO Zl,'LQ lOgW
7

1,02

e Mesh folding number (MFN), which is defined by
MFN(u) ={ (det J(u) <0),

where det J(u) = (1 + ‘9”1)(1 + %2) - %%ﬁ and for any set A, f(A) denotes the

number of elements in A.
e NGFer(u), which is defined by

NGF(T o, R)
NGF =
(W) = "XGFT. R)
where NGF(T,R) = [,1— (x)-VnR(x))?dx, and V,,v(v =T, R) is the normalized
gradient.
e Dice(u), which is defined by
. T o R|
Dice(u) =2——"——7—,
=T e 4R

where |T o @[\ R| is the total number of pixels that are correctly registered, and
|T o | + |R| is the total number of pixels in image registration.

Remark 4.1. In the sense of distribution, the boundary conditions for Stage 1 to Stage 3
are set as follows:

olU
(4.1)  Ulaa = U, 9 l!am— (1=1,2;i=1,2,....d),V]sa =0, dloq = 0,ulsn = 0.

4.1. Parameter selection. In Stage 1 to Stage 3, there are many parameters we need to
tune. In this subsection, we discuss how to select appropriate parameters for each stage.

Stage 1. In the numerical version (i.e., (2.33)) of the H~! + H° + H? decomposition
model, the parameter contains aj, ag, A, p, and S (note that here 6 = %’\, v=pu+0). By
the convergence results of (2.33) in Theorem 2.2, there is no additional condition for the
convergence result. Therefore, the numerical implementation for Stage 1 is stable (at least
holds in a theoretical sense). Based on this fact, one just need to select the parameters
to keep the stability of the numerical scheme of the three PDEs in (2.33) (all of the type
—yAU(x) + e(x)U(x) = f(x)). By our observation, for the most cases, (2.33) produces an
accurate decomposition result. Here we recommend the parameters in Stage 1 to be a3 =1,
as =1, A=20, p=2x 1075, 8 =10"". In fact, this parameter selection for Stage 1 keeps
unchanged for all the numerical tests in this paper.

Stage 2. The parameters in B-Z homogenization model (2.34) contain 7;, 6; (i =1,2,3),
and €. Note that (2.34) is a convex model, and the existence and uniqueness of a solution
for each pair of parameters are clear (see Theorem 2.4). By our observation, for most 7;, 6;
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(1=1,2,3), the model (2.34) works. Here we recommend to set 7, =6; =150 (i =1,2,3). In
addition, by our observation, the parameter ¢ is very important for model (2.34). Intuitively,
for too small e, &, (P = Z,w, W and v =T, R) approaches to a dark image (all intensity equals
to 0) which is meaningless for Stage 3. Besides, for too large ¢, the features extracted by (2.34)
are too rough, and this may also affect the registration in Stage 3. Here ¢ is recommended to
set in interval [0.005,0.8].

Stage 3. The parameters in Stage 3 contain §,, ¢, (n=0,1,2,...), T, ©, v, and w. Here
€n is only used in theoretical analysis to rule out the deformation whose Jacobian determinant
is too small. In practice, some larger © may also help to achieve this goal. Note that T, ©,
v are all coefficients of the penalty term. The selection for these three parameters depends
on whether the corresponding term plays a dominant role. For &,, it is necessary to satisfy
the greedy matching condition (sufficient and not necessary condition lim,, M =0)
in Theorem 3.2. Here we recommend to set these parameters around &, = 2020 x 3.2",
v=125%x107°,0=23x%x10", T =2.3 x 10°, w=10"5.

Remark 4.2. Two factors (parameter and accuracy) may affect the registration result. For
the parameters, to ensure the efficiency of the registration algorithm, suitable parameters for
Stage 1 and Stage 2 should be selected. Otherwise, it will affect the result of the next stage.
For example, in these three stages, the most sensitive parameter is B-Z model (2.34). When
e is too small, the features extracted by the B-Z model are all dark images (intensity is all
zeros in the image). This will lead to the wrong deformation in Stage 3 (u= 0 everywhere).
For accuracy, to ensure the efficiency of the registration algorithm, the tolerance for accuracy
of Stage 1 and Stage 2 should be less than 1072, which ensures the model in Stage land Stage
2 will extract the right feature.

4.2. Test for the noise, weak boundary, and texture control. In this subsection, we
perform several numerical tests to validate that the proposed Algorithm 3.1 has an advantage
in addressing the registration with intensity inhomogeneity (i.e., noise, weak boundary) and
textural structure in multimodality image registration. The test contains three parts—noise,
weak boundary, and texture—which will be introduced later, respectively.

Noise. NGF [17] and NNGF [42] are two famous geometric feature based multimodality
image registration models. As we know, these two works are sensitive to noise. To validate
the fact that the proposed model addresses the registration with noise, we perform two groups
of numerical tests. First, to show the fact that the noise has little effect on registration in the
proposed algorithm, in Group I, we keep the target image R(-) unchanged and add different
levels of Gaussian white noise on the floating image T'(-). Second, to validate that the proposed
algorithm has the ability to overcome the noise, in Group II, we add different levels of noise
on both 7'(-) and R(-). By using the proposed Algorithm 3.1 to match the image pair with
different levels of noise, we give the final results in Figures 5 and 6 and Table 1. By the
quantitative comparison result of Group I in Table 1, we see indeed the noise has little effect
on the registration result. Furthermore, from the comparison result of Group II in Table 1,
we see that the proposed Algorithm 3.1 addresses the multimodality image registration with
strong noise. This shows the robustness of the proposed similarity measure D(u) in model
(2.39).
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(e) Topn() (f) Topn() (8) Topn()

Figure 5. Test result for Noise-A-A (Group1): (a)—(c) are obtained by adding white Gaussian noise on clean
tmage with standard variance o = 80, 36,25, respectively. (d) is the target image. (e)—(g) are the registration
results produced by Algorithm 3.1 for (a)—(c), respectively.

Weak boundary. To validate that the proposed Algorithm 3.1 addresses the multimodal-
ity intensity inhomogeneity, the image pairs “square” (Figure 7) and “bone” (Figure 8) are
selected for the test data. Weak boundary appears in floating image 7'(-) and target image
R(-) for “square” and only appears in target image R(-) for “bone.” For these two image
pairs, Algorithm 3.1 is compared with the NGF [17] and NNGF [42] for multimodality image
registration. The final results for the comparison are listed in Figures 7 and 8 and Table 2.
From Table 2, we see that the proposed Algorithm 3.1 performs the best among the three
multimodality image registration algorithms. In addition, from the aspect of computer vision,
we see that Algorithm 3.1 matches the weak boundary well in data “square” and “bone” and
produces diffeomorphic deformation, while for NGF [17] and NNGF [42], the failure to detect
the weak boundary (see Figure 2(d) for details) leads to the phenomenon that the final results
nearly keep unchanged compared with the floating image. Though NNGF [42] improves the
NGF [17], it is still not able to match the weak boundary in test data. These results show the
competitiveness of the proposed Algorithm 3.1.

Texture. To explain the reason why the textural control is added for registration, we
select Pineapple-Pepper (Figure 9) as test data. By observation of Figure 9, one can notice
that the texture appears inside the boundary. Obviously, this kind of texture cannot be
detected by the first-order and the second-order geometric feature (see Figure 3), let alone
NGF and NNGF. Therefore, the final registration results for this image pair provide strong
evidence on whether the textural control is helpful for multimodality image registration. In
fact, from the quantitative comparison between Algorithm 3.1, NGF [17], and NNGF [42]
in Table 2, we see that Algorithm 3.1 outperforms MI [29], NGF [17], and NNGF [42] for
image registration with textural structure. In addition, even in Algorithm 3.1, setting dyr =1
(textural control, MI = 2.36, NGFer = 0.87, Dice = 0.98) still performs better than the case
ow = 0 (without textural control, MI = 2.29, NGFer = 0.90, Dice = 0.97). This validates the
importance of introducing textural control in multimodality image registration.
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Figure 6. Test result for Noise-A-A (Group II): The first row is the image T(-), R(-) with Gaussian noise
o = 80 and the registration result of Algorithm 3.1, respectively; the second row is the image T(-), R(-) with
Gaussian noise o = 36 and the registration result of Algorithm 3.1, respectively; the third row is the image T(+),
R(-) with Gaussian noise o =25 and the registration result of Algorithm 3.1, respectively.

Table 1
Test for Algorithm 3.1 on antinoise.

Group 1 Group 11
Standard variance MI MFN  NGPFer MI MFN  NGFer
80 0.1449 0 0.9985  0.6858 0 0.9283
36 0.1598 0 0.9916  0.5391 0 0.9188
25 0.1506 0 0.9937  0.4421 0 0.9314

4.3. Test for 2D /3D image registration. To test the performance of Algorithm 3.1 on
2D /3D image registration, we select five different 2D/3D image pairs as test data in this
test. For 2D image registration, we select two T1-T2 image pairs (Figure 10(a)—(b) and
Figure 11(a)—(b)) as test data. To show the competitiveness of the proposed Algorithm 3.1, we
use Algorithm 3.1 and the other state-of-the-art multimodality image registration algorithms
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(a) T(-) (b) R(-) () Topn()

(¢) NGF [18] (f) MI [29] (g) NNGF [42]

Figure 7. Test result for “square” with weak boundary.

(e) NGF [18] (f) MI [29] (g) NNGF [42]

Figure 8. Test result for “bone” with intensity inhomogeneity.

(i.e., NGF [17], NNGF [42], MI [29]) to match these two test image pairs, respectively. The
registration results and quantitative comparisons are given in Figures 10 and 11 and Table 3.
By Figures 10 and 11, the proposed Algorithm 3.1 matches the test data well and produces
diffeomorphic deformation. Besides, the coarse-to-fine approach in Algorithm 3.1 obviously
improves the efficiency of the proposed Algorithm 3.1 compared with NGF [17], NNGF [42],
and MI [29]. This validates the competitiveness of the proposed Algorithm 3.1.

For 3D image registration, we select one synthetic image pair (Ball-Ellipsoid, 3D; B-E for
short), one 3D brain image pair, and one 3D liver image pair as test data. The synthetic
image pair is defined as

T'(x) = 255x0\0, (%), R(x) = 255x0q, (%),
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Table 2
Test results for image registration with intensity inhomogeneity and textural structure. P-P = Pineapple-
Pepper.

Algorithm MI MFN  NGFer Dice CPU/s

Algorithm 3.1 2.41 0 0.83 0.99 117.5

Square NGF [17] 1.95 0 0.95 0.92 56.8
NNGF [42] 2.10 0 1.01 0.94 101.9

MI [29] 1.92 0 0.94 0.92 325.1

Algorithm 3.1  1.81 0 0.81 0.97 82.2

Bone NGF [17] 1.59 0 0.99 0.93 42.3
NNGF [42] 1.61 0 0.94 0.90 103.9

MI [29] 1.52 0 0.93 0.92 192.1

Algorithm 3.1  2.36 0 0.85 0.98 59.6

P-P NGF [17] 1.79 0 1.12 0.90 60.2
NNGEF [42] 2.01 0 1.01 0.95 103.2

MI [29] 2.05 0 1.01 0.97 200.6

(e) NGF [18] (f) MI [29] (g) NNGF [42]

Figure 9. Test result for Pineapple-Pepper with textural structure.

where Q = (1,129)3, O = {x = (z1,72,23)" : (9”1?:,)65)2 + (’”23})65)2 + (133365)2 <1} Qo ={x=
(21,22, 23) T+ (B02)2 + (£2202)2 + (£2288)2 <1}, Note that xo(x) =1 if x € Q and yqo(x) =0
if x is not in .

The floating images T'(-) for 3D brain and 3D liver are downloaded from the websites
[54, 55], respectively. Note here for the convenience of the numerical implementation, we
resize all the images into the size 129 x 129 x 129. In addition, the target images R(-) are
generated by R(x) = T o ¢(x) for any x = (z1,72,73)7 € Q, where o(x) is defined by
@(x) = (z1+u1 (x), 22+ s (%), 23+uz(x))T and u; (x) = 3sin(ZE) 4y (x) = 3sin( 2Ly,
g () = sin(*5e)

For 3D multimodality image registration, the compared algorithms include Algorithm 3.1,
NGF [17], NCC [31], and MI [29]. The final results for the 3D registration are given in
Figures 12 to 14 and the quantitative comparison is listed in Table 4. By the quantita-

tive comparison, though it costs much CPU, the proposed Algorithm 3.1 achieves the best
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(e) NGF [18] () MI [29] (g) NNGF [42]

Figure 10. Test result for Brainl.

(e) NGF [18] (f) MI [29] () NNGF [42]

Figure 11. Test result for Brain2.

registration result for the 3D multimodality image. This validates further the competitiveness
of the proposed Algorithm 3.1 in addressing the 3D multimodality image registration with
intensity inhomogeneity.

4.4, Test for real data on public database. Based on the numerical results in subsec-
tions 4.1 and 4.2, there is enough evidence to show that Algorithm 3.1 is competitive. To
further validate this conclusion, we select the T1-T2 images in a public database, https://www.
kaggle.com/datasets/awsaf49/brats20-dataset-training-validation, for test data. In this public
database, the 3D brain images with four different modalities (T1, Tlce, T2, and FLAIR) of
369 subjects are provided. In order to test the advantage for Algorithm 3.1 on addressing the
intensity inhomogeneity, we select T1-T2 as test modality, because intensity inhomogeneity is
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Table 3

Comparison of four different registration algorithms for T1-T2 brain images.

Algorithm MI MFN NGFer Dice CPU/s
Algorithm 3.1 1.72 0 0.91 0.98 21.9
Brain 1 NGF [17] 1.66 0 0.98 0.98 55.3
NNGF [42] 152 0  1.02 093 832
MI [29] 155 0  1.01 096 196.2
Algorithm 3.1 1.47 0 0.89 0.98 24.4
Brain 2 NGF [17] 1.41 0 0.97 095 60.1
NNGF [42] 1.28 0 102 092 970
MI [29] 135 0 093 0.93 176.1

(d) NCC [31]

Figure 12. Test result for 3D-B-E.

£y
w0 ® 2

(e) NGF [18]

common in the T2 image. Besides, to simplify the test, only 20 different T1-T2 image pairs
(the brain structure of 40 different subjects looks most similar) are organized and resized into
129 x 129 x 129 for numerical comparison (the IDs for each image pair are listed in Table 5).
The algorithms in quantitative comparison include Algorithm 3.1, NCC [31], NFG [17], and
MI [29]. Note that here the algorithms for NCC [31] and NFG [17] are the algorithms for
model (57) in [49] by replacing the fidelity SSD with NCC and NFG, respectively. The main
parameters for the comparison are oy = 2.6 x 107, ay =2.6 x 10719, 3=6.2 x 1074, Con-
cerning the algorithm for MI [29], the test code uses the package “imregister” in MATLAB.
Besides, the main parameters in Algorithm 3.1 are set as &, = 2020 x 3.2", v = 1.25 x 107,
©=23x10", T=23x10°, w=10"3e=5x%x10"3 06 =65, =107 a1 = ap = 1,
p=2x10"% A=20,7; =6; =150 (i =1,2,3), 0z = 6, = Sy = 1. The comparison results for
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(d) NCC [31] (e) NGF [18]

Figure 13. Test result for 3D-brain.

the test image pairs are listed in Table 6, where the compared indexes are represented by the
mean value + standard deviation, respectively.

From Table 6, one can notice that the proposed Algorithm 3.1 achieves the best MI, NGFer,
and Dice, though it costs much more CPU time. Therefore, we conclude that the proposed
three-stage multimodality image registration outperforms the other three algorithms in the
multimodality image registration with intensity inhomogeneity.

5. Conclusion. In this paper, addressing the challenging problem of registering two tex-
tured and noisy images in multimodality, the proposed approach solves three variational prob-
lems: image decomposition, B-Z homogenization, and image registration. The existence of
solutions for these three problems is proved (uniqueness for image decomposition and B-Z ho-
mogenization). Moreover, the greedy matching problem is also discussed and a coarse-to-fine
algorithm is proposed to search for the global minimizer for the fidelity on a 2D /3D conformal
set. Numerical tests are also performed to validate the advantage of the proposed three-stage
image registration approach in addressing the intensity inhomogeneity for multimodality image
registration. For future research, we hope to address the correction of intensity inhomogene-
ity in multimodality image registration and give some research on machine learning based
registration for multimodality image.

Appendix A. Equivalence between Né‘f’e(ﬂ) and Cauchy—Riemann constraint (2.41).
It is obvious that any u satisfies Cauchy-Riemann constraint (2.41) with ||V (x)||? =+ =
[Vea(x)||* < M? and det(Ve) > e belongs to the conformal set N3 (€2), where ¢(x) =
(p1,92) =x +u(x) = (r1 + u1(x), z2 + u2(x)). In this section, for any u € N%(Q), we claim
that u satisfies Cauchy—Riemann constraint (2.41). The proof is shown as follows.
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(e) NGF [18]

Figure 14. Test result for 3D-liver.

Table 4
Comparison of four different registration algorithms for 3D image pairs.

Algorithm MI MFN NGFer Dice CPU/s

Algorithm 3.1 049 O 0.96 0.99 896.1
3D B-E NGF [17] 032 0 099 079 76
MI [29] 021 O 0.99 0.66 12.3
NCC [31] 013 0 1.01  0.25 13.7
Algorithm 3.1 2.49 0 0.51 0.97 1974.5
3D Brain NGF [17] 1.11 0 099 093 79
MI [29] 1.31 0 094 095 128
NCC [31] 243 0 0.55 0.97 53.6
Algorithm 3.1 2.35 O 0.79 0.98 1776.2
3D Liver NGF [17] 1.69 0 099 091 78
MI [29] 1.60 O 097 091 12.7
NCC [31] 212 0 0.92 0.83 24.1

First, define Vo (x) = (a1,b1) and Vea(x) = (ag,b2), where we denote a; = 1 + g_;i’

by = g—;:, as g—gf, and by = 1 + g—;‘z for the convenience of description. By the fact

that u e N3 (Q), we have that

IVr? = af + bt = | Vepa|* = a3 + b3,
(A.l) Vi1 -V =ajas + b1be =0,
det(Vgo) =aiby —ashby > 0.
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Table 5
Image pair ID.

Pairs 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

T1 14 14 103 53 70 95 116 14 114 89 12 14 28 53 99 70 99 12 14 111
T2 114 53 111 114 116 111 120 70 120 114 14 89 111 99 114 114 117 120 116 112

Table 6
Comparison of four different registration algorithms for 3D public database.

Algorithm MI MFN NGPFer Dice CPU/s
Algorithm 3.1 0.94+0.02 0+0 0.98+0.01 0.99+0.01 1000.4 + 24.5
NGF [17] 0.67£0.01 0+0 0.99 + 0.01 0.94 + 0.01 7.2+ 0.4
MI [29] 0.64 4+ 0.02 0+o0 0.99 4+ 0.00 0.94 4+ 0.01 12.8+0.2
NCC [31] 0.74 £0.02 010 0.98 + 0.01 0.95 + 0.01 87.7+16.4

By the second equation in (A.1), we have that

ﬂ_;bl:k

(A.2) =

for some k : ) — R. Note that here k is a function of x € ), and we write it as k for the
convenience of description.

That is,
(A.3) ay = kba, by = —kas.

Substituting (A.3) into the first equation in (A.1), we obtain that
(A.4) (k* —1)(b3+a3)=0

for any x € (.

This yields k= +1.

In addition, substituting (A.3) into the third equation in (A.1), we obtain that
(A.5) det(Vep) = k(b3 + a3) > 0.
This implies k = 1.

At last, substituting £ =1 into (A.3), there holds
Ou;  Ouy Oug Ous
A6 — = =—F
( ) (9.%'1 (9332 ’ 6$2 83?1

This concludes the claim.

Appendix B. Derivation of 9, MI(To g, R). Define E(¢)= MI(T oy, R) and let h be
a small perturbation along (. Then there holds

TR . .
8E(cp—|—5h +oo rtoo D (i1,i9) '\ OPgyen(i1,42) o
=0 = 1+1 e=odird
le=0 / / + log D( DL (i) 9 le=odiqdiz
8p<p+ah(i1)

“+o0o
TR . ..
(B~1) / /oo p‘p Py (“J?)T’E:odlldlg.
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In addition, by the property of joint probability and marginal probability, there holds

+o0o
(B.2) / Py (i1, i) diz = ply (i)
and
+oo
(B.3) / Py (in)dir =1

for any ¢ € NM(Q).
Using (B.2) and (B.3), we know that the last term in (B.1) can be rewritten as

oo 1 OpL ., o (in) o
/ / . (11 (11712)%15:00{116&2
o Py
(B.4) -2 / PL (i) din = 0.

By (B.1) and (B.4), we have that

T.R PR
OE(¢ +¢h) oo e pg’R(ilaiz) Dyt en(i1:02) o
B. — .= 1+1 —odi1dis.
I B R ) 0e otz

On the other hand, there holds

3pg’fah(i17i2) 1 BG(
e =070l Jo 00

(B.6) —Top(x),i2 — R(x))VuT o p(x) - h(x)dx.

By (B.5) and (B.6), we obtain that

(B.7) VoE = _Iflll (‘ﬁ" \ L¢> (T o p(x), R(X))VuT o,

R (i1,i2)

where L (Zl, 22) =1 + log W

Appendix C. Multigrid method for —yAU (x) + e(x)U (x) = f(x). Q is discretized
in the following way. For N € N*, we define h = &, ;, = ph(i = 1,...,d) and x,_,
(1. 2q,) for p,r=0,1,..., N. Using the finite difference method, fyAU(x) e(x)U(x)=
f(x) is approximated by the followmg algebraic equations:

(C.1) LU =F,

where for d = 2, LU = —m(UiH,j + Ui—l,j + Ui,j+1 + Ui,j—l — 4Ui7j) + eijjUiJ‘, F = fi,j; for
d=3, LU = —mUit1,jk+Uim1,jk + Ui jr16+ Ui j—16+ Ui g1 + Ui -1 —6Ui j k) +€i kUi j g,
F= fi,j,k, and m= %

In the multigrid method, one round of V-cycle for finding the solution of (C.1) contains
the following four steps:
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Step 1. Smoothing. Assume that Q" and QF (H = 2h) are the fine grid and coarse grid,
respectively. By starting from some initial guess on the finest grid Q" and using the 2D /3D
solvers

v)
(C.2) 1) _ B
Y

to relax 1 times(v = 0,1,2,...,9 — 1), we obtain a smooth approximation U**!. Note
that here for d = 2, UV = U(VH) Ey(,zx = fij + m(Ul(i)lj + U(V) + Ul(l;lrl + Uz(J) 1)
FY) = dm+ e, j; for d =3, p L g EY = figp+mUY o+ U(”) +U e+

U+ U+ U )), F&Z{fﬁn:rkewk z

At the end of Step 1, we compute the residual error r? on Q" by
(C.3) rh = plact) — gyl

Step 2. Restriction. Compute the residual error on QF by RhH Q5 Qf
(C4) ry =R,

where the definition for R is given in [23, 24] in detail.
Next, we relax the equation

14 Em X
(C.5) =
Fox
with initial guess U©) =0 to obtain U. Note that here for d = 2, U(VH) = Ui(?ﬂ), Eﬁ,l{)x =
v v v v v+1 v+1
jiZ(J )+ m<UZ(+)1] y U(()) " U(J(Zr)1 ! UZ(J() §> Fr(ngc( )_ i (—i_)e”7 fof )d -0 (U)( N Ui(J; )’
Epx = figretmu (U xtU i ut U P Ut U e FU 1) P = 6m e,
and myg= %
At the end of Step 1, we compute the residual error r on Q" by

(C.6) rh = gl _ ple D,
Step 3. Coarsest grid solution. On coarsest grid Q¥ the linear system
(C.7) LU=F

is accurately solved.

By solving the linear equations (C.7), U is updated.

Step 4. Interpolation. Now we use U to correct the approximations on the finer grid
Q" by the following 2D /3D interpolation operator Z}‘I :OF - Q" which is defined by

(C.8) uh=1hU",

where the definition for Z% is given in [23, 24] in detail.

Using U" as an initial guess, we relax (C.2) v times and repeat the interpolation, correction,
and smoothing process until the algorithm reaches the finest grid Q. Finally, relax (C.2) with
initial guess U” to obtain the solution U for this round of the V-cycle.

Iterating several times using the V-cycle, one can obtain the solution of —vyAU(x) +

e(x)U(x) = f(x).
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Appendix D. Uniform convergence of (©*)™' — =1 on [C*(Q)]%. First, for any
u GNC%(Q) and ¢(x) =x + u(x), there holds

(D.1) m2 det < d[det(Ve)]® <||Ve|2 <3M22 M
and
(D.2) VeV e =|Ve|FL

Note that here we use the property ||Ve|% > d[det(Ve)]? of Né\/é(Q) in [49].
Based on the fact that u® EN%(Q) and (D.1)—(D.2), there holds

(D3) m < |Veb|B< 8 VK
and
(D.4) Ve VT = || V| FL

By the fact ©* : Q — Q and ¢ : Q — Q are bijections, for any y € €, there exists unique
x,x" such that y = ¢(x) = ¢*(x*). Then
(D.5) PF(xF) — (%) = lp(x) — F(x)| 20 ¥xeQ,

as k — 400, because p* — ¢ in [Cl(Q)]
By (D.5) and the fact that (¢*)~! € [C1(Q)]?, we have that, for any y € Q,

(D.6) (@) y) — e ()= X" = x| =[(¢") (" (x")) — (") (" (%)) = 0,

as k goes to infinity.
Furthermore, by the fact x = ¢! (¢(x)), we have I=Vyp 1 (y) - Vxp(x).
Therefore, by (D.2), we obtain that

1

(D.7) Yy (¥) = [Vap)] ! = o V().
~ Vel
Similarly, there holds
D3) Vy(6!) ) = ro i Vi),
Vel

Combining (D.7)—(D.8), we obtain that

_ _ 1 1
V(657 (5) ~ Vo 1<y>|=\wv£k¢k<xk>— Tz e

‘HV‘PHvak‘P (x") — V"3 Ve ‘HVSOHFVXM( x) = [|Ve* |3 Vie(x)

IVkIE Vel IVer I3 VellF
(D.9) IVellH Vi p(x) = V%O(X)]‘ ‘HVQOHF_HVSO F1Vie )
- IV 5 Vel IVe*IE Vel

1
< —3M|Vap(x) = Viep ()| + llellc: @ IVelE = Vet lIE] — 0
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as k goes to infinity. Note that here we use the fact |x — x¥| *50 (see (D.6) for details),
k . o
©" = ¢ in [C1(Q)]¢, and H§(Q) — C1(Q) [12, 18] to ensure HcpH[C1 Ja < (Ixller @y +
[a()lljcr(@e)? < M, where [[u()[[F: gy« < Cllu()lI? pl S < CK(0).
Based on (D.6) and (D.9), we conclude that (4,0’“) uniformly converges to ¢! on  with
(")t — i@y — 0 as k goes to infinity.

Acknowledgment. The authors of this paper would like to thank two referees for their
very helpful remarks.

REFERENCES
[1] A. BLAKE AND A. ZISSERMAN, Visual Reconstruction, MIT Press, Cambridge, MA, 1987.
[2] R. BURDEN AND J. D. FAIRES, Numerical Analysis, Brooks, Boston, 2011.
[3] M. BURGER, J. MODERSITZKI, AND L. RUTHOTTO, A hyperelastic reqularization energy for image regis-

tration, SIAM J. Sci. Comput., 35 (2013), pp. B132-B148, https://doi.org/10.1137/110835955.

[4] L. BurrOWS, A. THELJANI, AND K. CHEN, On a variational and conver model of the Blake-Zisserman
type for segmentation of low-contrast and piecewise smooth images, J. Imaging, 7 (2021), 228,
https://doi.org/10.3390/jimaging7110228.

[5] M. CARRIERO, A. LEACI, AND F. TOMARELLI, A survey on the Blake-Zisserman functional, Milan J.
Math., 83 (2015), pp. 397-420, https://doi.org/10.1007/300032-015-0246-x.

[6] A. CHAMBOLLE AND P. L. LIONS, Image recovery via total variation minimization and related problems,
Numer. Math., 76 (1997), pp. 167-188, https://doi.org/10.1007/s002110050258.

[7] Y. CHEN, J. SHI, M. RaAo, AND J. LEE, Deformable multi-modal image registration by mazi-
mizing Rényi’s statistical dependence measure, Inverse Probl. Imaging, 9 (2015), pp. 79-103,
https://doi.org/10.3934/ipi.2015.9.79.

[8] N. CHUMCHOB, Vectorial total variation-based regularization for variational image registration, IEEE
Trans. Image Process., 22 (2013), pp. 4551-4559, https://doi.org/10.1109/TIP.2013.2274749.

[9] N. CnHumcHOB, K. CHEN, AND C. LOEzA, A fourth-order wariational image registration
model and its fast multi grid algorithm, Multiscale Model. Simul., 9 (2011), pp. 89-128,
https://doi.org/10.1137/100788239.

[10] J. B. Conway, A Course in Functional Analysis, Springer, New York, 2007.

[11] N. DEBROUX, C. LE GUYADER, AND L. A. VESE, A multiscale deformation representation, SIAM J.
Imaging Sci., 16 (2023), pp. 802-841, https://doi.org/10.1137/22M1510200.

[12] F. DEMENGEL, G. DEMENGEL, AND R. ERNE, Functional Spaces for the Theory of Elliptic Partial
Differential Equations, Springer, London, 2012, https://link.springer.com/book/10.1007/978-1-4471-
2807-6.

[13] Z. DING AND H. HAN, Two-dimensional diffeomorphic model for multi-modality image registration, Com-
put. Appl. Math., 42 (2023), 17, https://doi.org/10.1007/s40314-022-02145-1.

[14] M. DROSKE AND M. RUMPF, A variational approach to nonrigid morphological image registration, SIAM
J. Appl. Math., 64 (2003), pp. 668-687, https://doi.org/10.1137/S0036139902419528.

[15] L. EvANS, Partial Differential Equations, AMS, Providence, RI, 2010, https://doi.org/10.1090/gsm/019.

[16] J. GOWER AND G. B. DIJKSTERHUIS, Procrustes Problems, Oxford University Press, Oxford, UK, 2004.

[17] E. HABER AND J. MODERSITZKI, Intensity gradient based registration and fusion of multi-modal images,
Methods Inf. Med., 46 (2007), pp. 292—299, https://doi.org/10.1007/11866763-89.

[18] H. HAN, A wariational model with fractional-order regularization term arising in registration of diffusion
tensor image, Inverse Probl. Imaging, 12 (2018), pp. 1263-1291, https://doi.org/10.3934/ipi.2018053.

[19] H. HAN, A tensor voting based fractional-order image denoising model and its numerical algorithm, Appl.
Numer. Math., 145 (2019), pp. 133-144, https://doi.org/10.1016/j.apnum.2019.06.010.

[20] H. HAN AND A. WANG, A fast multi grid algorithm for 2D diffeomorphic image registration model, J.
Comput. Appl. Math., 394 (2021), 113567, https://doi.org/10.1016/j.cam.2021.113576.

[21] H. HAN AND Z. WANG, A diffeomorphic image registration model with fractional-order regulariza-
tion and Cauchy—Riemann constraint, SIAM J. Imaging Sci., 13 (2020), pp. 1240-1271, https://
doi.org/10.1137/19M1260621.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/110835955
https://doi.org/10.3390/jimaging7110228
https://doi.org/10.1007/s00032-015-0246-x
https://doi.org/10.1007/s002110050258
https://doi.org/10.3934/ipi.2015.9.79
https://doi.org/10.1109/TIP.2013.2274749
https://doi.org/10.1137/100788239
https://doi.org/10.1137/22M1510200
https://link.springer.com/book/10.1007/978-1-4471-2807-6
https://link.springer.com/book/10.1007/978-1-4471-2807-6
https://doi.org/10.1007/s40314-022-02145-1
https://doi.org/10.1137/S0036139902419528
https://doi.org/10.1090/gsm/019
https://doi.org/10.1007/11866763_89
https://doi.org/10.3934/ipi.2018053
https://doi.org/10.1016/j.apnum.2019.06.010
https://doi.org/10.1016/j.cam.2021.113576
https://doi.org/10.1137/19M1260621
https://doi.org/10.1137/19M1260621

Downloaded 07/26/24 to 223.104.105.113 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

THREE-STAGE MULTIMODALITY REGISTRATION 1727

[22] H. HAN AND Z. WANG, 3D diffeomorphic image registration with Cauchy-Riemann constraint and

23]
[24]

[25]

[26]

[27]

[28]

[29]

[30]

31]
32]

[33]

[34]

[35]

[36]
[37]
[38]
[39]
[40]

[41]

[42]

[43]

[44]

H.

H.

K.

Y.

D.

L.

B.

lower bounded deformation divergence, ESAIM Math. Model. Numer., 57 (2023), pp. 299-328,
https://doi.org/10.1051 /m2an/2022080.

HAN, Z. WANG, AND Y. ZHANG, Multiscale approach for two-dimensional diffeomorphic image regis-
tration, Multiscale Model. Simul., 19 (2021), pp. 1538-1572, https://doi.org/10.1137/20M1383987.
HAN, Z. WANG, AND Y. ZHANG, Multiscale approach for three-dimensional conformal image registra-
tion, SIAM J. Imaging Sci., 15 (2022), pp. 1431-1468, https://doi.org/10.1137/21M1455929.

. Huang, K. CHEN, M. HuanG, D. KoNG, AND J. YUAN, Topology-preserving image registration

with novel multi-dimensional Beltrami regularization, Appl. Math. Model., 125 (2024), pp. 539-556,
https://doi.org/10.1016/j.apm.2023.09.033.

IBrAHIM, K. CHEN, AND C. BRITO-LOEZA, A mnovel wvariational model for image reg-
istration using Gaussian curvature, Geom. Imaging Comput., 1 (2014), pp. 417-446,
https://doi.org/10.4310/GIC.2014.v1.n4.a2.

C. Lam AND L. M. Lui, Landmark- and intensity-based registration with large deformations via quasi-
conformal maps, SIAM J. Imaging Sci., 7 (2013), pp. 2364-2392, https://doi.org/10.1137,/130943406.

. M. Lut anD T. C. Nqg, A splitting method for diffeomorphism optimization problem wusing Bel-

tramsi coefficients, J. Sci. Comput., 63 (2015), pp. 573-611, https://doi.org/10.1007/s10915-014-
9903-4.

. Mags, A. COLLIGNON, D. VANDERMEULEN, G. MARCHAL, AND P. SUETENS, Multimodality image

registration by mazimization of mutual information, IEEE Trans. Med. Imaging., 16 (1997), pp. 187—
198, https://doi.org/10.1109/42.563664.

MEYER, Oscillating Patterns in Image Processing and Nonlinear Evolution Equations, Univ. Lecture
Ser. 22, AMS, Providence, RI, https://doi.org/10.1090/ulect/022.

. MODERSITZKI, FAIR: Flexible Algorithms for Image Registration, STAM, Philadelphia, 2009.
. MUMFORD AND B. GIDAS, Stochastic models for generic images, Quart. Appl. Math., 59 (2001), pp.

85-111, https://doi.org/10.1093/qjmath/52.1.127.

MUMFORD AND J. SHAH, Optimal approrimations by piecewise smooth functions and associated
variational problems, Comm. Pure Appl. Math., 42 (1989), pp. 577685, https://doi.org/10.1002/
cpa.3160420503.

. OSHER, S. ANDRES, AND L. VESE, Image decomposition and restoration using total variation mini-

mization and the H1 norm, Multiscale Model. Simul., 1 (2003), pp. 349-370, https://doi.org/10.1137/
S1540345902416247.

. PrumM, J. MAINTZ, AND M. VIERGEVER, Image registration by mazimization of combined mu-

tual information and gradient information, IEEE Trans. Med. Imaging., 19 (2000), pp. 809-814,
https://doi.org/10.1109/42.876307.

Qiu, K.-C. LAaM, AND L.-M. Lui, Computing quasi-conformal folds, STAM J. Imaging Sci., 12 (2019),
pp. 1392-1424, https://doi.org/10.1137/18M1220042.

. QIu AND L. M. Lul, Inconsistent surface registration via optimization of mapping distortions, J. Sci.

Comput., 83 (2020), pp. 1-31, https://doi.org/10.1007/s10915-020-01246-5.

. RUDIN, S. OSHER, AND E. FATEMI, Nonlinear total variation based noise removal algorithms, Phys.

D, 60 (1992), pp. 259-268, https://doi.org/10.1016/0167-2789(92)90242-F.

. RumpF AND B. WIRTH, A nonlinear elastic shape averaging approach, STAM J. Imaging Sci., 2 (2009),

pp. 800-833, https://doi.org/10.1137/080738337.

Rumpr AND B. WIRTH, Variational Methods in Shape Analysis, Springer, New York, 2015,
https://doi.org/10.1007/978-1-4939-0790-8_56.

SHEN, Piecewise H™'+H°+H' images and the Mumford-Shah-Sobolev model for segmented im-
age decomposition, Appl. Math. Res. Express, 4 (2005), pp. 143-167, https://doi.org/10.1155/
AMRX.2005.143.

. THELJANI AND K. CHEN, An augmented Lagrangian method for solving a new variational model based

on gradients similarity measures and high order regulariation for multimodality registration, Inverse
Probl. Imaging, 2 (2019), pp. 309-335, https://doi.org/10.3934/ipi.2019016.

VESE AND S. OSHER, Modeling textures with total variation minimization and oscillating patterns in
image processing, J. Sci. Comput., 1 (2003), pp. 85-111, https://doi.org/10.1023/A:1025384832106.

WIRTH, On the Gamma-limit of joint image segmentation and registration functionals based on phase
fields, Interfaces Free Bound., 18 (2016), pp. 441-477, https://doi.org/10.4171/IFB/370.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1051/m2an/2022080
https://doi.org/10.1137/20M1383987
https://doi.org/10.1137/21M1455929
https://doi.org/10.1016/j.apm.2023.09.033
https://doi.org/10.4310/GIC.2014.v1.n4.a2
https://doi.org/10.1137/130943406
https://doi.org/10.1007/s10915-014-9903-4
https://doi.org/10.1007/s10915-014-9903-4
https://doi.org/10.1109/42.563664
https://doi.org/10.1090/ulect/022
https://doi.org/10.1093/qjmath/52.1.127
https://doi.org/10.1002/cpa.3160420503
https://doi.org/10.1002/cpa.3160420503
https://doi.org/10.1137/S1540345902416247
https://doi.org/10.1137/S1540345902416247
https://doi.org/10.1109/42.876307
https://doi.org/10.1137/18M1220042
https://doi.org/10.1007/s10915-020-01246-5
https://doi.org/10.1016/0167-2789(92)90242-F
https://doi.org/10.1137/080738337
https://doi.org/10.1007/978-1-4939-0790-8_56
https://doi.org/10.1155/AMRX.2005.143
https://doi.org/10.1155/AMRX.2005.143
https://doi.org/10.3934/ipi.2019016
https://doi.org/10.1023/A:1025384832106
https://doi.org/10.4171/IFB/370

Downloaded 07/26/24 to 223.104.105.113 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1728

KE CHEN AND HUAN HAN

[45]

[46]

[47]

[48]
[49]

[50]

[51]

[52]

[53]

[54]
[55]

F.

M.

D.

D.

Wu AND C. DESOER, Global inverse function theorem, IEEE Trans. Circuit Theory, 19 (1972), pp.
199-201, https://doi.org/10.1109/TCT.1972.1083429.

. P. Yung, G. CHol, K. CHEN, AND L. M. Lui, Efficient feature-based image registration by mapping

sparsified surfaces, J. Vis. Commun. Image R., 55 (2018), pp. 561-571, https://doi.org/10.1016/
j.jveir.2018.07.005.

ZANETTI, V. RUGGIERO, AND M. MIRANDA JR, Numerical minimization of a second-order functional
for image segmentation, Commun. Nonlinear Sci. Numer. Simul., 36 (2016), pp. 528-548, https://
doi.org/10.1016/j.cnsns.2015.12.018.

ZHANG AND K. CHEN, A novel diffeomorphic model for image registration and its algorithm, J. Math.
Imaging Vision, 2018 (2018), pp. 1-30, https://doi.org/10.1007/s10851-018-0811-3.

. ZHANG AND K. CHEN, 3D orientation-preserving variational models for accurate image registration,

SIAM J. Imaging Sci., 13 (2020), pp. 1653-1691, https://doi.org/10.1137/20M1320006.

. ZHANG, G. P. T. CHo1, J. ZuanNGg, AND L. M. Lul, A wunifying framework for n-dimensional

quasi-conformal mappings, SIAM J. Imaging Sci., 15 (2022), pp. 960-988, https://doi.org/10.1137/
21M1457497.

ZuANG, A. THELJANI, AND K. CHEN, Multi-modality image registration models and effi-
cient algorithms, Math. Methods Image Process. Inverse Problems, 360 (2018), pp. 33-60,
https://doi.org/10.1007/978-981-16-2701-9_3.
ZHANG AND K. CHEN, Variational tmage registration by a total fractional-order variation model, J.
Comput. Phys., 293 (2015), pp. 442-461, https://doi.org/10.1016/j.jcp.2015.02.021.

ZHANG, K. CHEN, AND B. YU, A novel high-order functional based image registration model with
inequality constraint, Comput. Math. Appl., 72 (2016), pp. 2887-2899, https://doi.org/10.1016/
j-camwa.2016.10.018.

BrainWeb: Simulated Brain Database, https://brainweb.bic.mni.mcgill.ca/brainweb/, 2013.
3d-ircadb-02, https://www.ircad.fr/research/data-sets/respiratory-cycle-3d-ircadb-02/, 2019.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1109/TCT.1972.1083429
https://doi.org/10.1016/j.jvcir.2018.07.005
https://doi.org/10.1016/j.jvcir.2018.07.005
https://doi.org/10.1016/j.cnsns.2015.12.018
https://doi.org/10.1016/j.cnsns.2015.12.018
https://doi.org/10.1007/s10851-018-0811-3
https://doi.org/10.1137/20M1320006
https://doi.org/10.1137/21M1457497
https://doi.org/10.1137/21M1457497
https://doi.org/10.1007/978-981-16-2701-9_3
https://doi.org/10.1016/j.jcp.2015.02.021
https://doi.org/10.1016/j.camwa.2016.10.018
https://doi.org/10.1016/j.camwa.2016.10.018
https://brainweb.bic.mni.mcgill.ca/brainweb/
https://www.ircad.fr/research/data-sets/respiratory-cycle-3d-ircadb-02/

	Introduction
	Three-stage approach for 2D/3D diffeomorphic multimodality image registration
	<0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	H-1+H0 +H2?></0:tex-math></0:inline-formula> decomposition
	Blake&#x2013;Zisserman homogenization
	Novel 2D/3D diffeomorphic multimodality image registration

	Greedy matching for 2D/3D diffeomorphic multimodality model (<0:xref 0:ref-type="disp-formula" 0:rid="disp40" >2.39</0:xref>)
	Numerical tests
	Parameter selection
	Test for the noise, weak boundary, and texture control
	Test for 2D/3D image registration
	Test for real data on public database

	Conclusion
	Acknowledgment
	References
	Appendix A. Equivalence between
	Appendix B. Derivation of
	Appendix C. Multigrid method for
	Appendix D. Uniform convergence of

