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Abstract

We compute the next-to-next-to-leading order (NNLO) cimttions to the splitting functions
governing the evolution of the unpolarized flavour-singlatton densities in perturbative QCD.
The exact expressions are presented in both M&llamd Bjorkenx space. We also provide accu-
rate parametrizations for practical applications. Ouultssagree with all partial results available
in the literature. As in the non-singlet case, the correatlileg logarithmic predictions for small
momentum fractiong do not provide good estimates of the respective complettisglfunc-
tions. We investigate the size of the corrections and thalgjaof the NNLO evolution under
variation of the renormalization scale. The perturbatixgagsion appears to converge rapidly at
x 2 1073, Relatively large third-order corrections are found at kenaalues ofx.



1 Introduction

Parton distributions form indispensable ingredientsheranalysis of all hard-scattering processes
involving initial-state hadrons. The scale-dependencel(#ion) of these distributions can be de-
rived from first principles in terms of an expansion in powefshe strong coupling constaot.
The correspondingith-order coefficients governing the evolution are refet@ds then-loop
anomalous dimensions or splitting functions. Parton itistions evolved by including the terms
up to ordera 1 in this expansion constitute, together with the correspancesults for the par-
tonic cross sections for the observable under consideratie N'LO (leading-order, next-to-
leading-order, next-to-next-to-leading-order, etc pragimation of perturbative QCD.

Presently the next-to-leading order is the standard appiaion for most important processes.
The corresponding one- and two-loop splitting functiongenbeen known for a long time [1, 2,
3,4,5,6,7,8,9, 10, 11]. The NNLO corrections need to beuishetl, however, in order to arrive
at quantitatively reliable predictions for hard processgsresent and future high-energy colliders.
These corrections are so far known only for structure fumstin deep-inelastic scattering (DIS)
[12, 13, 14, 15] and for Drell-Yan lepton-pair and gaugedvyogroduction in proton—(anti-)proton
collisions [16, 17, 18, 19] and the related cross sectionsiiggs production in the heavy-top-
quark approximation [17, 20, 21, 22]. Work on NNLO cross e for jet production is under
way and expected to yield results in the near future, see[R&fand references therein.

For the three-loop splitting functions, on the other hamdly partial results had been computed
until very recently, especially the lowest six/seven (eweadd) intege™ Mellin moments [24, 25,
26] and the leadingInx)/x smallx terms of three of the four singlet splitting functions [2B].2
The results of Refs. [24, 25, 26] have been employed — dyr§2¥, 30, 31, 32] and indirectly [33,
34] via Bjorkenx-space approximations constructed in Refs. [35, 36, 3 fttem and the smak-
constraints [27, 28] — to improve the analysis of DIS data laadron-collider predictions. This
information is however not sufficient for quantitative picttbns at small values of.

We have recently published the non-singlet part of the warpodd three-loop splitting func-
tions [38]. In the present article we compute the correspandinglet quantities. The article is
organized as follows: In section 2 we set up our notationsvang briefly discuss the method of
our calculation. The MellirN space results are written down in section 3. Tlhé\) /N subleading
largeN term of the three-loop gluon-gluon splitting function isufa to be related to the leading
InN contribution at second order, in complete analogy to thatice found for the non-singlet
quark-quark case. In section 4 we present the exact resuielbas compact parametrizations for
the x-space splitting functions and study their behaviour atlsmaWe demonstrate that neither
do the(Inx)/x terms dominate the splitting functions at experimentadigvant values o%, nor
do even all ¥x terms dominate the Mellin convolutions by which the spiigtfunctions enter the
evolution equations. The numerical implications of oumitsfor the scale dependence of the
singlet-quark and gluon distributions are illustratedant®n 5. As in the non-singlet case the per-
turbation series converges rapidly for. 103, while relatively large corrections occur for smaller
momentum fractions. Finally we briefly summarize our findimg section 6.
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2 Notationsand method

We start by setting up our notations for the singlet partonsdees and the splitting functions
governing their evolution. The singlet quark distributmfra hadron is given by
Ny

Os(X, MF) = Z[qi(x, WF) -+ G (X, HF)] - (2.1)

Hereq; (x, u?) andd;(x, u?) represent the respective number distributions of quardsaatiquarks
in the fractional hadron momentux The corresponding gluon distribution is denotedyty; ufz).
The subscriptindicates the flavour of the (anti-) quarks, andtands for the number of effectively
massless flavours. Finally represents the factorization scale. For the time being weotioeed
to introduce a renormalization scale different fromys.

Suppressing the functional dependences, the evolutioatieqs for the singlet parton distri-

butions read g
ds \ _ ( Pag Pug ) (qS)
= ® , 2.2
d|nllf2<9) <qu Pyg g (22)

where® stands for the Mellin convolution in the momentum variable,

la®b](x) = /X 1d—;’ a(y)b(i—(/) . (2.3)

The quark-quark splitting functioRyq in Eq. (2.2) can be expressed as
Pog = Pns+ Ny (quq + P—aq) =PL+ Pos - (2.4)

HereP,t is the non-singlet splitting function which we have recgetdimputed up to the third order
in Ref. [38]. TheO(a3) quantitiequSq and P—aq are the flavour independent (‘sea’) contributions
to the quark-quark and quark-antiquark splitting funcsi®yq, andPqq,, respectively. The non-
singlet contribution dominates Eq. (2.4) at lasgevhere the ‘pure singlet’ ter, is very small.

At smallx, on the other hand, the latter contribution takes ovedRsdoes not vanish fox — 0,
unlike xR;. The gluon-quark and quark-gluon entries in Eq. (2.2) avergby

Pog = Nt Pyg . Pgg = Pyqg (2.5)

in terms of the flavour-independent splitting functidtyg = Pgg andPyq = Pyg. With the excep-
tion of thea? part of Pyg, neither of the quantitiesPyg, XPyq andxPyg vanishes fox — 0.

Our calculation is performed in Mellih space, i.e., we compute the singlet anomalous di-
mensiong/ap(N, as) which are related to the splitting functions by a Mellin tséormation,
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The additional relative sign is the standard conventiorteNlmat in the older literature an additional
factor of two is often included in Eq. (2.6).



The calculation follows the approach of Refs. [25, 26, 39, 4he optical theorem and the
operator product expansion are employed to compute theirvielbments of (partly fictitious,
see below) deep-inelastic structure functions. Since tbmemt variableN is now an analytical
parameter, we cannot apply the techniques of Refs. [25y2&]re the integrals were solved using
the MINCER program [41, 42]. The introduction of new techniques wasdftge necessary, and
various aspects of those have already been discussed in4xf43, 44, 45, 38]. A salient feature
of our method is, however, that we can check our extensivepukations at almost any stage by
falling back on a MNCER evaluation of fixed low-integer moments. Note also that wikatatain
the three-loop coefficient functions in DIS as well, once phesent calculation is supplemented
by a second Lorentz projection required to disentanglettivetsire functions=, andF_[46].

The complete set of NNLO singlet anomalous dimensions caxtsacted from the third-order
amplitudes of the forward Compton processes

parton(P) + probe(Q) — parton(P) + probe(Q) , (2.7)

where the probes are the photgh&nd a fictitious classical scal@rcoupling directly only to the
gluon field via(pGﬁ‘VGg". The inclusion of the latter, required for obtaining alse tmomalous
dimensionsygq andygg to the desired accuracy, leads to a substantial increade afumber of
diagrams as shown in Table 1. Among the partons in Eq. (2. @lseeinclude an external ghdst
This is done in order to allow us to take the sum over exterhadrgspins by contracting with
—0uw instead of the full physical expression which would, dueh® presence of extra powers of
P, lead to a complication of our task. For similar reasons waatdkeep the gauge dependence in
our all-N computations, but check its cancellation only for a few fixathes of\N.

process tree 1-loop 2-loop 3-loop

qy — qy 1 3 25 359
gy — gy 2 17 345
hy — gy 2 56
qe — q@ 1 23 696
ge — go 1 8 218 6378
he — ho 1 33 1184
sum 2 15 318 9018

Table 1: The number of diagrams for the amplitudes emplogethe calculation of the three-loop
singlet anomalous dimensions. The roles of the ghastd the scalap are discussed in the text.

The diagrams are generated automatically with the diagranemtor @RAF [47]. For all
symbolic manipulations we use the latest versionoRM [48, 49]. The calculation is performed
in dimensional regularization [50, 51, 52, 53]. The rendinadion is carried out in th#1S-scheme
[54, 55] as described in detail in Ref. [25], using the restiRefs. [56, 57] for the renormalization
of the operatoGﬁ‘ng“’ entering the scalar case.
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3 Resultsin Méllin space

Here we present the anomalous dimensipggN, as) in the MS-scheme up to the third order in
the running coupling constant. The N'LO expansion coefficient\ssgg(N) are normalized as

(s = 5 (35)" Vg, 31)

4an

The anomalous dimensions can be expressed in terms of harswns [6, 7, 58, 59, 60]. Recall
that, following the notation of Ref. [58], these sums araursively defined by

M i
Sin(M) = 5 ﬁ? (3.2)
and y "
S:tml,rrp,...,rrk(M) - Zl (:itTl)Snz,...,m((i) . (3-3)

The sum of the absolute values of the indiogefines the weight of the harmonic sum. Sums up
to weight 2 — 1 occur in thd-loop results written down below.

In order to arrive at a reasonably compact representatiooiofesults, we employ the abbre-
viation Sy, = Sy(N) in what follows, together with the notation

NeSyn=Sn(N+1), N Sn = Sa(N+i) (3.4)

for arguments shifted by-1 or a larger integer. In this notation the well-known one-loop (LO)
singlet anomalous dimensions [1, 2] read

VJ(N) = 0

VON) = 2n (N_+4N, —2N - 3)S;

VO(N) = 2C- (2N_,—4N_ —N, +3)S,

VN = Ca(4N2— 2N —2N, N2 43S 5+ on (35)

The corresponding second-order (NLO) quantities [5, 611Dare given by

Vos (N) = 4Cen (%)(Nz —N-)S; = (N4 =Ny2) [5—9651+ gsz] +(1-Ny) [881 —482]
_(N—_N+)[251+52+233D (3.6)
e R T

44
A4S+ 352] +(1-Ny) 278144811 - 75~ 255 — 2N +4N, — 2N, - 3) S,
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5001 ) +4Cen; (2N} —N.2)[551+ 2501 - 25+ % — (1-N,) [ DS +4501 - 1)
FIN- N7 9] 12N 4N, 2N 3)[Siaa S-S t2S]) @)

(L)

Yoq (N) = 4C,Cr (2(2N72 —4N_ —N; +3) [5171,1 —S1, 2—Si12— 52,1} +(1-N4) [251

1351 - 7S 253} +(N_5—2N_ +N,) [sl = %2511] +AN_—N,) [gsl +3%+ Ss}
FIN N ) [SS+299] ) +4Cen (N 2N N, 2810 - D] - (1N [asy
~2811) +4C:?((2N 2~ 4N_ =N, +3) |35~ 2511 — (1-Ny) [S1— 2511 + g’sz
—333] ~(N_—N.) [251—1-252—}-253}) (3.8)

2 16 23 14 2
(N) = 4Cami (5 - S~ 5 (N2 +Ns2)Si+ (N + NS+ S(N- N )S)
14C, (25_3—2—Esl+2s3 (N,2—2N,—2N++N+2+3)[481’_2+4812+452,1]

8 109 61
+ 2 (N4 = Ni2)S—4(N- = 3Ny +N2+ 1) [3% — S| + T (N- +N3 S+ —(N-

- N+)Sz) 1 ACen, (% + %(N2 “13N. — Ny — 5N, +18)Si+ (3N_ — 5N, +2)S,
“2(N_ — N+)Sg,) .

1
Vig

(3.9)

The pure-singlet contribution (2.4) to the three-loop (NDJLanomalous dimensio;ﬂ%)(N) S

1
Vézs) (N) = 16CACeny (5(4N72 —N_ —N; +4N,>—6) [35113 +S,21-S11,2+S1111

571 6761 56 20
S| (NN [P8s, - O P55 g 1 0% - D]

2 10279
—(N_2—N_ —N++N+2) [—sl_3+2sls+—slll+§sz,1,1] +(Ny = Ny2) | S

162
106 151 2299 2 83
T L T —522+—53+—531]
251 11
+(1—N+)[ S_Lz—isl—_sl 2——52——65511+552 2+ — 521+5211+3322
37 9
—753—453,2+%,1—1os4—755}—<N7+N+—2>[—slfs+3s1,21+—slll+zsls]

121 6 437 3565
(N_—N+)[125_L+§S_L,—2 —511——512 TOSSZ 6S(3+3S, 3+ Sz -2
479 11 269
- —Sz 1+257 2+ 352,1,1 —29111+2912+S2+ 552,3+ ﬁssﬁ 5% o+ 354

1 ,/2 5
FoStSa1t 5SS ) H16Cn (SN2 NN N St oS
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+ gsl] +(NL —Nyp) [251 —Sp1+ 1—9952 - %Su} —(1=Ny) [251 —SL1+S1+ 23752]

77 63 37 1 1 5 29
+(N-+N;-2) [asl gl 52 551,1,1} +3(N-=Ny) [:—352,1 St S

16 13 163 85 28 22
— — 2 — _ _ —_—— —_—— _ —_——
251~ Sa] ) +16C 70 (N —N12) [ TSeat 558~ Jp S o811t g 1 2 6
4 22 1
+4S, - §52,1,1 +3S52— 354} - §(4N72 —N_—N,+4N,,-6) [35113 -S111-S112

523 23 55 46 523
TS - 55| — S+ et o S

298 121 2707 497
+HA-ND| 578 58+ e

1 55
+S1111— 551,3} + (N_2+N4») [1—251 _

63 5 181
1081~ 1—852 — Zsz,l"‘ 651,1,14- 55, + ﬁss -

971 275 755

5
10851’1 + 2—1651 - ﬁsz - 1—251,1,1 +690(3—S3

32 3
+17$1+29111-2912—-3911+252— 353 —2831—S3311+4S32 — 551 +6S1

~as]). (3.10)

47
— Sz,1,1+553,1} +(N_—Ny) {351,2 —

The non-singlet part ofé%)(N) can be found in Eq. (3.7) of Ref. [38]. The third-order resddtr
the off-diagonal anomalous dimensiong(N) andygq(N) in Eq. (2.2) are given by

3997 11
Wsl — ?Sl,—4 +6S, 31

3 9 5 2405
- ESL,—s - ESL,—z —-35, 22— 551,—2,1 —25,211+25, 22— msl,l +6S1,-3

5 128 13
+351(3+ 551,1,72 —6S1,-21— 751,1,1 —6S11,-2— 351,1,1,1 —4511111—3S1112

2833

35 53 15
- 1—251,1,2 +3S1121+S113+ §51,2 +3S12 2+ 751,2,1 +65211—6S531— msz

3 5 49
+ 551,4 +39(3-6S,_3— 552,—2 +6S 21+ Zsz,l +691 2-6511+3912—-S21

49 551 173 79 55
+29011+ S Sp2— 380 o St o Se1— 2511 < S+ 28] (N2 - ) [ o8
371 23 2 4 23 2 8543
—45(3— ~;S11+ 351,1,1 - 551,1,1,1 + 551,1,2 - 351,2 + 551,3} +(N_—N,) [—Sl

108 192
71 9 1301 13 109 5
- 551(3 —S, 3+235, 72— 551,7271 + =S+ 351,1,72 + 1—831,1,1 - 531,2,1 +4S3

216
235 55 21 269
ﬁsl,z + §SZ + 9503 — ?52,—2 - ﬁsz,l —4S1 2

83 3 41 5 55 143
+2S 3+ 1—232,1,1 + 552,1,1,1 -3912— Zsz,z +S21— 552,3 - 4—853 +3S3, 2 — Esa,l
145 3571 58 25
751Z3 - ﬁsl +25, _3— 35173 - 351,171

31 11 5 245
Si1— 351,1,—2 - 351,1,1,1 - 551,1,2 + —

31
VAN = 1GCACan<(N,+4N+—2N+2—3) S Sila-

55 23 4
+ 351,3 + 651,1,1,1 + 551,1,2 —

49
28311+ - S 481 - 255+ (1-Ny) |
335

3
216 Si2t 52111 +8%1-25

23
+ ?S_L,—Z,l +



1 83 3 183 117
+ 551,2,1 - 351,72 +275(3—-8S, 3+ 552,72 +8% 21— TS4 +8%1, 2— TSZ,Ll

157 9 581 237 73
—-3S912+ Tsz,z —-3921— 93— 1—653 - 2+ 733,1 —8%311+8%2+ 352,1

2
4319 o1 175 7

7 229 1 4
+ §51,1,1 —S1111+S112—-S121—S13+ 1—852] +—-(N_-1) [51,72 — 551,1 + 51,1,1}

6
149 7 2 1 473 169
- —(NfZ - 1)51 - (N, - N+) [msl‘f‘ ZSZ - 553— 554} - (1_ N+) [@Sl - ﬁsz
1 43 5 2 3220 3 277
te21— g3 §54]) +16CA g <(N, +4Ny —2N > —3) [751 5S4+ 582

31 61 8
- 551(3 + 351,73 +25 31+3S, 22— 531,7271 +25,211—2511,21+6S112

7 4
S —-25, 3+ \3)51,72 — =51+ éss

95 20 47 4 37
- asl,l —351(3+251 3+ 351,1,—2 + §51,1,1 + 551,1,1,1 +25,11,11—S113+ ESLS

21 69 23 5
+4S51112+ Zsl,l.z +251121+ 351,2 —S12 -2+ 1—251,2,1 —3%1+253— 551,4 +95%

25 155
—38(3—S, 3+ 352,72 +2S 21— —

2561 2351

8 4 52 4
+ ﬁsa - 251,2,2] +(N_2—-1) [45113 — msl — 551,—3 — 551,1,2 — 351,—2 + 551,—2,1
161

4 10 2 3 56 20 2
+ %Sl,l - §31,1,72 - 351,1,1 + §51,1,1,1 - 551,2 + 2—752 - 352,1 —2S3— 552,1,1

1759 13 799 8 21
—(N_=1)S121+(N-—Ny) [225113 — 751 - ESL,—s — %Sl,—Z - 551,—2,1 — 351,3

37 425 7 35 217 1385 593
- 351,1,72 - ﬁsl,Ll - 1—231,1,1,1 - 351,1,2 Y Si2— 18 S+ 36
5 209 17 13 9
+ 552,73 -85 _o— ﬁsz,l +391, 29111 +2912+ 1—252,2 — 6503+ Zsz,s + 2154,1

1363 9 1 25 15 1783
— St S at S+ 8%+ SRS + (LN [ TS+ 0 - 415

4 995 16 2731 62 319 7 49
+ §51,73 + %31,72 + 351,72,1 - ﬁSLl + 331,1,72 + ﬁsl,Ll - 1—251,1,1,1 + 351,1,2

287 79 73141 17 93 1567 34 15
+ 55172 + ZSLS+ WSZ — 24503+ 552773%— 3527,2 — ﬁS&l — §S4 - Z5471

167 53 7385
+71S1 -2+ 732,1,1 —3$111+6S12+ Zsz,s +

53 5 31
S+ 352,1,1 +3S131— 1—252,2 + 1—253,1 - 3%

49
Si1— 352,1,1

7 47
ﬁ% - 553,—2 -+ 753,1 +5%11

2303 7 7 1
ﬁsl + asl,l — 1—851,1,1 — 652’1’1 -

35 7 11 1
Siz+ ESZ+ 1—852,1 — 353] - E(N_ -1 [51,1,1 +S12— 52,1]

—1955] ) +16Cen? (N +4N; —2N - 3)]

4 1 1
+ 551,2+ 651,1,1,1 —=

3
59963 7 251 199 25 163
~(N- =N 555581 g 7 St o S F S+ 28 + (1N | S+ 65
96277 17 7 19 77 >
+ Seg3 S~ 5eS11— 555~ 5 S| + g7 (N-2— 1)S1) +16Ce”n (N — 1) [4Sp1. 2
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1 81 5
+5S22) +(N-+4N. —2N.2—3) | -6~ S 4 +581 3-8 2425 2 2+45113
87 61 5
+ §51,1 —4S1, 2+ §51,1,1 +35,1,1,1+2511111 - S1,1,12 — 531,1,2 +75,31—3514
17 11 5 87
—551121+4S,13— 351,2 +252 2— 351,2,1 —6$5211+65 22+ 551,3 - §Sz +4S

61 5
-4 _3+4S o — §52,1 -3911-29111+S 12+ 552,2 +5$,1-453+6S311

11 15 801 27 3
H1S -4 2+ 531652 - 5SS | + (N =Ny) | =S+ 5 S5l 5512

64

103 7 13 9 7 1
?51,1 —451 02— ésl,l,l - 751,1,1,1 + 551,1,2 + 551,2,1 - 552,1,1,1

9 1 27 3 87
- 551,3 + ZSZ —3S(3+7S, 2+ 352,1 + 152,1,1 +912-221+3S3— 1—653 —S11
1759 63 17
ﬁsl — 35113 + Zsl717171

71 19 13 13 3 13

- 115 3+ 551,72 +125,1,2— §51,1,1 - 551,1,2 + 551,2 - 551,2,1 + 751,3 —35(3

409 59 1 3 565
- 1—652 —4S _3—S o+ §52,1 - 252,1,1 + 552,1,1,1 —3912+3$21-593+ %%

16
17 103
-85 2+ Z%,l +3531,1— 652 —

35
+35, 3 351,—2 -

13 27 7
- S+ 252+ S oS-35+ (1N [1781 -

T&—%l&,ﬁllssb (3.11)

and

2 967 2 41 1
V&q) (N) = 16CACry ((ZN—Z —4N_ —N, +3) [msl — 2503+ \3)51,73 + 1—851,72 - §51,3
251 151

2 4 13 5 5 10 5
- 55177271 + msl,l - 531,1,72 - Zsl,l,l + 551’1’1’1 - 551’1’2 + 351,2 - 651,2,1 - @Sz
331

1 10 5 1 28 11
— 3% 2+ G021 gSuit 5 S2| +(N-—Ny) |58 —4% 2+ TS 2~ TS
4 2 53 733 4 22 10 1 1
+ 5381 St S~ oy B 1 5 %]+ (1N [ T2+ %1 7S
2 2
] —g(N-—N2) [Ss

137 5 1 565 35
msl + 65172 + 21517171 + %Sz -S11+ 1—253 - ése,,l
125

131 25
-3S1+ TS_L +S, 02— 351,1 -S111+ &

163 6503

3 3
—4N_—N, +3) 551 - 531,74 - 531,73 + 4—3231,1 —55 2 2—-35, 21451111

+S1,2+25,211-95,103—451, 3+3S,1, 2+251,21+55,13+6511,2+S1121

35 2 1 191 41
+3S1112+ 351,1,1,1 + 551,1,1 - 1—251,1,2 - ﬂsl,z —3S12 - 2— 1—251,2,1 +45,3-45,

5 9
+2S1211— 551,4 — 552,1,1 +25111+$912+392+S21 — 252,3] +(N- —Ny»p) [652,1

173 26 2 335
+ asl,l — 351,1,1 - 551,1,1,1 ~ 5z

17
_ 351772 _

S| - %(N_ ~1)S1) +16C,Ce%((2N

7 28 8
S+ 55— 2511— 5 S+ %] 6N ~1)[S 3



9703 2263
—251, 2+3903| +(N_- =N )|365(3— 51 +125, 3-365, 2— - =S11+4%>2

288 216
101 12605

5 23 79
—1653—-2451 2 — §31,1,1 + 531’1’171 - 1—251,2 +2521+ ESZ +36S >+ 354
119

47
?53 - 145 o+ 353,1 —71311+4S
315

55 10 17
+ Esz,l - 352,1,1 -3$111+ 332,2 —2921—

2005 117 39
+ 1052,3] +(1-Ny) [ Si1{3— 551,73 + 751,72 —S121+35111—2%41

64 2
2525 55 197 11 53 13
+ msl,l +40S;1, 2 — 1—251,1,1 —3S12+ ﬁsl,z - 731,2,1 + 531,3 + 553,1,1 —-45,
2831 1 3 15 2407
- ﬁsz —37S _2+13% 2+ 552,1,1 + 552,1,1,1 - 553,1 +3S21- 1253+ K%

3 57 138305
+ 551652~ o %) +16C2Ck (N2~ AN- N +3) | S 25 - 281 213

2592
109 3379

11 49 3 b
5S4t ES-st S 221081 21+ 75812~ 58121+ 28122~ 57ES1t

19 65 43
+8S;,-31+35,1(3+125 1,3+ 351,1,72 +2S51111+ 2—45171,1 —6S111,-2— 351,1,1,1

55 71 55
—4S1112+ 1—251,1,2 —451121+2513+ ﬂsl,z +5S52 2+ 1—251,2,1 —451211+6S5 22

3 395

11 11
+ 751,3 +4S.31— =S S-71S 3 352,72 +4S 214291 2-2111

27147 B4
17 1
+ 352,1,1 +3S12— 552,2 +3521-393+4S311— 453,2} +(N_—-1) [65213 —-8% 21
57595 31 143 25 689 50
Ne N[ 22755 125732781 53— 0% 54+ 208 o1 oS+ Sy
+ ( +) 129681 S1(3 6517 375 S 2+ 3517 2.1 5451,1+ 351,1, 2
11 11 229 113 2200 31
+ 1—851,1,1 - 351,1,1,1 + %S.L,Z + 551,3 - 752 -39, 3—-125,+95 2+ 352,1
13 37 25 463
1851, >+ 352,1,1 +4S111— 352,2 - 552,3 313 -9% 2 — ﬁs\?,l +4S11+S
13 4 2105 8 109 4
Bl ST N_—Nio) 28 91— 550528 5105 20— ——S11—-Si1
> S01— 8%+ (N-—Ny2) |38 21— 51— 281 3—108 2~ -Su—2Si12
37 2 145 4 584 104 8 14
+ 351,1,1 + 551,1,1,1 - ES.L,Z - 551,3 - Esz -4 o — 752,1 + 532,1,1 - 352,2
77 14 39 29843 17 145 29
- ESS — 631+ 354] +(1-Ny) [55113 - Wsl‘F 358,—24‘ Tss’l — 351,—2,1

25 57 13 5 97 41 7417
- ?Sl,—Z - 351,1,—2 - 1—251,1,1 + 151,1,1,1 +4S5112— ﬂsl,z +4S5121 — 351,3 + ﬁsz

1 92 53 9 1
+ 552,—3 + 352,_2 - 1—252,1 +15%1 _o— 132,1,1 —3$111+55+ Zsl,l +38%+ 8%

41 9 92 25 31 >/1 5
+ S0+ 550+ 5 51— 2811+ TS+ =S| ) +16Cen?(Z(1-N) |25 - S

6
1 1. 5 , 2 371
SN2 = AN_ — Ny +3) [ S+ 2811 St ) + 126G 20 (N- = N.)[$S12 - S oS
35 1 1 1057 16 8 1 2 181 2
- Esl’_z - 551,1 — 551,1,14‘ ﬁsz + 332,—2 - 552,1 + 552,1,1 — §52,2+ ESB — §S3,1
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1 1 31 95 1 1
- §S4 + 48:3] + (ZN—Z —AN_ — N + 3) 251(3— 551,2,1 - 1—851,—2 + asz + ESLS + 55172
1625 4

5 2 7 83 2 7 11
_ 2% 2 _c _ o2 s, ol —Z(N_—N fg _ 2=
144 S 651,1,1,1 351,1,2 10831’1 + 3651,1,1 + 352, 2] 9( +2) [231 5 S

15137 49 107 19 5

~S12 =S|+ (1-Ny) | oo S+ TS 2= S St S g S12— 10545
1 155 .

— 53S0+ S22~ 5, S+ S+ S~ 6% ) +16C:*((2N_2—4N_ — N +3)[6S 2 2
47 7 47

- 1—651 —S,4— 551,72 +6S, 3 1—651,1 +65,1(3+451,3-65,1, 2-35,12-35,13

23 9 7
- §51,1,1 - 551,1,1,1 +2511111+S1112+3S121+ 251,2 +2512 2+25211—2S122
3 287
— 5S1a| +2(N- ~1)[6S23 — 4512+ 8Ss 2| + (N- —N3) | 55 S1— 24818a + St
111 1 9
— 125, _3+36S; 2+ ?51,1 +16S;1, 2+ Zsl,l,l + 551,2 —2521+953-4%1—-553

91 41 35
+3S311— 1—652 +85,_3—-30% 2 — Zsz,l +911-9111+2921 - §53 —$+3%1
749 141 433
- 255] +(1-Ny) [395113 - asl—i— 205, _3— 751,—2 ~ 16
19 3 57 9 37
—-30S,1,2—S112— Zsl,z + 551,2,1 - Zsl,s +21$-10S, _3+355 o — 533,1,1 + ZS4

19 9 3 11 485 27 9
+ Zsz,l + 152,1,1 + 552,1,1,1 +3%2—-3921+ 352,3 — E% + Z%,l — 551,1} > .(3.12)

17
S11+6S111— Zsl,l,l,l

Finally the three-loop gluon-gluon anomalous dimensi@use

241 15331 44
Sagt (N 2= 2N_—2N, +N,5+3) [45113 ~ g S g2
521

2 4 16 1 4 4 17 8
- 551,—3 + 551,7271 - @31,1 - 331,1,72 + 551,1,1 - 551,1,1,1 + 551,1,2 - Esl,z - 551,3

86 4 2 2 4 25 8
+ 2—752 + 552,72 - 552,1 + §52,1,1 — ész,z] +(N_+N;—-2) [175113 + 351,73 - 551,72,1

70 31 7 7 55 133 221
— 351,1,72 + %51,1,1 — 551,1,171 + §51,1,2 — 351,3] +(N_—N,) [1—851,2 — 751,72

2
Vélg) (N) = 16CACeny <

673 4948 49 119
- asl,l + WSL - @SZ —12503-4S, 3+ 17 o+ ?Sz,l +1651 2+ 641
7 251 10 29
- 632’1’1 +2$111-2912— S92+ 7S3+ ﬁss - 353,1 —311+4S2— €S4 + 855]
127 511 97 103
8N~ 1)Ss 2+ (N —Ny2) [ o So— 281681 2 15811 — 3812+ 251~ o
8 16 2 1807 604 5311 52 1667
- 3% g %1 3% + (LN | 558t 2GS et eSS oS
68 53 7 19 67 9 33 6923
~ S 2 S g1t St % S+ o %~ 2055 + o 2510
521

2 44 4 16 1 4 4 8
+ 551,—3 + 351,_2 - 551,—2,1 +—=S1+ 351,1,—2 - 551,1,1 + 551,1,1,1 - §Sl,1,2 + 551,3

108
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17 86_ 4 2. 2 4 L1 65
+ 535172 - 2—752 — 552772 + 552,1 - §52,171 + §Sg,2> + 16CAN; <7—2(1_ N, S — E251
29 59

13 13 1
—S11— ===+ (N_2—2N_ —-2N; +N - — ——(N_—N
+ 58— e (N F N2+ 3) [ o8- S~ 5 (N~ N)[S

288
47 19 13 233
—291+ 53] +(N-+N;-2) [@351 — 2—1651’1} - Q(N— - N+2)Sz> +16CA°n; <2—88
1204 2 19 11
HSL — 4503 — 551,—3 + 351,—2 +2511,-2+ 351,2

2 205 71 2 11 305 1405
- 5517—2,1 + ﬁ&ﬁ - 2—752 - 552,72 + 35271] +(N-+N4 —2) [—51,72 —— 5

18 648
2441 109

31 4 4 25
88103~ £ S at 5521+ S oS+ 98 2+ Sz + LoSia] + (N N[5

59 71 2 3 64 5
+6903+3% 3-SR 2- 52176212322 5%3 - 5SS +5% 2+ 551

3 2 2243 31 2 6815
~28 -S|+ (N-—Ni2) [$S 2 Top 2+ 5 B 5% +(1-No) [T 9+ S
8 473 25 31 10 1 5443
S e A4S 2 St S S| — 5 S Sa- o 81+ 25
2 37 2
+ 551,—3 - 351,—2 + ésl,—Z,l -

+(N_p—2N_ —2N++N+2+3)[

S

25
t3>22 3 324
205

13 2 151
2811 2 oS58 5 ot o
10851’1 S11-2 9 S!I_,2+3 22+ =4
13, 10. 1 5 73091
—352’1—353—553,1) +16C, <(N_2—2N_—2N++N+2+3) [msl—lasl,_él

413

2 _
10851’1 +245,1 3

67 55
+11S51, 2—1651 21+8513— 351,2 +8S12 248522+ 351,3 +85131—8S14
3
27

~1053+8S11 — 82| + (N~ +N; —2)[ 145 21—

2
S+ ész,—z
88 85
+ 351,—3 +165 31+ Esl,—Z +4S, 2 2—115 _51+4S 27—

11 67 22
S$S-14S5 _3— 352,72 +8S, 21— 352,1 +4S1, 2 +85 12+ 352,2 +8S1

713 26 61
@51 - 351,—3 - 351,—2

80 109 473
S 14811 2~ g Sa+ 481+ (N- Ny [512% ~ 125 3+5% - 2%

23 665 34
—8%21 2+ 552~ 1083+ =S — 208 2+ - S — 1652 — 215 — 2651

9533 77 44 1517
+(N_—N,>2) [882,_3 -5 332,—2 —8% 21-851 2 352,2 - ﬁ% - 8%

108
121 8533 103 1579

+8% 2~ —o-So1+ 4502+ 445+ 1681 + (1-Ny) [ o9+ 59 2+ 5%

109 28 71
-89 _3+85 21+ 752,1 +8%1, 2+ 352,2 —43,+8% 2+ 353,1 — 1651+ 365

08 29 67 67 413
B 354 _ 3_2 14S 5 — 8&471 =+ 3&3 — 4&37,2 — 2&372 — 4&2,73 - 351,2 + @Sl,l
523

11 16619 22
Esl,—z +115, 21— 352,2

88
- 35—2,—2 +4S 5 _21+4S 21 _o— Wsl - ES_L,—S -
781 11 67 11
-4 3+ 352,—2 +4S 21— 352,1 +451 2+ €S3,1

33
1153 2>— 751,3 + =7
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67 4
o S~ 4% 2~ 252~ BS1+455 ) +16Cen? (N2~ 2N —2N. +N;2+3) |55t

77 16 2 7 1 11 2 16
- ﬁsl + 2—751,1 - 551,1,1} + §(N_ +N;—2) [51,2 - 551,1,1} —— +=S111— 2—751,1

144 9
211 139

77 4 1 11
+ 55— gSte+5(N-—Ny) [Esl— Tgot 3221t 2%2 - 2%+ S

5 11 2 4 64 58 1
+5%] —(N-—N12)[25 - Sa+ 5-%+ 5921~ 5 %) + (1-N2) [ 1S+ >-S11+ 55
10 1 , /4 5 1
— 3%+ 5%1] ) + 167N (SN2 —2N_ = 2N, +N.2+3) | 7S12+ 5513~ Siaa
31 11 25
~ 813+ 2511 2+ 551+ Siia1 — 155~ Suae| + (N-+N; —2)[ 513 - 9810

16 67 23 7 7 32
— 351,73 + 351,72 — 1—251,1,1 + 551,1,171 - 551,1,2 + 351,1,72] +(N_—Ny) [254,1 -2S

_ 72_74351 - 25171 + 1?6352 +6S(3+4S 33— 33232,—2 — 252,1 8312+ 252,1,1 +2312
25111~ 1?18272 —3%3— 2?353 —4S1+S311+ 1—6354+ 177512} +(N-—Ny2) [%2511
+ %351 —3S12— gsz + 252,2 - gsz,l + 252,1,1 - gsz,2+ 1—3453 - 254] +(1-Ny) [454

_ %le?l —8S12+ 2—3052 +8% 2+ %&,1 +S11-3%2— 21—12553 —S1+ %151}
+8(N_—1)S3_2— 1i6 + 1—351 + 251,3 - %51,1 - 251,1,2 + 251,1,1 - %151,1,171 + 251,1,2
_ 25172 _ gsls> ‘ (3.13)

Egs. (3.10) — (3.13) represent new results of this articith thie only exception of th@Aan part
of Eg. (3.13) which has been obtained by Bennett and GracBgin[61]. Our results agree with
the even momentd = 2,...,12 computed before [25, 26] using thaMECER program [41, 42].

The results (3.5) — (3.13) are assembled, after insert@@@D value€ = 4/3 andC, =3
for the colour factors, in Figs. 1 and 2 for four active flawand a typical valuas = 0.2 for the
strong coupling constant. The NNLO corrections are masksatialler than the NLO contributions
under these circumstances. Rt> 2 they amount to less than 2% and 1% for the large diagonal
quantitiesyqq andygyg, respectively, while for the much smaller off-diagonal araous dimensions
Yqg @andygq Values of up to 6% and 4% are reached. The relative NNLO cioorecare very large
atN > 2 for yps, which is however completely negligible in this regionhbf

. . . N .
For N — o the off-diagonah-loop anomalous dimensions vanish IlheInZ”‘ZN, while the
diagonal quantities behave as [62]

Vaa D (N) = Aﬁ(lnN+ve)—Bﬁ‘—C€‘mWN+O(%) , (3.14)

whereye is the Euler-Mascheroni constant. The leading laxgesefficientsAd of Yqq have been

12
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Figure 1: The perturbative expansion of the diagonal anousatlimensiongqq(N) andygg(N)
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Figure 2: As Fig. 1, but for the off-diagonal anomalous disiensyqg(N) andygq(N).
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specified up ton = 3 in Eq. (3.11) of Ref. [38]. As expected, the constafisire related to those
results by

M= Sapg (3.15)
Cr
The coefficient< in Eq. (3.14) can be expressed in terms of Alléoy
C} =0, CJ =4CaA] = (A})?, CJ = 8CaA) =2ATAT. (3.16)

This result is completely analogous to the corresponditagiom forCyl in Eq. (3.12) of Ref. [38].
Finally the N-independent contributiorBf can be read off directly from th&(1 — x) terms in
Egs. (4.6), (4.10) and (4.15) below.

4 Resultsin x-space

The N'LO singlet splitting function@ég)(x) in

Pap (05, X) = ZO (Z—;) nHP;fQ)(X) (4.1)

are obtained from thhl-space results of the previous section by an inverse MeHimsformation
which expresses these functions in terms of harmonic pg#yithms [63, 64, 65]. This trans-
formation can be performed by a completely algebraic proe{0, 65] based on the fact that
harmonic sums occur as coefficients of the Taylor expandibamnonic polylogarithms.

Our notation for the harmonic polylogarithri,  m,(X), mj = 0,+1 follows Ref. [65] to
which the reader is referred for a detailed discussion. Bomteteness, we recall the basic defini-
tions: The lowest-weightf = 1) functionsHny(x) are given by

Ho(X) = Inx, Hi1(X) = FIn(1FX) . (4.2)

The higher-weightW > 2) functions are recursively defined as

1 .
mlnwx, if m,....m,=0,...,0
Hml,...,mN(X) = X (4.3)
dz tv, (2) Hmy,...my(2) , else
0
with 1 1
For chains of indices zero we again employ the abbreviatéatina
Ho,...,0,+1,0,...,0,+1,..(X) = Himy1), +(nt1),...(X) - (4.5)
N—— N——

m n

14



Corresponding to the maximal weigHt-21 of the harmonic sums in section 3, thiwop splitting
functions involve harmonic polylogarithms up to weight-2. Hence our three-loop results cannot
be expressed in terms of standard polylogarithms whichudfieigntly general only fow < 3.

For completeness we recall the one- and two-loop non-disgl#ting functions [3, 8]
(x) =0
(X) = 2n¢ pag(X)
Pig () = 2Cr pgg(X
(

X) = CA<4pgg(x) + %15(1— x)) - gnf 5(1—x) (4.6)

and

P (x) = 4Can<%))—];—2+6X—4H0+X2EH0—%6] +(1+%) [5Ho—2H070]) (4.7)

201 44 21
ché) (X) — 4CAnf <§)—( - 2+ 25X— 2pqg(—X)H_1’0 — 2pqg(X)H]_,l + X2 [3 HO - T

+4(1-x) [Ho,o —2Ho + XHl} —4ox—6Ho o+ 9Ho) +4Ceng <2I0qg(X) [Hl,o +Hy1+H>

—Zz} +4x2 |:HO+ Ho,o + g} +2(1-x) [Ho+ Hoo —2xH1 + ?] - 1—25 —Hoo— %Ho) (4.8)

1 11 8, 44
Pi'(X) = 4CuCr (5 +2pga(X) |Hio+Hua+Hz— =Hi| -3 | ZHo—

37 2
—THo+2Ho0 — 2Hix+ (1+X) | 2Hoo — 5Ho + 3] — 2pgg(—X)H-10) —4Cemy <§x
2. 10

~Pgq(X) [§H1 - 3} ) + 4CF2<pgq(X) {3H1 - 2H1,1] + (14x) [Hop — ; + ;HO} —3Hoyo

+1-— gHQ—FZHlX) (4.9)

]+4Zz—2

. 10 13/1 2 2
Pig' () = 4Can; (1—x—5Pog0) — (5 —>¢) = 5(L+X)Ho— 58(1—x) ) +4C2(27
671

HL42)[ S Ho+8Hoo — 5| + 200g(—X)[Hoo —2H 10— 2] o (%) 12+

44 , 67 8
— 2 %@Ho+2pgg(x) [E — o+ Ho7o+2H17o+2H2] +8(1—x) [5 +313D +4Cen, <2H0
21 10,

1
+55+ 512+ (14 [4—5H0—2Ho,o} —56(1—x)) . (4.10)

Here and in Eqs. (4.12) — (4.15) we suppress the argurneiithe polylogarithms and use
Pag(X) = 1—2x+2x°
Pga(X) = 2 1-2+4x
Pgg®) = (L—x)text-24x—x2. (4.11)
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Divergences fox — 1 are understood in the sensejedistributions.

The third-order pure-singlet contribution to the quarladusplitting function (2.4), corre-
sponding to the anomalous dimension (3.10), is given by

41 13 14 1
Poe (x) = 16CACF”f<§(_+X2){3H 10— gHo+ 5H-102—H-1-10—2H 100

2.1 9 6761 571 10 1
_H—l,Z] +§(; —X )|: 12+H21+913+ 4H10 216 ﬁHl §H2+H112— éHll

182 158 397 13
—3H1,o,o+2H1,1,0+2H1,1,1} + (1—X)[ Hy+ + —zHoo— —+H-20+3Ho000
9 3 36 2
13 1 1 9
+€H1,o+ 3XH10+H-30+H20+2H > _1 o+3H—2 0,0+ EHO ol2 + §H112 - ZHl,o,o
3 7 91 71 113 826
—ZH1,1+H1,1,0+H1,171} +(1+X)[ H012+ Zs+ 18H2+ 2H3+ 1—812—§H0
5 16 31 17 117 5
+§H2,o+ ?H_1’0+ 6XH_10+ gHo,o,o gHz 1+ —Zz +9Ho (3 + 2H 102+2H10
1 7 1
+§H71,o,o —2H_12+H2(o— éHz,o,o +H 1 10+2H211+H31— §H4] +5H_20+H21
1 5 32 29 235 511 97 33
+Hoooo——12 +4H—30+4H013—§H00 1—2Ho 121 5—1—2H1 ZHz—Hs
11 3 2 ,183 243 511 97 4
——H012——13——H20—10H000+3X [4Hoo—THo +10¢, + §H1—§H2
2 2
—4(3—Hol{2+H3z+Hz0— 6H—2,o]) +16Cng < Ho—2—-Hx+{o+ X {Hz —(2+3

27 3

19 2.1 5 2 1 7 35 185
—“Ho| 4+ =(= =X |H11+ =Hi+=| +(1— Hy1— =Hq +xH Ho+ —
5 o] + 55 ) [t 3H1+ 5|+ (1= [gHua = g+ oMo+

1 4 4 29 85
+3(1+%) [éHz— —Zz+13+H21—2H3+2H012+€Ho,o+|'|o,o,o]) +16C¢ nf<12H1
25 583 101 73 73
—ZHoo—Hooo%-ﬁHo = —Zz —H2+H3—5H20—H21—H012+X [12
85 22 109 13 28 16 16 4
—oH1— S Hoo— 5 — SHo+ Sl — GHa— ZH Hg -+ 4H Hoq— =
151~ 3z Hoo—— 54 Zz g M2 012+3 3+ 20+3 21 Zs
22 4 1 23 523 55 1
+§Hooo]+3(x X)[le o—lTAHl—?:Zs 1—6+2H100+H11—H110—H111]
1 7 2743 53 251 5 8
+(1—X)[2H100+12H11— =5 Ho—35Ho0— 12"'1——12 ZH2—§H10+3xH10
1669 5
+3Hglp, —3Hz —H1 10— H1,1,1] +(1+Xx) [m + 2Hooo—|—4H21—|—7H20+10X13— —Zz

—7HoC3+ 6Ho,0{2 — 4Ho,0,0,0 + H2,00 —2H2 10— 2Hp 1.1 —4H30—H31 — 6H4} ) . (412)

Due to Egs. (3.11) and (3.12) the three-loop gluon-quarkcuraatk-gluon splitting functions read

39 15 9
PO%)(X) = 16CCg 1y <pqg(X) {—les —4Hp11+ 3H2 00— ZHl 2+ ZHl 10+ 3H210

173 551 , 49 3 1

+H013—2H211+4H212—EHob—ﬁHooJr 13—12 —ZH2—§H1000—§H100
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385 31 113 49 5 79 173 1259 2833
I A T S T R L VAL R PRI

+6H21+3Hy 20+ 9H1 02 +6H11{>+H1100+3H11,10 —4H1111—3H1 12— 6H121
49 17 5 5 9 5 3
—6H1 3+ le] + Pgg(—X) [?H—le — EH—l,—l,O — EH—l,Z — EH—l,O + EH_z,o + éH—l,0,0
—2H31—2H4—6H_22+6H_» _10—6H_200+2Ho0l2+9H _2{>+3H_1 _20—2H_171
11
—6H_1 1 _10+6H_1_100+6H_1_12+9H_ 10> —9H_1 _1{o—2H_120— <H-1000

2
55 23 4 1 2)[2 371 23

1
—6H7173] + (; —x°) [1—2 — 403+ §H1,o - §H1,1,o} + ()—( +X §H1,o,o - 1—08H1 + §H1,1

2 5 16
—§H1,1,1] +(1—x) [6H2,1,o +3H2 11— f_SHl’l’l — TH2.00—2H1 2 +39Ho(3 — 4H2(» — 313
154 899 121

607 5 65 29 13
H 2 0l + S Ho 04 —2m00% + —tHy — 2Hilo+ —H1 00— —H1o— —oH
+H110+ 3 ol2+ 5g Moot 10 7+ 36 1275 1(o+ 5 Moo~ HHL0— 7gH1

1189 67 949 67 142 215 3989
—mHl - §H2,1 —29H0— §Zz - EHo,o,o— ?H3+ 3 KHO—FZH—S,O]

+(1+X) [H—l,o,o —10H_2{> +6H_200+2Ho0{2 —9H_1 10— 7H_12—9H 50— 2H3,

37 5
—4H_5 _10—4Hs—4Hz0—4Hpp00+ H-10+ 5(1+X) Hflzz] —4H_5 00+ 2Hg 02

2 2

+H202 —3H1,1,0+2Ho000+H-30—9H210— gHZ,l,l t3 Hi11+ 1—29H2,o,o + ng,z
—%lH013 +8H_ 20>+ ng,l,O + ng,z + ng,o + 379|'|2,0 - 41—723H012 - %)’Hop
—21—12713 - 57?122 - %Hz - 173'"112 - %Hl,O,O + 12—647H1,0 + %Hl,l + 112—%3H1+ 11£25H2,1
+77:3H2,0 + %)Zz + 8745"'0,0,0 + 41—225H3 + 716—;23+ %ggHo —2X|XH22+4Hz 0 — 4H—2,2] )
+16CAnf2<% Pqg(X) [Hl,Z —Hila—Hi00—H110—Hi11— %Ho + gHo,o + 1?1] + X[%Hz
—i—gHo+ %Ho,o — {3+ %12 - % + %pqg(_X)H—l,O,O - 15—:2()—1( —x°) — g(l— X) [6Ho,o,o
—gXHl —Hoo+ ;XHl,l] + gX(1+X)H—1,o + ;Ho - ng +Hooo0+ ng,l + gH—l,O
—28—156> 16CA2n (pqg(X) [3H1,3 + 3ElHl,o,o - 1?7H2,1 + 2122 - i—gHm,o + %Hs - 3?1H113
—%Hz,o - B—E;Q)Hl,o - i—:ngl,Z - %513+ ;—in - %?HO‘F %67_ 2—23H1,o7o+ 3Hs—Hi11
+%),H1,1 - %H—z,o - glz - ;lez —3Ho0l2— %HOZZ + ;—(EHl + ng,o,o,o + % 0.0

+H111—2Hz00—3H1,-20—5H1,0{2+3Ho00—H11{2 —H1100—-4H1110+2H1111

—2H112— 2H1,2,o} + Pgg(—X) [H—l,—lzz —2H_12—-6H_1 _10+H111+2H 20> —H 200
727 5 3

+% H 10-H_1{o—2H 55— éHflzs —H_1 20+2H_1 100+2H 1 12— éHfl,O,O,O
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1 2 32 4 10
+6H 1-1-10-2H 13+ 2|'Ll7271} + ()—( —x) [—Hz,l + 312 —2H100+ zH110— < H11

3 3 9
8 3 161 23517 2.1 26 28
—-H_ 100+ 5H10+6{3+ —zH1 ] 5 x) [—Hfl,o— —Ho—2H_; 10

3 2 36 1~ 108) T3'x 3 9
10 65 11

—2H_12+H1{o+H 1+ §H2 + H1,1,1] +(1-Xx) [15Ho,o,o,o —5SH (o — €Z3 + €H1,1,1

3 5 31 17 551, 29 113 1869
—5Ha+SHoolz +Hi10— & Hz2o+ 5H10— 2—012 —z Hioo——Ha+—5 ]Ho

2243 265 33 31 23 497 29 143
+ﬁ + ?H—1,070‘|‘ ?HZ,O,O—F 19H; 1 + 1—2H1,1‘|‘ 7H—2,0 - ¥Z2 + nglz - ﬁHs

11 19 1223 43 301

CTTHi1— coHole + oM — Hooo - o ] 1 [SH _4H_
5 H111— 5H02 +—5-H1— =Hoo0 — —="Hoo +(1+X) [8Hz1,0 12

35 1 15
+7H_ 1 10— €H1,1,1 —5H_2{> —11H 500+ §H71,0 + EHflzz +8H31—10H 2 19

+5H(o +4Hp 11 —H_30+36H(3 — 5H212] +2H_12+6H_1 _10—-6H210—3H211

—11Hy0,00—5H31+ 2745H1,1,1 + 1;H_212 + 2;H—z,o,o + 1§1H—3,0 + 1—23H212 — 1ZYHl,o,o
+13H 2 10— i—ZHl,l,l - §H4 — %Ho,ob +Hio+ 1—21H1,1,0 + Z—gHz,o + 6§7H1,0 + %63122
+ 1;913 + 92647H2 - 31025H1,0 —24Ho(3+H-1(2— 13;275H0 - 1213:9— 38H_100— 2?1H2,1
—?Hz,o,o — 22—147H1,1 — ;H—z,o + ;—212 + ngzz + i—;Hl,l,l + %Holz + %Hl +3Ho00
+%3 Ha + %??’HQO) +16Cen;2 (gHo,o,o + %Hl - % + 12—623 Ho + 2—74H070 +2Ho000
—ng,l — gHz — %Hl,o + glz + e—lqug(x) [HZ,l + 971 — 3§5Ho — 2§2Ho,o +H111+6Ho000
—{3—2H100+ ng] + ;—1()—1( —X%) +(1-x) [%Hl - 24—3623— 4Ho,000— 1§6Ho,o,o + gXHl,l
—i—gXHz + gXHLo — gxlz] —(1+X) [324—17:H0 + 11—023Ho,0]) + 16Cg2ny <pqg(X) [7H1,3 +7Ha

5
—2H_30—7H1{3+5H22+6H30+6H31+H210+4H200+3H21+2Ho 11+ éHz,o
61

61 87 11 61 17 5 5 19

+t3 Ho — §12 + §H1 +5H2+ §H1,1 + 5 Hio— 7Ho0l2 + >H100+ 5H110— 313
81 11 11 7 15 87 11,

t35 T 5 Hs— 5 Hole — 5H1le + —-Hooo+ 5-Ho+ £¢2" +3H111 — SH2(2 — 7Hols

+11Hg0—2Hy 20— 7H1 002 +3H1000—5H11{2+4H1100+H1110+2H1111+5H112

1 5
+6H120+6H121| +4pgg(—X) |Ho000—H-20+H_-1_10—H-200+=H-1-20—5H-10

2 8
5 1 1 1
—ZHfl,o,o — éHfs,o + éHflzz +H_1_100— ZHfl,o,o,o} +2(1-x) [Hz,l,o —Hz00—H22
43 49 13
—Ha1 —2Hg0—2H_10p+H12 — H100— Hi10+Halo — 32° + §H2 + §12 + §H1,1
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and

33 5 7 21 479 1 1 1 1 3
—1—6H1 +5H0+ EHO,OZZ + ZZs+ 61 SH111—SHs+ ZH21 + SH200 + 5H012
1 7 19 239 405
“Hols — ~Ha+H1ls — —Hoo0— SH ——H] 1 [H, 1o-H_
+5 o3 sHa+ e 5> Hooo— 7 Hoo— 25 Ho| + 8(1+x)|H_1-10 1,0,0
3 9 1
—Ho 000+ ZHfz,o - ZHfLO —4H_1 _10+5Hp000+5H-100—13H 20+ éHfl,O
113 71 35 11 33 7 7 5
AXH 00— ——Hy — =0 — Z2Hy — ="y 0 — “Hyq — ~Hyo— ~Hoolz — —H
+H 200 —5-H2— (2 7 M Hiz— gHi —SH10—5 0,0(2 5H100
5 5 157 9 9 5 1 1 5
—§H1,1,o — 513 64 ZHl’l’l — ZH3 — ZHZ’l — §H2,1,1 + ZHOZZ+ Holo + EH013
9., 7 7 49 391 401
202+ sHa+ =Hilo+ —Hono+ ——Hoo+ ——Ho—Ha00— Ha10+Hoz +H
+552 + > 4+ > 1{o+ 7] 0,00+ 16 0,0+ 16 Ho—Hz200 210+H22+H31
1
+2H30+6H_10+ §H2,o +2H 20 + 4H72,71,0) (4.13)
2 125 131 125
PiZ (x) = 16CACey <§x2 [FHl — 4 +32—H_10-3Hz+ Hi1+ —"Ho—Hoo
5 967 251 39 2 1 4
+6 Pgq(X) [Hl,z +Ho1+ @Jr %Hl - EHl,l —3(3— gHolz - nglz - §H1,0 +Hi10
2 2 2 7 41 151 1
~H H “H ] < Dua(— [2H, L+ 5H 10— T Ho+ =H
cHio0+Hi11+ gHa0| + 3pgq( X) 1{o + 412+ 1510~ =5 Hot 5H20
5 2 179
+§H2 +2H-1-10—H-100— H—1,2} + 5(1 —X) [H_z,o + 23— Hs} +(1+x) [ﬁng
5 25 5 167 1 4 193 1 1
2o+ H 10— ~Hi1— 2 Hoo— =Ha1— —Hola| — =2 4 “Hi+ =H_10+ 4H
+912+ g H-10—3gH11— - Hoo—gH21 — 3 012] =5 TzH1+ 5 1,0 +4Hy
1 227 35 2 10 2 11
_ZHl’l + EHO - 1—2Ho,0 —Hz1— §H012 + EH_z,o +3(3+2H3 + §Ho,o,o + X[ZZZ
523 19 271, 5 o/ o[7 173 2 26
T~ 362 1ogHo gHuo] ) +16CaCE (|5 + i e~ gHiaa— GHu
335 28 8 3 163 27
“BHp+2Hp 1+ 600+ 2 Ho— “oHo o — oH ] [—H =22 g4 2t
2+ 2H2 1+ 602+ £, Ho— g Hoo— zHooo| + Pgq(X) > 1(3+ 2 {2+ 7 (3
6503 2 35 9 41
22 o1+ SH11+ Hp 11 +4Hp + a1+ 4Hy 00+ 2Ha00 — Halo + —Hy o+ H
+ 137 1+ 9 1,1+ 3 1,11 +4R2+ > 21+4M100+2M200 202+ 12 1,2+H22
191 3 59 5
+og Hio0+3H20—2H211— EH—llz — 1—2H112 +5H1 _20+H10l2+ éHl,O,O,O —2H11(

1
+1—2H1,1,o +5H1100—-3H1110-4H1111—H112—-2H121+ H2,1,o} + Pgq(—X) [H—l,o

3 27 11 3
+H_1002 + inl,o,o + EZzz —3H_1 10— 7H7113 —3H_1 20— éHfl,O,O,O —3H_12

+5H_1 1{o—4H_1 _100—2H_1 12+6H_1 1 10+ 2H71,2,1} +(1-x) [szz —Hap

23 7061 463 38 4433 21

PHi0— S o — 22 00— SPHo 00— Ho30— 2H30 — —oooHy — 2Hp 00— - H

+ oML~ a5 Ho— 7, Hoo— = Hooo 3,0 80~ 43511 200~ - H1o0
2 7 23 49 55 1 1159

—6122 — §H1,2+ Elez - 4H013] +(1+Xx) [K Hz—H_ 20— gHoQ — §H3,1 TS (2
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655 151 185 1 95 29 171
+576_ 5 (3— 18H11+6H111_3H2+€H21_TH 10— 12H 100+ 7H-1(2

5 3 179 204

+16H_1 10+ §Hz,o+ §H2,1,1+4Ho,o,o,o —35H_20— —Ho 144JH o— —Ho,0
13 13 15 2005 157 129

—2H30— —Hol(o—13H 30— —H31+ —H3z— ﬁ —12 8(3+ l|‘|1+ 12H11

2 2 7 2
3 1 27 11 3 5
+2H2+2H21+ 4H 10—§H100—8H200—412 +2H12—H22+ H1{2+8H_1_10
3
+4Hp 0+ zH2 11 —H_1{0+ 7TH2{o+6H_2{2+12H_5 10— 6H_200+ X[3H1 1,1 —Hool2

2
9 35 5 2 2105 77
+§H_1oo— §H10+2H4+3H110+H_12D +16Cx CF< [3H112— a1 EHOO

14 2 14 104 4 37
—6H3+ Zs—lOH 10—§H20—§H 112—§Hooo TH2_§H100+ 9H11

4 104 8 145 4 2 109 8
+3H 1, 10——12——H21 EH10+3H 12+3H111_WH1+3H 1,0,0 + 6Hol2

584 7 138305 1 13 11
+4H 20+ EHO} + Pgq(X) [—H113+ sHoo+—H_1{0+2H2 11+ —H10p0

2502 3 ' 4 ]
43 109 17 71 11 21 3
+4H31—€H111 —Zz —Ho1— 24H10—€H 20——(3+EH1000—H1 20

395 55 55
+HH0—2H1052—H1112—1—2H110+2H1100+4H1110+2H1111+4H112—1—2H12

23
+6H120+4H1 2 1+4H13+3H2 1,0 +3H 2} + Pgg(—X) [—H,

2
109 1 65 19
+EH 10+H013+ Zz + - H112+2H212—QH11—7H 1,-1,0—4Hz0—3H200

3 3379 49 11
—7H72,o,0—§|‘|71,2+ 216H1_4H 22—€H 100_?H 1,000~ 13H 1 1{» —8H_13
—6H_1_1-10+12H_1_100+10H 1 _12+10H_10l2+5H_1, 20—2H 120—2H 121
11 41699 3 128 5
+€H012]+(1— )[ —3H_5 10— ;H- 212——12—4H30+ Zs——H 2,0,0
97 10 245

2592 2 2
29
—TH1(o + 12H100+ 3 H_ 100+ EHs—SHoooo} +(1+x) [4H31—H2,1,1+€H71,2

17 31 1 61 13 46
+6H 20—12H20—1—2H21+2H200—H212+36H10 4H013—§H 112—§H 1,-10

25 93 55 71 49 13 ] 6131 31

1(3+5H_2(>+2H_5 19

+ Hat+ - Hol2 — o-H1a — 7oHa + 7 oHoo — —-H 0012——12 + ocar— 5 H-202

4 9 18 18 2 2592 2
9 53 1

9 7
—15H—2—10+§H—100—3H211—ZH21+§H 2o—§H 200—5H20—5H111—8H013
29 412 928 1
——Zz + 6H 12—H_10+8H_ 22+25H012+?H1+7H0+4H4 65Hs — 38Hg o
1 27 1 3 1 1
—9H—30—§H000+X[2H 1o—§Hoooo+4Hoolz+2H 30—14Hooo+12H111
1 7 749 135 97 43 85 13

B Ho+ —Hi+ =274 -+ SHil2— —H1le— 3
Zz 212+72 o+ =2 1+ 13+24 10#L 102 15 1(2 3 Hi00
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53 39 13 7 ,
+pHe 7 HL — 2+ = Ho1 10+ 7H200—4H110 - 4H172} ) + 16Ckny <— ~ 9%
4 11 7

+§x_ (_13le + %pgq(x) [Hl,l _ ngb +16C2n, <§x2 [Ho,o ~gHo— 5+ H_1,o]
1625 3

+%pgq(x) [Hl,Z —Hi0—Hi1l2+9(3+ Elg_zHl,H‘ 2H 50— 3_76H1+ 2Holp — e n QHLO,O
+2H110 - ng,l,l] + %pgq(—x) [g—gHo —(2— H_1,o} + %(2 —X) [ﬁHo,o,o,o —Hz— %1
_1_23(3 —4H-20—Hz0- %HLO - %HZ,l +2Ho 00— %%Ho,o} +(1+x) [HOZZ — %Ho
+SH2 — i—:H_l,O — 1%112} — 2—(7)H0+ i—glz — %Hl,l + ZXHl,l — éHl — i—;le + i—gH_LO
+%4(1)1+ HoCz2 = Hooo+ %HQO B %H170> + 16CF3<pgq(X) [3H1,1Z2 +3H1 + ;Zz

21— 8HiZs— 6H1 20— 2H10la+3H110— 3H1100— Hi110+2Hi 111 — 3Hi1s

8
3 a7 47

9 15
—2H120—2H121— §H1,1,1 - §H1,o,o 16~ 1_6H1 - 713} + Pgq(—X) [2H71,72,0

7 16 7

—Hio— — - 6H_100— zH-10+4H_1_100—2H_100>

4 5 2

—H71,0,07O] +(1-x) [9H1,0,0 +Hz11—10H (> +3Hol3 + H22 — H2l2 +Ho 0+ 5H2,0,0
211

49 1 1
—4H3+Hz21.1+ 3Ho 02+ 3Hz 1 —3Ha + g1t %122} +(1+X) [1153 +4H11+7H10

91
+-—Ho+36H_10+8H_100—14H_1 10— 7H_1{> +2H1 2+ 4Hol(o —H21+2H_ 500

16
11 13 9 9_, 287 11
+5H_20+ §H2 - 2Ho,o,o,o] —2H_3-10-H-1(2— ZZz + ZHl,O + E)Zz tg5 T 1—6H1
19 35

+4H 100+ 16H 30 —4H 2(2—8H_2 10— 5Hx(2+ ZHz +Hoo— 5 Ho,0 +9Hol3

3 158 7 3 5 175 19
25H 50+ 6H_ 2220, — LH1Z + 4Hy 4 — 2H 00— =2 Haq a2
+ 20+ 200+ ZX[ 3 (2 3 1(2+4H11 5 111+ 5H100— 55 +Hsz1+ 3 (3

3 1 5 7
+2H20—14Hy+Ho ol —H_10—Ha— =H21+ =H211+3H200— —Hz—H12— éHOZZ

2 3 6
2 29 185H0’0])

_|-| __H _
+3 11,0 6 0,0,0 3

Finally the Mellin inversion of Eq. (3.13) yields the NNLOuwgn-gluon splitting function

+6H_1 _10+3H_1{>+

(4.14)

4 97 8 2 103 16

Pg(é) (X) = 16CACr1g <X2 {5 Ho+3H10— 1—2H1 + éH_z,o - éHolz + EHO - 312 +2H3

127 511 557 4.1 17 43
“BH_10+2Ha0+ = Hoo — o 20— 22|+ (2 =) | 2o H10— —oH

10+2H20+ g Hoo 12} + pgg(X)[ (3 24} + 3(x )[24 10— 7gHo
521 6923 1 1 175
—mHl ~ 3 §H2,1 +2H1{2+Hol2 —2H100+ 1—2H1,1 —Hi10- H1,1,1] - EHZ
53 49 185 511 1

+6H_10+8Hol{z—6H_20— gHoQ — ?HO + TZz to éHz,o —3H1,0—4Ho 00,0
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—%Ho,o + 4—2313 —Hz1+ i—ZHl — 43"~ gHs —8H_30+ 3—23H07o,0 + g()—l( +X°) [%Hz —Hzp
+1§1H_1,o +H 20+ 1—6912 +203—H-1{2—4H 1 10— %H—l,o,o - H—1,2] +(1-x) [9H112
+12Hp 0,00 — i—gg+ %1H012 - ng,o - 83i67|‘|1 —9Hol3+16H 2 _10—4H _200+8H 20
—ng,0,0‘F ZHl,l —Hi10— H1,1,1] +(1+x) [%Hz,o - 9—35H1,0 - %Hz + %]Ho

—TH 20+ 3%ZHO,O + 1—69H3 - %%112 - %),13 - 3—:Ho,o,o + 1€7H2,1 - 1—2122 +13H_12
+18H_1 1 0—Hz1—6Hs —4H_1 5+ 6Ho ol +8H2{2 — 7TH2 00— 2Hp 10— 2Hz 11 — 4H3p
—9H—1,o,o] - %6(1 — x)) +16C,n;2 (;—ZHO — 2—14xH0 - %pgg(x) + é_j()_l( —x?) E - Hl]
H(1-x) [%Hl - % + §(1+x) [Zz+ %‘HO . %HQO— Hz] + 22—;6(1—x))

+16C, 7y <X2 [13 + 13112 + 1§1Ho,o - gHs + gHoQ + %Ho - 2H—2,o} + %pgg(x) [1—.;)12
—%} —8(3—2H 20— %Ho - %Ho,o - 2—30H1,o —Hio0— 2—30H2 - Hs] + 1—90pgg(—><) [Zz
+2H-10+ %HOZZ - |‘|o,0] + %()—1( —x°) {Hs —Hol2 — 1—;H2 + 514—(;:33— 3H1{2+ 2?%5H1
—%Hl,o + H1,o,o} + ()—1( +%%) [%Ho — glz + %H—llz —(3+2H 1 10— gH—l,O,O
—%7H—1,0+ %H—l.z] +(1-x) [gH—z,oJr H_30+2Ho0,0— 23—?12 - %%7— 3H_202
—6H_2 _10+3H_200— ;lez + 67LZ7H1 +Hyo+ ;{Hl,o,o} +(1+X) [%},Hz - 1?1H112
+2—2122 - 112H3 - %Ho,o + 112H012 - gHo,olz +503—TH-1_10+ %7H—1,0 + gH—l,O,O
+2H_12—3H2(2 — %Hz,o + gHzo,o + 2H4] + %Zz +7H_20+2H2+ 42—578H0 +Hool2
+2122 +4H_30—X [%Ho,o - gHoQ + ;Hs —Hoo00+ gHo,o,o + 129—14;H0 + 6H013]
510 [ 1y 2207+ 205] ) + 16047 (12 [33H 2+ 33HLo — “on Ho

—44Hy 00 — 1?10H3 — 4_34H2’O+ %512 + %?Ho} + Pgg(X) [22i45— %712 - %122 + %113

67

11 1
—4H_30+6H_2{>+4H > 10+ EHfz,o —4H 500—4H 22+ éHo — THo(3 + gHo,o

—8Ho,0(2 +4Ho 0,00 — 6H1{3 —4H1 20+ 10H; 00 — 6H1 0{2 4+ 8H1,0,0,0 + 8Hy1 1,00+ 8Hs

134 11 134 11
+ Hio+ EHI,O,O +8H120+8H13+ ?Hz —4H(> +8Hz 1+ 8Ho o+ EHs +10Hz 0
11
2

11 134
+8H2,1,0] + Pgg(—X) [512 - EHolz —4H_30+16H 2{> —12H 55— ?H—l,o + 2H525
+8H_2 _10+12H 1{3—18H 200+8H_1 20— 16H_1_1{2+24H 1 _100+16H_1_12
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+18H_10{> — 16H_1000—4H_120—16H_13—5Hol3 — 8Ho 0l2 +4Ho 0,00 + 2H30

—%712+ 6§7Ho7o+8H4] + <)—1( —x2> [%6219+ 2§2H27o— %_)Zs - 171H012 - 6§7H2 - 6§7H1,0
_i—éng - 1?1le2+ %SHLO,O} + 11()—1( +%%) [%HO - %Hs - %Zz — \%Hz,o — %H1Z2
+H1 10— %gH—LWL gH—LO,O + H—1,2] +(1-x) [g_éHl“f’ 2?7H1,o - 2?5H1,o,o —4H_39
—%%HQO - %Hop,o - 1—??Hz,o - %— 4H 50, —8H 2 10— 12H 00— ngzz
+(14X) [2?7H012 - %SH3+ 2§9H2,o+ 426T56]Ho - %)Zfr 1?1(1+X)13— %3122 - 2TlsH—l,o

—22Hy 02 — 8Holz —3H_1,_10+38H_100+ 25H_12+ 10Hz 00— 4H2{2 + 16Hz o + 26Hs

158 53 40 41 53
_THZ - inlzz] —29Ho0— §Ho7o,o +27H 20+ §H012 —20H; — 24Hp 0+ €12
601 X 79
+=o5 Ho+ 243+ 24" +27Hy — 4Hoolz2 — 16Hola — 16H 30+ 28xHo000+ 8(1—X) [ 2
2 ,r1l

1 11 67 1
—C203+ €_3Z2 + 2—4(22 + gZS - 5{5]) +16C¢ nf2<—X [—H0+ Hy — (o +2Hg o — 9] +5H2

9 6 3
1 10 1 2.1 8 77 1 1
20— = Ho—=Hoo+2+ (= —x®)[2H1 = 2H1 0= H11— | —(1=x)[ZH1 0+ =H
312 3 Ho—3Hoo+ +9(x X)[3 1 10—Hia 18} ( X)[3 10+ gH11
4 13 1 68 4 4 29
tg T €H1+XH1] +§(1+X) [gHo— 3H2+ 302+ £ Hoo— {3+ 2Holz —Hooo — 2Hs

11 4 ,r163 27 7 9
—H271 — 2H270} + mé(l — X)> + 16CF2ﬂf <§X2 [— + —Hop+ _HO,O — szo — Zz + —H170
1 41 2) [31 11 5 1

16 8 2 4
85 3
—Hz 1+ zHooo0+ =H1+H2—2H 20— 513} + §,(>_( - —Hi—— ——-Hio+zH100

2 16 16 16 4 2
215

41
—Hilo—Hi1+Hi10+Hi11+ Zs} + —(; +3°) [Hfllz +2H_1 10—H-100| +—5Hoo

3 12
20 131 205 85 11 2
—i-? Ho — 5 +3H 0+ ﬁXZ2 —3H10+H21— 1—2H1 + ZHZ +8H_20+ 22" —Hol>

107 5
+Hsz+ 6Holz +8H_30— 4xHp 0,0+ (1 —X) [—Hl — —H10—402+Holz—8H-2_10

12 6
7 7 5 33
—4H_20+4H 200 —4H100+ éHl,O,O ——Hi1+Hyi10+ H1,1,1] +(1+X) [— Ho+ —

12 4 8
99 541

3 9,
— P Ho0— 8Ha0— > "Ho — 4Hp 1 — “Hooo — 23+ = Holz — 5Hg — 4H_
4 Hoo 8H20 g 10 21— 5Hoo0 Zs+212 +5Hgl> — 5H3 102

67
—8H_1 10+ 3 H_10+4H_100+2Ho,0{2 — 2Ho,0,0,0 — 4H2{2 4+ 3H2 00+ 2H2.10

1
+2Hp 1.0+ Ha1— 2Hs| + 7:8(1— X)) . (4.15)

The largex behaviour of the gluon-gluon splitting functicﬁéé) (x) is given by
g

A
Pao-109 = oy +B§B(1L=X) + CIn(1-x) + O(1) (4.16)
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The constantsé\g andcg? have been specified in Egs. (3.15) and (3.16), respectivaiie the
coefficients ofd(1— x) are explicitin Eq. (4.15). The corresponding limit of thegh-quark and
quark-gluon splitting functions is

Pl 1(X) = iDiabln““(l—x) +0(1) (4.17)
i=
with
D¢ = gCAznf ~ gCACF n + gCanf
D¢ = —%ZCA n + ‘;OcAanf 2C?n; + gCAnf2 - ch n?
DY = {—Z—S’SJF 8(2} C2n; + 196<:Aanf +[28—825] C2n; + ‘;OCAnf ‘;Oanf
D = [—%’ M Z2+80Z3} C2n; + [%24— 127, — 20873| CACr 1y
—[34-128C5] C2n; + [EZ— 512] Can? — 12—8780F n? (4.18)
and
DJY = gCAZCF - gcACF2+ gcé
D = 182C,§CF 394CACF2 +18C2 - %0 CaCes + %0 C2n;
D = {&93— 812] CACr - 1:;42CACF +[29+8C,] C2 - %%CACF Nt
ZSZCF Ns + gCF Ny (4.19)
Dy — [97—66— o 16@} cice - [%3 -2 6413} Cic2+ Scen?
1364320, 803 C2 {%‘4— 812] CaCeny + [1338 3212} Cén .

It is worthwhile to notice that all the coefficients in Eqs.18) and (4.19) excep]}gq vanish
for the choice
Ca=nc=Cr =n (4.20)

of the colour factors leading tol=1 supersymmetric theory. This is part of a general structure
The combination

As(x) = Phg (x) + P () — PYg () — Pg (x) (4.21)
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of the (n+1)-loop MS splitting functions is found to be much simpler than thedllionsPa(lB) (X)
themselves. In fact, after transforming to the dimensioeduction (DR) scheme respecting
the supersymmetry)g(x) vanishes for both the unpolarized [9] and polarized (sgipeshdent)
[66, 67, 68] two-loop splitting functions. We are not (yat)a position to present this scheme
transformation at the third order. However, we do obtairath@/e-mentioned simplification within
the MS scheme; especially all harmonic polylogarithms of wefghir cancel in the combination
(4.21) for choice (4.20) of the colour factors. We plan tairetto this issue in a later publication.

We now return to the end-point behaviour. At smatihe three-loop splitting functions read

P2, o0 = EfPTX 4 E5° 1 O(inx) (4.22)

aanO

The coefficients of the /x terms ofPéé) (which are, of course, entirely due the pure-singlet con-
tribution given in Eq. (4.12)) are given by

896
EM = — —= CaCeny
27044 512 220 64
B = |- + g C21+963| CACeny + | —=—64Cs Céng+55Cenf,  (4.23)
81 3 27
or, after insertingca = 3 andCg = 4/3 and the numerical values ¢f and{s,
E[ = —132741n
E)9 = —505999n; +3.1604M7 . (4.24)
The corresponding results for the gluon-quark splittingction (4.13) are
896 , C
EJ — — —7 CAly = C—? EM (4.25)
9404 512 220 424 1232
Ezqg - —7 —Z2+9613:| CAnf + |i? - 64(3:| CACan 81 CA f 81 CanZ
and
Ej¥ = —298667n
E¥ =~ -126828n; +4.57613¢ . (4.26)

The coefficientd€; in Egs. (4.23) and (4.25) agree with those obtained by CatiathiHautmann
in Ref. [27] from the smalk resummation.

The smallx coefficients of the quark-gluon splitting function (4.14¢ given by

6320 176 1208 32 1520 64

Elgq = {7——12 3213] CAZ\CF"‘{ 27 12] CACF f [ 27 - 12] C,: f
138305 872 544 1934 112

EJ) = { 81 ——12—33613——@} CACE {T——Zz—Sols} CaCr 1y
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432 512_,
+ {163— 1602 + 21603~ 122} C,C2— {94 11205 + 24003 — >z~ (3| CF
3250 496 16
— [—9 —— 00— 9613} Cén; — §CF nf (4.27)

or

EJ =~ 118927+ 71.0825n
EJ)Y =~ 616311 —46.4075n; —2.37037n7 . (4.28)

Finally the corresponding coefficients of the three-loapoglgluon splitting function (4.15) read

6320 176 1136 32 1376 64
99 __ ey SO _
Ef” = { 57 3 &2 3213} [ 57 Zz] [ 57 Zz] CaCry
C 8 C 8
— C—SEfq—gcAnf(cA—ch) — cﬁ E@’q—§nf for SU(N)
146182 3112, 1144, 464 19264 128, 176
99 _ _ _ gy SO 2
5 = { 81 9 2 3 &~ 12] CA+ [ 81 3 2 3 Z"’} CANy
30662 608, 224 44 64 472
—{ ST 9 2 zg}cAch [3 zg}cpf+810n2
1232
- = Cen? (4.29)
and
EJ® =~ 267585+ 157.269n
EJ9 =~ 1421424 182958n; —2.79835n7 . (4.30)

The coefficienE? is identical to the result obtained from the next-to-leadimgarithmic BFKL
equation by Fadin and Lipatov in Ref. [28] after transforimato theMS scheme (as given, e.g.,
in Eq. (4.7) of Ref. [36]). Numerically the simple relati@a E® = C,E is broken by less than
2% in then, part and less than 0.5% for the complete coefficients at 3,.. ., 6.

The three-loop splitting functions (4.12) — (4.15) are shawFigs. 3 — 6 fom; = 4 together
with the approximate expressions inferred in Ref. [37] ftbenfixedN results of Refs. [25, 26] and
the smallx limits of Refs. [27, 28]. Also displayed are the respecteading smallk contributions
Ef‘bx_lln X. Notice that all splitting functions have been multiplieghbfor display purposes.

With the exception oPéé), where no smalk ‘anchor’ was available, our exact results comply
with the error bands of Ref. [37] for the full rangex$hown in the figures. Hence it is reasonable
to expect that an extension of the results of Refs. [25, 2@héonext order, using a future four-
loop generalization of the MICER program [41, 42], would, together with smalleonstraints,
facilitate relevant estimates @gﬁ) (X). We expect that such an extension, while still a formidable
task, will be performed much earlier than the fourth-ordension of the present calculation.
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Figure 3: The three-loop pure-singlet splitting functi@nl@) for four flavours, multiplied by
for display purposes. Also shown is the uncertainty band/ééin Ref. [37] using the lowest six
even-integer moments [25, 26] and the leading sm#km [27]. The latter contribution is shown
separately on the right-hand-side (dotted line)¥er 0.01.
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Figure 4. As Fig. 3, but for the third-order gluon-quark #pig function specified in Eq. (4.13).

27



800 T 2000 [T
600 f— nggz)(X) ! 0 f— XFE]<(3|2)(X) _
4003_ N, = 4 i -20003— B —
zoof— "T -40005— —
of— JIL -60003— ) —
-2003— — -8000 r —
-400 ; / —— exact é-lOOOOé— é
L B |n ]
s00 | --- N=2.12 112000} X .
-800: T -:-14000: i sl ol il
0 02 04 06 08 1 10° 10* 10°% 102 107 1
X X

Figure 5: As Fig. 3, but for the three-loop quark-gluon $jpig function (4.14). Note that in this
case the leading smalleontribution was unknown before the present calculation.
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Figure 6: As Fig. 3, but for the third-order gluon-gluon #plig function specified in Eq. (4.15).
This diagonal quantity has been additionally multiplied bby- x). The leading smalkterm (again
shown by the dotted line on the right-hand-side) has bedrofitained in Ref. [28].
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Figure 7: The convolution of the three-loop gluon-gluontsiply function (4.15) with schematic
‘steep’ (left) and ‘flat’ (right) gluon distributions. Alsshown the results obtained by instead using
only the leading 1) and the leading and next-to-leadirtey (¢ E2) smallx terms in Eq. (4.22),
and by supplementing the latter by a constant term restéiegorrect second moment.

As also illustrated in Figs. 3 — 6, the leading smaterms~ x~1Inx alone do not provide
good approximations of the full results (4.12)—(4.15) giexxmentally relevant small values xf
At x = 1074, for example, they exceed the exact valuesPa%? (x) by factors between 1.6 and
2.0 forn; = 4. Good smallk approximations of these quantities are obtained by inolyidill
x~1 contributions as specified in Eq. (4.22) — (4.30). Howevés thoes not apply, as obvious
from Fig. 7, to the convolutionF[%) ® g](x) by which Péé) enters the evolution equations (2.2).
Even if the two terms explicit in Eq. (4.22) are (non-unigyedupplemented by axindependent
contribution restoring the correct second moment, evesitireof the convolution remains wrong
down tox ~ 10~° for the simplified, but not unrealistic gluon distributizg ~ x ~%3(1 — x)°.

As our exact expressions (4.12) — (4.15) for the the funst@(ﬁ) (x) are neither particularly
short nor especially simple, we also provide compact apprate representations built up, besides
powers ofx, only from the+-distribution (forPg(gz)(x)) and the end-point logarithms

Do=1/(1—x)+, Li=In(1-x), Lo=Inx. (4.31)
Inserting the numerical values of the QCD colour facté’é%? in EQ. (4.12) can be represented by

P (x) = { Ny ( ~5.926L3-9.75112 - 72111 + 1774+ 3929x— 10142 — 57.04LoL;
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—6616Lo+1314L%—400/9L3+160/27L3 —5060x 1 - 3584/27x—1|_0>

+ n? (1.778|_§ +5.944L1 4+ 1001 — 1252+ 49.26x2 — 12.59x% — 1.889LoL;

+6L75L0+ 17.89L(2)+32/27L8+256/81x*1) }(1—x) . (4.32)

Correspondingly the off-diagonal quantities (4.13) and 43 can be parametrized by

a

and

2
P@(Jq)

5 (%)

~

I

N ( 100/27L3 — 70/9L3 — 1205L% + 104421 + 2522— 3316x + 2126x°
+LoL1 (1823—25.22L0) — 2525xL3 + 424910+ 881515 — 44/3L3
1 536/27L4 — 12683x 1 — 896/3x—1L0)

n? (20/27 L3 1 200/27L2 - 5.496L; — 2520+ 1580x + 14542

—13928x> — Lol (53.09+80.616L¢) — 98.07xL3 4 11.70xL3
—2540L0—90.80L5 —376/27L3 — 16/9L3 + 1111243{1) (4.33)

+400/81L7 +2200/27L3 + 606.3L2 + 2193L; — 4307+ 489.3x+ 1452¢2
4146053 — 44731311 — 9729xL5+4033Lg — 1794L5 + 1568/9L3
—4288/81L3+61631x 1 4+11893x 1L,
N ( —400/81L3 —68.069L5 — 29671 — 1838+ 33.35x — 277.9%°
+1086xL% —49.68LoL1 +1748Lo+20.39L3+704/81L3
+128/27L8 — 46.41x 1+ 71.082x*1|_0)
n? (96/27|_§ (x 1—14+1/2x)+320/27L (x 1 —1+4/5x)
—64/27(x—1—1—2x)) : (4.34)

where thenf2 part is exact. Finally the gluon-gluon splitting functigh15) can be approximated by

2
P@(Jg)

(X)

o~

+ 26435217+ 44258945(1 — x) + 3589L; — 20852+ 3968x — 3363x?

+4848x® + Lol (7305+8757Lg) + 2744 Lo — 7471L5 + 7213 — 1441

+14214x 14+ 26758x 1L

ny ( — 4121727 — 5287235(1 — X) — 320L; — 3502+ 7557x — 7138X2
+559.3x% + Lol (26.15— 8087 L) +1541Lo+4913L35 +832/9L3
+512/271L4+18296x 1 + 157.27x*1|_0)

n? ( —16/9 D + 6.46305(1 — X) — 13.878+ 1534x — 187.7x% + 52.75x3

~LoL1 (1156 85.25x + 63.23Lg) — 3.422L0 + 9.680L2 — 32/27L3
. 680/243x’1) . (4.35)
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The coefficients of 1x, (Inx)/x, In®x and I x are exact in Egs. (4.32) — (4.35), up to a truncation
of the irrational numbers. The same holds for the coeffisiaitin®(1 — x) and Irf(1 —x) in
Egs. (4.33) and (4.34), and those®f and In(1—x) in EqQ. (4.35). The remaining terms (except,
or course, for thé(1— x) parts in Eg. (4.35)) have been obtained by fits to the exacttsa@l.12)
—(4.15) at 10°% < x < 1—10-% which we evaluated using theRTRAN code of Ref. [69]. Smaller
values ofx are not needed, as alfiterms are exact. Except for valuesxofery close to zeros
of Péﬁ) (x), the parametrizations (4.32) — (4.35) deviate from the Esggressions by less than one
part in a thousand, which should be amply sufficient for feeadble numerical applications.

Finally the coefficients 06(1 — x) in Eqg. (4.35) have been slightly adjusted from their exact
values using the lowest integer moments. This is a somewbky fpoint, so let us briefly elab-
orate on it. ForPyq andPyg the low moments, and partly also the convolutions with theqoa
distributions, involve large cancellations between thtegrals over the (fitted) regular parts and
the 8(1 — x) contributions. The second moment of theindependent part dfyg, for example,
vanishes due to the momentum sum rule (recall Bygthas nonf0 contribution, cf. Eq. (2.5)),
while the respective third-order coefficient&(fl — x) is as large as 4103. A maximal accuracy
of the parametrization (4.35), and of the convolutions i gluon distribution, is thus achieved
by ‘fitting’ this coefficient to the second moment. For theeasder consideration this actually
leads to a very small adjustment of about 0.01%.

One important approach to implementing higher-order tesato the numerical evolution of
the parton distributions and the analysis of general hasdgsses is the moment-space technique
[70, 71, 72, 73, 74], which requires the analytic continoratdf the anomalous dimensions (2.6)
to certain complex values dfl. Also these compledd moments can be readily obtained to a
perfectly sufficient accuracy using Eqs. (4.32) — (4.35gtbgr with the corresponding non-singlet
results in Egs. (4.22) — (4.24) of Ref. [38]. The Mellin tréoren of these parametrizations involve
only simple harmonic sumSy-o(N) of which the analytic continuations in terms of logarithmic
derivatives of Euler'd -function are well known. The reader is referred to Refs, [B8) for a
more mathematical approach to the analytic continuations.

5 Numerical implications

We are now ready to illustrate the numerical effect of our tiawe-loop splitting function@éﬁ) (x)

on the evolution (2.2) of the singlet-quark and gluon dusttionsqgs(X, ufz) andg(x, ufz). For all
figures we choose a reference sqaﬁe: pg ~ 30 Ge\? — a scale relevant, for example, for deep-
inelastic scattering both at fixed-target experiments aecep collider HERA — and employ the

sufficiently realistic model distributions

XGs(X, W) = 0.6x %3(1—x)3°(1+5.0x°8)
xgx pg) = 1.6x %3(1—x)*°(1-0.6x%3) (5.1)
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irrespective of the order of the expansion. This order{iahelence does not hold for actual data-
fitted parton distributions like those in Refs. [33, 34], bete it facilitates direct comparisons of
the various contributions to the scale derivatifes dIn f/dIn ufz for f =qs, g. For the same
reason we employ an order-independent value for the stroagliag constant,

as(ky) = 0.2, (5.2)

corresponding to a fairly standard value at thass,as(Mzz) ~ 0.116, beyond the leading order.
Finally our default for the number of effectively massleasdiurs isn; = 4.

The respective scale derivatives of the singlet-quark dadngdistributions are graphically
displayed in Figs. 8 and 9 over a wide rangexoNumerical values can be found for four charac-
teristicx-values in Tables 2 and 3, where we also show the dependengeaod the break-up into
the quark- and gluon-initiated contributions. As these temns can occur with different signs,
and since the LO and NLO results partly display a somewhatatmis behaviour (see below),
the picture is much less clear-cut here than in the non-stisgictor discussed in Ref. [38].
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Figure 8: The perturbative expansion of the scale derigadiy = dIngs/dIn ufz of the singlet
quark density ap? = 3 for the initial conditions specified in Egs. (5.1) and (5.2).

The scale derivative of the quark distribution (Fig. 8 andl&a?) is dominated at large
(smallx) by thePyq® s (Pyg® g) contributions. The former (latter) is actually negligilite very
small (large) values of. The NNLO corrections are small at largevith respect to both the total
derivative and the NLO contributions. At smalkll NLO contributions are very large (or the LO
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terms are abnormally small, recall thézgg) andeég)vanish forx — 0). Consequently the total

NNLO corrections, while reaching 10% at= 10~4, remain smaller than the NLO results by a
factor of eight or more over the fuk-range.
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Figure 9: As Fig. 8, but for the gluon density. The spikeseltwsx = 0.1 in the right parts of both
figures are due to zeros of the LO and NLO predictions and doepoésent large corrections.

The situation is rather different for the evolution of thegh density (Fig. 9 and Table 3). The
contribution fromPyq ® g dominates for alk (except for extremely large values not considered
here), but thdyq® gs part is nowhere negligible. Already the NLO correctionssarell especially
at smallx and furthermore thg- andgs-initiated terms cancel each other to some extent. Thus the
ratior,/r of the relative NNLO and NLO corrections is rather large abBivalues ofx, despite
the NNLO contribution amounting to only 3% faras low as 104.

We now turn to the stability of the perturbative expansionBigs. 8 and 9 under variations of
the renormalization scalg . For, # ps the expansion of the splitting functions in Eq. (4.1) is,
using the abbreviatioas = as/(4m), replaced by

2
0 1 0), Hf
Pa(pit, Hr) = as(if) Pa(lb) + aZ (k) <Pa(1b) —Bo Pa(lb)ln E) (5.3)
(2) (0) @ (02 HF
+ (k) (Pab — {Blpab +2BoPy;, }InEJrBSPab In2E> +o,
wherey represent th&S expansion coefficients of tigfunction of QCD [76, 77, 78, 79].
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X LO NLO NNLO r ro ra/r1
complete (Fig. 8)
104 1.405.-10°1| 2532.101| 2781.-101| 0.802| 0.099| 0.12
0.002| 1.218-10'| 1.890-10!| 1.991.10!| 0.552| 0.053|| 0.10
0.25 | —5.783-102 | —6.919-10 2| —7.093-10 2 || 0.196| 0.025| 0.13
0.75 | —2.056-10°1 | —2.311-101 | —2.346-101 || 0.124| 0.015| 0.12
Pqg ® g contribution
104 1.624.10°1| 2610.101| 2787.101| 0.607| 0.068| 0.11
0.002| 1.421-101| 1996.101| 2053.101| 0.404| 0.029|| 0.07
0.25 1.146-102| 1.087-102| 1.037-10°2 | -0.051| -0.046| 0.89
0.75 3.773-10 4| 1682-10%| 1578104 -0.554| -0.062| 0.11
Pyq®q contribution
104 || —2.185.10°2 | —7.838-10 3 | —5.308-10 % || -0.641| -0.932| 1.45
0.002| —2.036-10 2| —1.056-102 | —6.182-10°3 | -0.481| -0.415|| 0.86
0.25 | —6.929-102 | —8.006- 102 | —8.130-102 || 0.156| 0.015| 0.10
0.75 | —2.060-10°1 | —2.313-101 | —2.347-101 || 0.123| 0.015| 0.12
complete, buh, =3
104 9.993.102| 1.831-101| 2018101 0.832| 0.102| 0.12
0.002| 8.625.102| 1.354.101| 1.429.10!| 0.570| 0.055|| 0.10
0.25 | —6.070-102 | —7.293-10 2 | —7.527-102 || 0.202| 0.032| 0.16
0.75 | —2.057-10°1 | —2.344.-10°1 | —2.397-10°1 | 0.139| 0.023| 0.16
low scale:n; = 3, as= 0.4 and modified input (see Table 3)
104 2132-101| 9317.1201| 1416-1209| 3.37 | 0.520| 0.15
0.002| 2.047-10'| 6.047.101| 7.762-101| 1.95 | 0.284|| 0.15
0.25 | —8.394-102 | —1.227-101 | —1.384-10°1 | 0.462| 0.128| 0.28
0.735| —3.870-101 | —4.962.-10°1 | -5.362-10°1 | 0.282| 0.081| 0.29

Table 2: The LO, NLO and NNLO logarithmic derivatives of theglet quark distribution at four
representative values &f together with the ratios, = N"LO/N"~1LO — 1 for the default input

parameters specified in the first paragraph of this sectidrsame variations thereof.
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X LO NLO NNLO r ro ro/ry
complete (Fig. 9)
104 3.956-101| 3.782.101| 3655101 -0.044|-0.034| 0.76
0.002| 2730-101| 2689-10'| 2670-101]| -0.015| -0.007|| 0.47
0.25 || -1.614-101| —1.661.101 | —1.653-101 | 0.029| -0.005| -0.18
0.75 || —4.721-10°1 | —4.980-101 | —5.000-10°1 | 0.055| 0.004| 0.08
Pygg ® g contribution
104 3.085-101| 2895.101| 2814101 | -0.062|-0.028|| 0.45
0.002| 1.898-101| 1.825.101| 1.825101| -0.038/ 0.000| 0.00
0.25 || —2.129-10°1 | —2.287.10°1 | —2.295.10°1 | 0.074| 0.003| 0.04
0.75 || -5.226-10°1 | -5667-101 | —5.717-10°1 | 0.084| 0.009| 0.11
Pgq®d contribution
104 8.715-102| 8.873-102| 8.409-10 2| 0.018] -0.052| 2.89
0.002| 8.323-102| 8642-102| 8454-10°2| 0.038] -0.022| 0.57
0.25 5.154-10°2 | 6.264-102| 6.424-102 || 0.215| 0.026| 0.12
0.75 5.047-102| 6.871-102| 7.168-102| 0.361| 0.043| 0.12
complete, buh; =3
104 4.062-101| 4.053.101| 3973.101 | -0.002| -0.020| 8.29
0.002| 2.836-101| 2915101| 2927.101| 0.028/ 0.004| 0.15
0.25| —1.508-101| —1578.101 | —1.579-101 | 0.047| 0.001| 0.01
0.75 || -4.615-101 | —4971.101 | —5.028-10°1 | 0.077| 0.012| 0.15
low scale:n; =3, as= 0.4 and
X0s(X, 13) = 0.6x %1(1—x)3(1+10x08)
xg(x,1g) = 1.2x 911 -x)*(1+1.5x%)
104 2135.109| 201510°9| 1.536-10° | -0.056| -0.238|| 4.23
0.002| 1.412-10°9| 1.430-10°| 1.376-10°| 0.013| -0.038| -3.00
025 || -1.663-101 | -1.631.101 | —1.523.-10°1 || -0.019| -0.067| 3.46
0.75 || —9.055.10°1 | —1.064-10° | —1.116-109 || 0.175| 0.049| 0.28

Table 3: As Table 2, but for the scale derivating/dIn ufz of the gluon distribution.
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In Figs. 10 and 11 the respective consequences of vanyingver the rather wide range
SH2 < p2 < 8p? are displayed for the logarithmig -derivatives of the singlet-quark and gluon
distributions (5.1) at six representative valuexofn both cases the scale dependence is consid-
erably reduced over the fulirange by including the third-order corrections. With tixeeption
of the smallesk-value consideredx = 10> (and ofx = 0.05 in Fig. 11, where the derivative
is very small anyway), the points of fastest apparent cgerare and of minimgl,-sensitivity,
af/apr = 0, are rather close to the ‘natural’ cholge= s for the renormalization scale.
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Figure 10: The dependence of the NLO and NNLO predictiontfederivativedIngs/dIn ufz of
the singlet-quark distribution on the renormalizationega for six typical values ok. The initial
conditions are given in Egs. (5.1) and (5.2).
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Figure 11: As Fig. 10, but for the derivatige= ding/dIn ufz of the gluon distribution. Notice
that the scales of the ordinates of the graphs differ witkiwall as between the two figures.

conventional interva% e < Wy < 245,

max(f (X, pr = Jps ... 20¢)] — min[f (X, = Jp¢ ... 20)]
2|averagéf (x,ur = shr .. 24r)] |
are finally shown in Fig. 12. For the singlet-quark (gluorstdbution, these uncertainty estimates
amount to 2% (1%) or less at> 102 (4-10~3), an improvement by more than a factor of three
with respect to the corresponding NLO results. Taking irtdwoaint also the apparent convergence
of the series in Figs. 6 and 7, it is not unreasonable to expetithe effect of the higher-order
singlet splitting functions will be about 1% or less fo& 1073, Larger corrections have to be
expected at smak. One should also keep in mind that at fourth order also teritistive colour
structured?®°d,y,./n. — which enter the non-singlet case already at three loopsane a large
effect atx < 1073 [38] — will contribute to the singlet splitting functions.

Af = , (5.4)
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Figure 12: The renormalization scale uncertainty of the Nir@d NNLO predictions for the scale
derivatives of the singlet-quark density (right) and theogi distribution (left) as estimated by the
respective quantitieAgs andAg defined in Eqg. (5.4).

6 Summary

We have calculated the complete third-order contributtortbe splitting functions governing the
evolution of unpolarized flavour-singlet parton distrilbatin perturbative QCD. Our calculation is
performed in MellinN space and follows the previous fixétleomputations [25, 26] inasmuch as
we compute the partonic structure functions in deep-itielasattering at eveN using the optical
theorem and a dispersion relation as discussed in [25]. @laulation, however, is not restricted
to low fixed values oN but provides the completd-dependence from which thespace splitting
functions can be obtained by a (by now) standard Mellin isiggr. This progress has been made
possible by an improved understanding of the mathematicarohonic sums, difference equations
and harmonic polylogarithms [58, 65, 40], and the impleragon of corresponding tools, together
with other new features [49], in the symbolic manipulationgram FORM [48] which we have
employed to handle the almost prohibitively large interragzlexpressions.

Our results have been presented in both Mdliand Bjorkenx space, in the latter case we
have also provided easy-to-use accurate parametrizatitvasgree with all partial results avail-
able in the literature, in particular we reproduce the ldveds even-integer moments computed
before [25, 26]. We also agree with the resummation preahistof Refs. [27, 28] for the leading
smallx logarithms(Inx) /x of the splitting functiondyq, Pyg andPyg, and with the largey; result
[61] for the simpIeCAnf2 part of Pyg. Our results respect the supersymmetric relation betwien a
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four splitting functions forC, = Cr = n; to the extend expected for thdS scheme. At large
we verify the expected simple relation between the leadjf{d * x). terms ofPyq andPyg. We
find that also for the gluon-gluon splitting function the ffméents of the leading integrable term
In(1—x) at ordern = 2, 3 are proportional to the coefficient of the-distribution 1/(1—Xx). at
ordern—1, in complete analogy with our surprising findings in the 1samglet case [38].

We have investigated the numerical impact of the three-I®dgLO) contributions on the
evolution of the singlet-quark and gluon densities. x&t 102 the perturbative expansion for
the scale derivative$ = dIn f(X, p]?)/dln pfz, f = gs, g appears to be very well convergent and
suggests a residual higher-order uncertainty of about 1%ssratas < 0.2. Consequently the
perturbative evolution can be safely extended to condudiedarger values ofis, hence lower
scales, in this range of The situation is much less clear at smakefForas = 0.2 and realistic
initial distributions withxgs, xg ~ x 2 at smallx, the NNLO corrections fogs andg rise towards
x — 0, respectively reaching 13% ardé% atx = 10°. We stress that the results of the small-
resummation alone cannot help here. For example, not evaaldagively reliable prediction can
be expected for the convolutidlyg® g, by whichPyg enters the evolution equations, even when all
1/xterms are included. Besides knowledge of as many of theses &s possible, further progress
at smallx would require at least a four-loop generalization of thedik&calculations [25, 26] and
of thex-space approximations [37] linking them to the smdilnits.

FoORM files of our results, and BRTRAN subroutines of our exact and approximate split-
ting functions can be obtained from the preprint sertiet p: / / ar Xi v. or g by downloading the
source. Furthermore they are available from the authors wgxpuest.
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