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Abstract

We present the next-to-next-to-leading order (NNLO) abotions to the main splitting functions
for the evolution of longitudinally polarized parton detiess of hadrons in perturbative QCD. The
quark-quark and gluon-quark splitting functions have bebtained by extending our previous
all Mellin-N calculations to the structure functiap in electromagnetic deep-inelastic scatter-
ing (DIS). Their quark-gluon and gluon-gluon counterpdrése been derived using third-order
fixed-N calculations of structure functions in graviton-exchabg8, relations to the unpolarized
case and mathematical tools for systems of Diophantinetiemqsa The NNLO corrections to the
splitting functions are small outside the region of smallnemtum fractiong where they exhibit a
large double-logarithmic enhancement, yet the corresttorthe evolution of the parton densities
can be unproblematic down to at least 104



1 Introduction

The splitting functions for the scale dependence (evah)td parton densities [1-3], or anomalous
dimensions of twist-2 operators [4-10] in the light-conem@or-product expansion (OPE) [11],
are important universal (process independent) quantitiperturbative QCD. A little more than
ten years ago, we completed the calculation of the thir@ofdext-to-next-to-leading order,

NNLO) corrections:’”((z), I, k=q,g for the helicity-averaged (unpolarized) case [12,13].

These calculations were performed in the approach of Réf1H] where physical quantities,
specifically structure functions in inclusive deep-inéascattering (DIS), are calculated via for-
ward amplitudes in dimensional regularization [16—19].otder to access also the lower row of
the NNLO flavour-singlet splitting-function matrix, i.eF.’g(é) andPg(S), in a third-order calculation,
this procedure requires the inclusion of a process other¢tendard gauge-boson exchange DIS.
The method of choice, cf. Ref. [20], was to include DIS via alaicg coupling directly only to
gluons via@Gh' Ga v, whereGh' is the gluon field strength tensor, as realized in the Stanhdar
Model by the Higgs boson in the limit of a heavy top quark and fivassless flavours [21, 22].

A corresponding calculation was performed six years agottferstructure functiory, in
polarized photon-exchange DIS, which is sufficient to edtdre determination of the helicity-
dependent (polarized) splitting functions [23—25] to NNfdD the upper-row quantitieAPyq and
APyg. Since we had no access to the corresponding lower-rowtisgliiunctions, these results
were only briefly discussed in Ref. [26]. There is no helkggnsitive analogue to the above
Higgs-boson exchange in the Standard Model or an effedtigery derived from it (initially a
pseudoscalgx with a X &0 G’ GE° coupling to gluons was tried, which however cannot probe
spin information either, as algpis a scalar under the rotation group).

This leaves only working in supersymmetry, as in Ref. [2T}Fe determination of the NNLO
guark-gluon antenna function, or considering DIS by gavixchange. We have chosen to adopt
the second option, which is easier to implement in our setwlodfers additional information and
checks by accessing all four splitting functiohBy, as well as their unpolarized counterparts and
a full set of physical evolution kernels for both the unpied and the polarized case.

The basic formalism for graviton-exchange DIS has beenldped in Ref. [28]; for a recent
application see also Ref. [29]. There are three structuretionsH » 3 in the unpolarized case,
of which three combinations can be formed which are analsgo&, (no gluon contribution at
ordera), Fe (no quark contribution at orderl) andF_ (neither) in gauge-boson and scalar DIS.
In the polarized case there are two structure functibhasandHg, whereH; = Hs — He andHg
involve only the quark and gluon distributions, respedtivat the leading order, in perfect analogy
with the systen{F,, Fy) that we employed for obtaining the unpolarized splittingdtions.

We have performed complete second-order calculationd tfede quantities. At three loops,
however, gravition exchange leads to a large number of iategvith a higher numerator com-
plexity than encountered in the calculations for Refs. B 26]. Hence repeating the step from
fixed-N Mellin moments [14, 15] to alN results would require a lot of time apdr consider-

ably improved algorithms. We have therefore resorted touwlingAPg(g) andAPg(é) for fixed



(odd) values ofN. Substantial improvement in our diagram handling and inRbem [30-32]

implementation of the MNCER program [33, 34], see Ref. [35], together with the avaiigbbf

sufficient computing resources, have enabled us to corﬂuotﬂtermin%Pég)(N) for3S<N <27

andAPg(S)(N) for 3< N < 25 (theN = 1 moments are not accessible in this calculation [28]), and
both for specific colour factors up t = 29.

Initially the extension to high moments was intended tolitate approximate-space results,
analogous to but much more accurate than those obtainedf.if38gbased on the moments of
Ref. [37] for the unpolarized case, which would suffice akathlues relevant to ‘spin physics’ in
the foreseeable future. Similar to the somewhat simplex csansverse polarization in Ref. [38],
however, it turned out that it is possible to reach valueld &r which even the most complicated
parts could be determined completely from the moments addiadal endpoint information, in
particular the suppression & (x) — APk (x) by two powers of 1—x) in the threshold limik — 1
in a suitable factorization scheme. The crucial step indkigrmination is the solution of systems
of Diophantine equations for which we have, besides in-adosls coded in 8rRM, made use of
a publicly available program [39] using the LLL-based [4@jaithm described in Ref. [41].

Consequently we are now in the position to present the camplBlLO contributionsAPif(Z)
to the helicity-difference splitting functions in pertative QCD. The remainder of this article is
organized as follows: In Section 2 we set up our notationstegliss aspects of the second-order
calculations and results relevant to our determinatiometthird-order corrections which we turn
to in Section 3. OuN-space results foAP”((Z) are presented in Section 4, and the corresponding
X-space expressions in Section 5, where we also brieflynidtesthe numerical size of the NNLO
contributions to the evolution of polarized parton deesitiWe summarize our results in Section 6.
Some additional information on scheme transformationsgaaditon-exchange DIS is collected
in the Appendix. A brief account of this research has beesgmted before in Ref. [42].

2 Notations and second-order results

The unpolarized and polarized parton densities of a lodgially polarized nucleon are given by
fitoK?) = f (%) + £ (x 1) (2.1)
and
Afi(x %) = fit (1) — £~ (x 1) (2.2)
where f;" and f,~ represent the number distributions of the parton typéth positive and neg-
ative helicity, respectively, in a nucleon with positivdibigy. Here x denotes the fraction of the

nucleon’s momentum carried by the parton, @rttie mass-factorization scale which can be iden-
tified with the coupling-constant renormalization scaléwut loss of information.

The scale dependence of the quantities in Eqgs. (2.1) and(E@$.is governed by the renor-
malization-group evolution equations

d|:H2 (D) fi (X, 12) = [(B)Pk(as(H?)) @ (B) fi(1?)] (X) (2.3)
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where® stands for the Mellin convolution in the momentum varialgieen by
1d X
ab(x) = / Yay) b(—) (2.4)
x Y y

if no 1/(1-x)_ -distribution are involved. The splitting functiorf&)P, in Eq. (2.3) admit an
expansion in powers of the strong coupling consteywhich we write as

OR?) = 5 AR ) 25)
with )
a = “th‘i) . (2.6)

Using symmetries, the system (2.3) of;2-1 coupled integro-differential equations, where
n; denotes the numbers of effectively massless flavours, caadaeed to 8; —1 scalar flavour
non-singlet equations and thex2 system

d Afy APyq APyg Af,
— = = AP ® Af 2.7
dinp? <Afg> (Aqu Ang>® Afy “ @7
for the polarized gluon densityfj(x, u?) and the flavour-singlet quark distribution
L
Afy (%, 12 Z{qu (x,1%) +Afg (x,u2)} . (2.8)
1=
The quark-quark splitting functiofPyq in Eq. (2.7) can be decomposed as
AP () = AP (%) + AR (x) (2.9)

into non-singlet and pure singlet components. The formezlated byAR,; = Py to an unpolar-
ized quantity calculated in Ref. [12], the latter startsyosin = 1 and is specific to the present
polarized case. It is often convenient to consider the MatAnsforms of all quantities, given by

= /Oldx xN-1a(x) (2.10)

and an obvious generalization for plus-distributionsgsithe convolutions (2.4) correspond to
simple products itN-space/a® b|(N) = a(N)b(N).

The complete next-to-leading order (NLO) contributidrl?ﬂgl) for the quantities in Eq. (2.7)
have been derived almost 20 years ago in Ref. [2B}space using the OPE and in Refs. [24,25] in
x-space, using the lightlike axial-gauge approach of R&{8][ Some years ago, we have checked
these results, and obtainea’q(g) andAPq(é), by extending the calculations for Refs. [13,43] to the
structure functiom, in polarized DIS which was first addressed beyond the firstardRef. [44].

All these calculations used dimensional regularizatiowl, taus needed to address the issue of the
Dirac matrixys in D # 4 dimensions which enters via the quark helicity-diffepeojector.
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The calculations in Ref. [23] used the ‘reading-point’ soledfory; [45]; those in Refs. [24, 25]
were carried out primarily with the ‘t Hoof¥eltman prescription [46,47], butincluded checks also
using the so-called Larin scheme [48,49],

1
PYsL = & Ewpo pHy YPYe, (2.11)

where the resulting contractions of tveetensors are evaluated in terms of tedimensional
metric. All our calculations have been carried out usingltagn scheme which is equivalent to
the ‘t Hooft/Veltman prescription for the present massless case.

Quantities calculated using Eq. (2.11) need to be subjdotadactorization scheme transfor-
mation in order to arrive at expressions in the stanéié&dscheme [50, 51], for example

01 = CoL AL = (Cg,L Z71) (ZAF) = Cg Af (2.12)

where we have switched to a matrix notatiorNrspace and suppressed all function arguments.
Denoting the perturbative expansion of the transformanatrix by

Z000) = 14 5 alZ00 = 14 zlag(zﬁj)(xi “ao (X)) @13

Zgq
the transformation (2.12) of the coefficient functi@s and the parton densitiésf leads to
AP = asAPWO)
+ asz{AP,_(l) +[zW, APO] —pyz }
+al {AP,_(Z) +[2@, AP 4z ARY] — [z, AP©)] z(D

+Bo (2®)2-222) -z} + o(ad) (2.14)

for the splitting functions in th&1S scheme, wherf, b] denotes the standard matrix commutator.
Here3o andf3; are the leading two coefficients in the expansion of the hetation of QCD,

d
dinz = Plad = =3 al?p, (2.15)

which to NNLO is given by [4,5, 52-55]
Bo = 11CA nf )
pr = ez Ycun —2cn;, (2.16)

2857 1415 205 79 11
Bz = CA CAnf CFCAnf +C|:nf + 4CAnf2+§C|:nf2

with Ca = ne = 3 andCr = (n2—1)/(2n;) = 4/3 in SU(n. = 3). Bo andB; are scheme-
independent in massless perturbative Q@Ris given in theMS scheme adopted in this article.
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The transformation matrix has been determined to NNLO in [&&f as
Zi = Bik + Bigkq (as2hd +a2{2lF +2i7 }) + 0(ad). (2.17)

Its non-singlet entries can be fixed by the relation betwhercbrresponding coefficient functions
for g, and the structure functiof; which is known to orden? [57]; the critical part is the pure-
singlet part for which, as far as we know, only that one cattoh has been performed so far.

For the convenience of the reader the results are includégpendix A. Forzég) = zég) =0,
Eqg. (2.14) leads to the foIIowing transformations of the N&x@ NNLO splitting functions:

APy = ORQ, — Pozig — APz |
APy = ARG +APY Zg .
el — on — anf ) + (o0lg 09—
APy = AP + AP Zig (2.18)
and
0RE = aP, 1 po (- 24Z) - Burfh AR 2D
e = R el el
o] = () oo
(e o)l (5 - 2
+ (8P, — 8P, — B -8R 2 ) 2
ARSY = AP+ AP, 2 + APy 255 (2.19)

These expressions are reduced to the standard schemetnaaisbn of Refs. [23—-25,56] by drop-

ping all contributions W|thz9 or zé ) it will become clear below why these terms have been

included in Egs. (2.18) and (2.19).

Itis instructive to consider thre— 1 threshold limit of the splitting functions. It is expectit
the physical probability of a helicity flip is suppressed typtpowers in(1—x) in this limit [58].
Hence the differences

5" = p{V_ap (2.20)

should be suppressed, in a ‘physical’ factorization schdoyea factor of(l—x)z, or /N2 in
N-space, relative to the respective sums which behave (radogérithms) a:vél—x)*1 or N© for

ik =qq, g9 and(l—x)0 or N~1 for ik = qg, gg. For the scheme-independent leading-order (LO)
splitting functions, the differences (2.20) read

0
() = 0,
6i$(0)(x) = const-(l—x)2+... for ik=qg,gg, gg. (2.21)



The corresponding NLO results for tMS splitting functions [23—25] are given by
5 (x) = 0((1-x?) for ik=qg gg(@a=1),qg(@a=2), (2.22)
1 44
854 (%) = BCr(Ca—Cr) In(1-X) + %5 CrCy—6CE - 5Cemy
1 20 2 8
— (1-X{8CE(Ca—Cr) IN(1-X) + (FCeCa+2CE - §Ceny )} (2.29)
+0((1-%)?) .

Interestingly, as already noted in Ref. [26], all 10 term&n (2.23) can be removed by including
the simple additional termg(,é) = —APg(g) in the NLO scheme transformation (2.18). The splitting
functionsAPq(gl) (x) andAPg(é) (x) are shown, together with their unpolarized counterpantBjg. 1

in the standard scheme, from now on denoted by ‘M’ wherewguired, that uses only Eq. (2.17)

and an alternative scheme (‘A) that also includes this @alaal term.

The issue of the physical largebehaviour of the helicity-dependent quark-gluon splgtoan
be addressed by studying suitable flavour-singlet physicdltion kernels (or physical anomalous
dimensions) for structure functions in unpolarized andapeéd DIS. Graviton-exchange DIS,
for which the basic formalism was worked out in Ref. [28], od®s a sufficiently large set of
structure functions. It is convenient to combine and noizedbur of these functions as

H- C5. Cs f
H, = 2):( 2.4 279) 91 = c,f 2.24
! (H3 Csq Cag fy ! (2.24)

with Hs=Hz—4H3 in the unpolarized case, and

(8- () (i) e em
6 60 “6g9 9
with Hy = 2(H4 — Hg) in the polarized case, where we have changedxtherefactors relative
to Eq. (31) of Ref. [28] such thdCy)j; = (Cp)jj = jj at LO. The corresponding NLO coefficient
functions can be found in Appendix B. The physical-kernetrinasK,, a = u, p (for the renor-
malization scalep,% = Q?) are obtained from the coefficient functions, the beta fiomt2.15) and
the respective unpolarize&(= P) and polarizedR, = AP) splitting functions, cf. Eq. (2.7), by

dH, dCy

-1 _
dinQ2 (B(as) EﬂLCaF’a)Ca Ha = KaHa . (2.26)

The expansion of this result to ordaf can be read off from Eq. (2.14) f& = C,.

We have performed complete two-loop calculations of thésetire functions, recovering
both the unpolarized and polarized NLO flavour-singlettipty functions from graviton-exchange

DIS, and used these results to obtain the NLO physical ksemféi(x) andKél)(x). The respective
off-diagonal elements for the systems (2.24) and (2.25¢@mgpared in Fig. 2. Itis clear, also from

the corresponding analytical results, that also the laryits of the kerneIsK%)(x) and Ké?(x)

corresponding to the splitting functiorta) Pg(é) are consistent with the expectation of Ref. [58];
hence Eq. (2.23) is indeed a unphysical feature of the stdricnsformation to th#1S scheme.
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Figure 1: The NLO contributions to the off-diagonal spiigifunctions in Eq. (2.7), compared
to their unpolarized counterparts. The polarized resutsshown as published in Refs. [23-25]

(‘M’) and after including an additional term&t) = —APég) in the transformation (2.14) from the
Larin scheme (‘A), which removes afll — x) %! terms from the quantith&Q (x) in Eq. (2.23).
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Figure 2: The NLO contributions to the off-diagonal elenseoft the physical-kernel matrices for
the systemgHs, H;) and (Hz, Hg) of structure functions in unpolarized and polarized gravit
exchange DIS [28] as defined in and below Egs. (2.24) and \2THe factor 160 ~ 1/(4m)?
approximately converts the results from our small expanparameter (2.6) to a seriesds.
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3 Determination of the third-order corrections

As before, we have calculated inclusive DIS via the optibabtem, which relates the prolog{
parton @) total cross sections (witlp? = —g? > 0 and p? = 0) to forward amplitudes, and a
dispersion relation ix that provides thél-th moments from the coefficient ¢2p-q)N [14, 15].

For the splitting functionz:‘.\Pq(g) andAP(%) we have extended the three-loop Hlkealculations of

Refs. [12, 13] to the photon-exchange structure funcpn As discussed in Ref. [26], a large
number of additional integrals, arising from a fairly smsdit of top-level integrals with higher
numerator powers, had to be calculated for this extendnair, letermination took several months.

The situation is far worse in the case of graviton-exchank @hich is our means to access
aIsoAPéé) andAPg(é), in terms of both the complexity and the number of new tol@vtegrals.
We have therefore not tried a direct allcalculation in this case, but managed to set up a two-
step procedure with the same result. The first step is a edlonlof fixedN moments for the
structure functions in polarized graviton-exchange DISjraRefs. [14, 15] using the MCER
program [33, 34], but up to much higher moments in partictdaHg, cf. Eq. (2.25). The second
step is the determination of the &lexpressions fo&Pg(é) andAPg(S) from the moments calculated
in the first step together with insight into the structurehade functions.

In order to drive the first step to a point where the secondrbecpossible, and its results
could be verified by one or two yet higher moments, improvesikad to be made in our diagram
preparation and the MCER code, see also Ref. [35]. The diagrams were generated, asebef
with a special version of @RAF [59]. Unlike in our previous calculations, however, thegtams
with the same group-invariant colour factor, the same togyphnd subtopology (see below), and
the same flavour structure have been combined in the ‘diddtaswhich are managed, as before,
using the database programmbs [60]. In this way the number of third-order diagrams has
been reduced from 5176 to 1142 and from 15208 to 1249 for thekcand gluon contributions,
respectively, tdd4 andHg. The combined diagrams take roughly as much time as the nffictid
individual diagram in the set, which leads to an overall gaispeed by a factor of three to five.

The overall most demanding subtopology, in terms of exeautme and required disk space,
is NOys (see Fig. 3), i.e, the most difficui-flow in the most difficult three-loop topology. Also
notable are the LAy (also shown in Fig. 3), O#, O23 cases, where the momentyoflows
through four internal lines, and the three-line BE&nd BEg ‘Benz’ cases. The largest diagram
calculated took about Y0CPU seconds and required 6.7 TB of disk space for the projectiN.

(XL (

Figure 3: The NQs (left) and LAq4 (right) subtopologies for the forward probe-parton anuulés.
The momentung of the probe, witlg? < 0, enters the diagram from the right and leaves on the left.
The parton momenturp, with p = 0, flows through the fat (in the coloured version: red) lines.
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The results for 3< N < 25 were employed for obtaining the dlexpressions foAPg(é) andAPg(é).

For checking these expressions, the quark case was compuiguetely atN = 27 and in the
‘planar limit’ C, —2C- — 0 atN = 29, and the gluon case for tf& terms atN = 27 andN = 29.
The latter was possible since most of the slowest and ladiagtams do not contribute to this
colour factor, which is the most complicated one in termgefdtructure of the splitting function.

Most of the diagram calculations were performed ontthgqcd cluster in Liverpool, using
TFoORM [31,32] with 16 workers on more than 200 cores; the hardesfrdms at the highest values
of N were calculated on a new high-end computer atH¥F. For the previous optimization of
MINCER we were also able to use a multi-core workstation at DES Y{zeu

As an example, we show the ndg-arts of the moments8 N < 25 of theCE’ part ofAPg(é)
in the Larin scheme, i.e., before the transformation of ipat of the mass factorization MS:

N= 3: 186505 (3°25)

N= 5. 9473569(5°352?)

N = 7: -50942853973/(7°5%32211)

N = 9: -2668847209692(7745°31027)

N = 11: -334956658917082965(111° 74543927)

N = 13: -7517747672901480225013° 114 735337 28) (3.1)

N = 15: -2336681901991302645418014¥3* 114 745°3°216)

N = 17: -305214227818628090680174170047° 13*1147454310210)

N = 19: -570679648684656807578199791973489° 17413 114735537 29)

N = 21: -2044304092089235762279148843319979* 174 1341147°533°211)

N = 23: -28911984011376140953026033325013982323) 19 174134114 7453°213)

N = 25: -1890473255283802937678830745102921869938a3719% 17413%114 7451035212

In order to obtain, with certainty, the analytical formszwg(g)(N) and APg(é)(N) from only

12 moments, we need to make use of additional constrainteesttucture of these functions.
At least up to NNLO, the splitting functions can be expressdgdrms of harmonic sums [61], see
also Ref. [62], which can be recursively defined by

N i
SinlN) = 5 5 32)
and N (g
S (M) = 5 G S, (). 33)

The sum of the absolute values of the indiogslefines the weight of the harmonic sum. Assigning
a weightmto the un-summed denominators

1

m e
P (N+k)m

(3.4)

which can be expressed as differences of two harmonic sumeight m, the N'LO splitting



functions include terms up to weight 2-1. For example, th€2n, contribution toAPq(é)(N) reads

% APcSS) (N) = 2Apgg(—S-4+2S 5 2+4S, 3+25111—S112—-5S121
+4534+2S 2-6911+6S2+7S%1—-3%)
+4S 3(DE—2Dg+2D;1) + 8S;, 2(2DZ— Do+ Dy)
+S111(5D& —2D? - 21/2Dg+12D1) — 25,2 (2D —2D? — 5D+ 5D;)
—2%1(4D§ +2D7 —11Dg +11D;) + 2S3(3D§ +6D7 — 11Dg + 11Dy)

—303(2D¢+4D? - 9Dg+12D;) — 6D (S 2+ 1) (3.5)

2
Céng

+2S ,(8D3-5DF — 6D+ 10Dg — 9D;) — S11(10D3 +6D3 — 35/2D7
—5D2429Dg—36D1) + 2 (4D +6D3 — 10DZ — 4D2 +17Dg — 22D1)

+S1 (7D§ +4D7 —43/2D§ — 15D; +99/2D¢E 4 18D7 — 78Dg + 329/4D1)
+32D; —15/2Dg§ — 3D; +59/8D3 + 53/4D3 4+ 77/8D¢ + 213/8D?
—1357/32D+ 777/16D;

in the standardMS scheme [56], where all harmonic sums are understood take: tat argu-
mentN. Here we have also made used of the first of the abbreviations

for theN-dependence of the lowest-order splitting functions, ¢f. @.2) below.

If the unpolarized counterpart of Eq. (3.5) is written dowrthe same notation, the first two
lines are the same except for the replacemedimf; by pqg = 2D, — 2D, 4+ Dy. The same holds
for the C,Cen; andCZn; contributions. As in other results in massless perturba@®CD, the
number of harmonic sums is reduced by the absence of sumsndiglk —1. This leaves seven
sums of weight 3, of which one is missing in Eq. (3.5) but ne torrespondin@€,C:n; and

CZn; expressions. Half of their in principle 28 coefficients widg ; and D&l are fixed by the

1/N? suppression of the differen«.‘éé) in Eq. (2.20), which is found to hold separately for each
harmonic sum. Taking into account the lower-weight sumis,l#igeN behaviour relates as many
as 24 coefficients to the unpolarized result for each of theethonn; colour factors.

Another crucial feature of Eq. (3.5) and all other availaielgults for splitting functions is that
all coefficients are integer in a suitable normalizatiom. Fafter eliminating all terms linear i,
andD, using the IN3 largeN behaviour, the remaining coefficients in Eq. (3.5) are iatsgnce
factors of 2~3 have been bracketed out of the terms with sums of weight3. Consequently
the equations relating the remaining coefficients to fikedioments are Diophantine equations,
and far less that equations are required to determimenknown coefficients. While there are a
few additional constraints, on the coefficient of Ihél and Df terms corresponding to thedr
andxIn®>4x smallx logarithms and the remaining coefficients&f; 1(N), see below, it is clear
that it is vital for the determination czfng(é)(N) to have an extension of theescheme of Fig. 1 to
NNLO, in order not to miss out on those 24 lafyezonstraints.
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Figure 4: The NNLO difference&‘éé)(N) = g(é)(N) —APg(g)(N) for the nonn; andn{ terms in the

M and A schemes fdC, = 3 andC = 4/3, compared to the unpolarized result. The symbols show
moments calculated using IMCER, the solid and dashed lines the exactMltesults presented
below. As at NLO, cf. Fig. 1, the M-scheme difference turngaiee at large\N.

The double-logarithmi&; 11 andS; 111 contributions toAPg(g)(N) can be derived from the
calculations of polarized graviton-exchange DIS, withay reference to the unpolarized results,
from the single-log threshold enhancement of the physieatd& K, in Eq. (2.26), cf. Ref. [63].
An additional scheme transformation that removes thosgibotions todyq is found to be

Zggn = —ashP — 2a28P\ + 0(ad) . (3.7)

The assumption that this remarkably simple transformégads todgq(X) = 0((1-x)?) is con-
sistent with the results fd¥ < 25 is illustrated in Fig. 4 for the? andn! contributions in QCD.

The physical kernels for the systefHz, Hg) also allow to settle another issue observed in
Ref. [26], the apparent partial disagreement of the leadmgllx logarithm ofAPOfé)(x) with
the old resummation result of Ref. [64]: the*kcontribution toKzg agrees perfectly with that
prediction, which clarifies its proper interpretation, séso Refs. [65—-67]. Consequently it should
be possible to use the prediction of Ref. [64], g, also forAPg(g) (x). Furthermore thexIn®x
andxIn®x terms of this function can be fixed by extending the analysie@smallx limits of the
unfactorized expressions in Ref. [68] to the present casealso Ref. [69].

Finally we need to briefly address the issue of denominatbes éharD, andD., as occurring
in the sixth line of Eq. (3.5), and with sums to weight 3 in@gC-n; counterpart. Due to the
different leading-order structure, there are far fewehsieems here than in the unpolarized case.
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Terms withD, in APO%) (N),D_;in Apéé) (N)andD_; D, in APg(S) (N) do neither affect the prime-
number decomposition of the denominators of the bdshoments, e.g., the = 17 moments do
not involve a factor 119, cf. Eq. (3.1), nor can they lead to an overall poldlat 1.

We are now ready to turn to the determination of theNalbxpressions. The structure of the

critical C3, C,C2 andC2Cy- parts ofAR? is analogous to Eq. (3.5) discussed in detail above. With
the coefficients of the weight-4 sums fixed by the unpolarizsailt [13], we are left with 32
coefficients of sums at weight 3 and below combined with psve¢éD, andD,, recall Eq. (3.4),

plus at most 11 sums combined with ;. The largeN suppression oﬁg(,é) in the A-scheme
and the other endpoint constraints fix 29 or 30 of these caoaite (depending whether or not
D_;S1,1,1(N) isincluded in the basis set), leaving up to 45 unknown intpgeameters.

We have developeddRM tools for analyzing the prime-number structure of the maoisiesee
Eqg. (3.1), and deriving relations between the remainingupaters using the Chinese remainder
theorem [70]. These tools have proved sufficient, sometiogsther with a brute-force scan of
a few variables, for simpler cases. It is however not easyetovel more than about ten relations

for the three difficultnP parts ofAPg(é). For these cases we have employed the program provided
in Ref. [39], see also Refs. [40,41] to solve the remainirgjeay of linear Diophantine equations.
Since this program looks for short vectors, it is best formunposes to eliminate 4 to 6 ‘unpleasant’
coefficients, in particular those of low-weight combinaticsuch a®2, D2, D2S;, D?S;, using

the moments ttN = 9 orN = 13, and work with the remaining 6 to 8 equations.

For example, using the moments (3.1) this procedure leatthe teesult

S AP (N) cs = 2Pual~S-4+6S 2248 34281111+ 811
+3521-3S3+2S 2+2911-2>)
—4S 3(2D¢ —Do+Dj) — 85 »(DZ—2Dg+2Dy)
+S111(2DZ —5D?—6Dg—3/2D1) — 2S12(DZ+4Dg— D)
—$1(4D8+4D? —4Dg+7D1) + S3(2DE+ D74 6Dg—3/2D)
+6¢3(2Dg—D1)(25—-3) — 6D_1(S2+1) (3.8)

—S ,(8D; +4DE +18D7 —26Dg + 24D1) — S11(6D3 +6D; +4D¢E
+5D242Dg—7/4D1) 4+ 25 (D3 +2D?+10Dg —4D1)
— S, (6D3+ 7D +4D§ +23/2D3 — 27/2DZ +39/4D?2 — 8Dg + 23/4D1)
—8Dg§ — 12D; +23Dg — 28D7 — 39/4D3 — 427/8D3 — 341/8D§
—767/8D2+2427/16Dg — 4547/32D;
in the standard (M) definition of th&S scheme [56], where we have again used the abbreviations
(3.4) and (3.6) and suppressed the arguneat the harmonic sums. The corresponding expres-

sions for theC,C2 andCZC- parts are somewhat longer, see below. fireependent terms are
much shorter; their determination does not requireNhe 23 andN = 25 moments.

12



Note the simplicity of the coefficients in Eq. (3.8), in pauiar those of the terms with overall
weights of 5 and 4 and sums of weight 2 or higher, which stipmglicates that the result is correct
even without further checks. In fact, if any erroneous infation is entered for an externally fixed
parameters, e.g., a wrong coefficienl[lﬁ‘, or if the set of functions is too small, e.g., by omitting
the term withD_1, then either no solution exists for the system of Diophané&quations, or only
solutions with nonsensically large coefficients (also)tfer high-weight terms.

Neverthelessitis, of course, necessary to validate thdtigg all-N formulae. For this purpose
their predictions at higher valuesifhave been compared to additionalNMeER moments such as

—aPY

s (N=27) = 4609770383587605432813291530849726335264810727

(23%19%17413%1147558315213) 2 + ... (3.9)

The diagram calculations for the corresponding result at 29 have been carried out only in the
planar limitC,—2C- — 0 atn; = 0. As this result combines the three difficult llexpressions
for the C2, C,C# andCZCr colour factors, which have been obtained independentiy feach
other, it provides another strong check of all these resuttsding Eq. (3.8). Perfect agreement is
found for the not entirely trivial fractions at both valueishh

The overall most difficult case was ting-independent, i.eC2 part ofAPéé). Also here the

harmonic sums beyond weight 3 can be determined from thelamped case; the same holds for
all terms not involving any un-summed denominators: theseribute to either the A(1-x)_ of
the 5(1—x) terms the largeclimit which are the same fdPyg andAPyg. This reduces the problem

to the same basis set as in the casAIQﬁ) atn; = 0. The /N2 suppression 0y with respect
to Pyg, however, only removes one instead two coefficients for éacmonic sum up to weight 3.

Taking into account our additional knowledge of the coedfits of DS from Ref. [64] (this
coefficient is the same fd(éé) andAPg(g), unlike for the off-diagonal cased); andD?, cf. Refs.

[68,69], and ofS; 1 1, cf. Ref. [63], this leaves 49 terms wifh, andD, plus the functions with

the ‘extra’ denominatoD_1 D, corresponding t®_1 in the previous case dIPg(g). The nonEg
parts ofAPyg are non-singlet like quantities, e.g., they are not affettie scheme transformations
with zgg = 0, see Egs. (2.18) and (2.19). Hence we could use some ngletsheuristics, see
Ref. [38], to reduce the overall basis to 52 functions, whighwere able to determine using our

own programs and, in the final step, Ref. [39] with 8 equatatrikl < N < 25 for 41 unknowns.

Quite a few of the resulting coefficients are far less simpdmtthose in Eq. (3.8), see Eq. (4.12)
below; on the other hand seven coefficients put in are zerbtrere are some expected relations.
The result has been checked against thea®4R calculations alN = 27 andN = 29 which were
finished only after we had obtainéng(é)(N). Another important check is the first moment which
is not accessible directly [28], but can be obtained by Maltiverting tox-space expressions in
terms of harmonic polylogarithms [71] from which arbitramyoments can be calculated. The
results is o

APP(N=1) = pYS (3.10)

see Eq. (2.16), as expected from the two previous orders.rébult is the same in all factorization
schemes considered here also for@peterms due tcAPq(S) (N=1) = 0inEqg. (2.19), cf. Ref. [72].
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4  The NNLO splitting functions in Mellin space

The analytical oddN expressions of the splitting functions to NNLO can be wnitte terms of
harmonic sums [61] as recalled in Egs. (3.2) and (3.3) abavar notation is different from
section 3 of Refs. [12, 13]: here all sums are taken at arguiddmhich we usually suppress),
for the additional un-summed denominators we employ theesddtions (3.4), (3.6) and

n={NN+D}?t, v={N-1(N+2)} L. (4.1)
In this notation the leading-order (LO) contributions [17pto Eq. (2.7), see also Eq. (2.9), read
) = Ce(-4S+2n+3),
) = 0,
) = Ca(—4S;+8n+11/3)—2/3n; , (4.2)
and their next-to-leading order (NLO) counterparts of REf8—-25] are given by
AP P(N) = 4C2(-4(S3-28, 2-S12—$1)~3%+3/8-4nS -
—2r]Sz+2(2r]+r]2—2D§)Sl—r]—11r]2—5r]3+D§+2Dg)
+ACACr (2(&3— S) —4S1_5+11/3S,— 67/9S, +17/24
+2r]S_2+217/18r]+35/6r]2+2r]3—11/3D§>
+4/9Cen; (—6sz+1osl—3/4—17n—3n2+6D§) , (4.3)
APOIN) = 4anf(—5n+3n2+2n3+4D02—4D3), (4.4)
AR(N) = 4Cen, (Zqug(Sl,l—Sz)—2(2Do—D§—2D1)51
—11Dg+9/2D§ —D§ +27/2D1 +4D% - 2D3
+4CAnf<—2qug(5—2+51,1)+4(D0—D1—D12)51
+12D0—D§—2D§—11D1—12D12—12D13) : (4.5)
ARG (N) = 4G (—Apgq(2S11-S)+2(D1+DD) S,
—17/2Do+2D5+2D3+4D1+1/2D12+Df)
+4CACr <2Apgq(sl,1 —S »—%)—(10/3Dg+4D3+1/3D1) S
+41/9D0—4D§+4D§+35/9Dl+38/3012+6Df)

+8/9Cen <3Apgq51—4Do—D1—3D12> , (4.6)
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AP (N) = 4C3 (4(51,—2+51,2+Sz,1)—2(83+S_3)—67/9Sl+8/3
~8N(S+S2)+8(2n+n?-2D§) S
+901/18n — 149/3n2 - 24n3 — 32D + 32D3)

+4/3Can; (10/331 ~2-26/3n +2n2)
+4anf(—1/2—7n+5n2+2n3+605—403>. 4.7)

For completeness also including the non-singlet contiwbutvhich is identical to the function
Pn_s(z)(N) given (in a different notation) already in Eq. (3.8) of Ref2], the polarized next-to-
next-to-leading (NNLO) quark-quark splitting functimPég)(N) is the sum of

APP(N) = 16C3 (— 12S 54245 41+4S 3 2+4S 3,+12S 5 3
—24S 51 2+445, 4—645 31+165 2 2—8S5 22—-805 1 3
+96S511,21-16S2 2—-8522—-16531-854+525 3-56 21
—1651 - 2-8$12-8$21+493+125 2 -8%11+8%2+4%1
+4S5—-S4(9+22n)—S.31(6—32N)+4N(S22-2S 2 2+2%1+%)
+285,-3(3+20n) +4S,21(3-12n) +1253+ 2% 2(3+4n)
+2%2(34+2n)+S 3(+3n—4n?—12D&) +2S 21(5n+10n2+4D¢&)
—4S;2(7n+5n%—~4D§) — 4(S12+S1) (2n +n? - 2D§)
—$3(13/4—4n—-5n2+4D3) — $(3/8—2n—-17/2n?—4n3+2D& +4DJ)
—S 5(3-1234+2n—-14n%2—-6n%-2DZ+8D3) +4S11(3n%+n?)
—S1(47/2n +53/4n?+48n3+13n* — 18D§ + 18D§ — 24Dg)
+{3(15/2+6Nn+6n7) +29/32—215/8n +26n°+45n°+49n* +11n°
+175/8D§ - 43/2D§ + 15/2D¢ - 16D

+8CZEC, (20&5 —40S 41+4S 3 2—4S 3,-20S  3—-16S 5 21
+56S 21 2685 4+128S; 31645 5 2+8S) 22+144S1 3
—224S11, 21—325,13+16S 2 2+32531+4454—- 84S _3+120S 21
+16S1 2+2053—20S3 2 +4S52+4S1— 205+ (89/3+34n)S 4
+268/9(S12+S$14+2S1 2—S3)+2S31(31/3-32n) +4S , 2(3+8n)
—4nS 2225 3(31/3+36Nn) —4S,21(31/3-28n) —45,3(31/3—-4n)
—2% _2(31/3+4n)—44/3%5—-8%31(1/3+2n) — $4(23/3+22n)
+S 3(37/3n+14n2+12D3) — 2S 21 (53/3n +30n2+4D3)
+4S; (130 +10n%—4D§) + S3(13+26/3n — 100> —4D¢&)
+S 5(9—3673—586/9n —34/3n2+38/3D3 +8DF)

— $(151/12+350/9n +46/3n2 4 4n3 — 44/3D¢)
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+S1(715/9n +494/9n? +137/3n 3+ 8n* — 580/9D¢& + 16D — 24D§)
—3(45/2+18n +18n?) 4+ 151/32— 4n° —341/6n* - 1805/9n 3
—3691/18n2—5/18n +217/36D& + 185/9D3 + 38D + 16D5’>

+8C-C? < —4S 5+8S 41-4S 3 2+4S 5 3+8S 5 21—-16S 51 >
+125, 4—-325, 31+245, 2 2—3251, 3+6451 21+16513—16531
—1254+16S 3—-32S 21—-8S93+4S 2+4S1+4S—-S 4(31/3+6n)
—(11/3-8n)(2S 31+ S1-4S;,21) —6S 2 2(1+2n) +25 -3(11/3+8n)
+S13(11-8n)+22/3S 2+ S4(31/3+6n) +S 3(134/9—23/3n—5n?)
—4S; ,(67/943n+5/2n2) —1/2%(389/9+n —9n?) + 1043/54S;
+S 21(38/3n+20n%) —S »(3—123—302/9n +4/3n?+3n°%+22/3D¢)
— $1(245/12+60+7/6n2+11/6n°—1/2n*) +3(15/2+6n+6n?)
— 1657/288+ 20521/216n + 4819/54n2+261/4n°+11/3n*—3n°
— 2759/54DZ +44/3D3 — 22D5‘)

+8/3C2n; (—8S 4~ 85 31+8S, 3+16S, 21+1683+85 24852
+8%1—-4&%—-80/3S;,_»—-40/35,2,-40/3$,1+4S 3(10/3—n)—-8nS. 21
—S3(64-8N)+4S 2(22/3n+n%—2D&) + S (5/2+56/3n+4n%—8D&)
+S;(55/4—64/3n—92/3n%2—8n°%— 1273+ 64/3D2) +{3(9++6n)

— 69/883/24n +457/6n2+278/3n3+19n* — 71/6DZ + 10/3DZ — 2403)

+8/3C:Cany (48 4+4S 5148, 3881, 21-6S13- 45, 2+251 - 45,
+4NS 21+40/3S; »—2S 3(10/3—n) +S3(14+3n) — 167/9S
—2S.,5(22/3n4+Nn?—2D&) + S (209/18+2n24n3 +12Z3) — {3 (9+6n)
+15/2—943/12n — 953/18n%—121/3n° —8n* +389/9D —8D$ + 12D5‘)

+8/9C, n? (2/3sl+ 10/3S, — 2S5 — 17/8+34/3n +20/3n%+13 - 22/305) (4.8)

and
BPS(N) = 8CACeny (—Sa(5n—6n%) — (S12— Si1a+Si2—38g) (2n—4n?)
+4nS 21—3(5/2n —7n?) +S 2(21n — 1302 — 14n3 — 20D¢ + 16DJ)
—~S11(11/6n+1/3n%-2n°%) + S (50 —n?—4n%-5D2+4DZ) + S (203/9n
—115/9n?—3/2n3—n*—41/3D% +34/3DZ + 2D§) + 1268/27n — 107/54n?
+93n3-283/3n*—38n° - 575/9D¢ + 1367/18D3 — 83D§ + 3203)

+8CEn (—<2s1,1,1—2sl,2—ss+6z3> (N—-2n%)+S11(3/2n-2n%-2n%)
+2%(7Tn—4n2-2n°-6D2+6D3) — 25 (45/4n —3n?—21n°—-7n*—6D¢
+3D§+D5‘)+5n+3n2—75/2n3—39n4—8q5+7D§—29/2D§+9D5‘)
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+8/3Ce n? (sl’l (n—2n?) —S1(44/3n—31/3n%2—6n°—11DZ +10D{)
+160/9n —53/9n2—30n°—8n*—34/3D3+17/3D3 + 605‘) . (4.9)

In N-space the off-diagonal NNLO entries of the matrix (2.7) gixen by

ARG (N) = 8C2ny (28pag(~S 4+2S 2 2+48, 34281121~ S12— 58121
+4S13+2S 2-6911+6S2+7S1—3%) —4S 3(2Dg— D —2Dy)
—8S; 2(Dp—Dy—2D?)—S;11(21/2Dg—5DF — 12D +2D?)
+28,5(5Dg — 2D — 5D1 +2D7%) + 21 (11Dg — 4DE — 11D; — 2D?)
—2%3(11Dg—3D2 —11D; —6D?) —6D2(S_2+1)
+2S 5(10Dg—5D¢ —9D; —6D#+8D3) — S; 1 (29D — 35/2D& 4 10D
—36D;1—5D%+6D3) +2%(17Dg — 10D +4D§ — 22D1 — 4D7 +6D3)
+S;(—78Dg+99/2D§ — 43/2D§ + 7D§ +329/4D; +18D2 — 15D; +4D7)
+323(9Dg — 2D§ — 12D — 4D?) — 1357/32Do + 77/8D§ +59/8Dg
—15/2D§ +777/16D1 4 213/8D2 +53/4D3 —3D7 + 32D15)

+8CACr 1y (2qug(—11/2&4+6&3,1 —3S 5 2-2S211+2S22+6S5 3
—6S, 21-651-2-45111-3512+3521+S53+3S 2+6S 11
—6S31+3/2%+3835)) —3D2(2S3-2S721-25-2S 2—-S 1)

—S 3(15Dg— 6D§ — 18D1 —8D?) +2S 21 (5Do — 2D§ —8D;)
+S111(37/3Dg— D§ — 47/3D1 — 2D7) +8S;_2(13/4Dg — D¢ — 4Dy — 2D?)
+3S;2(11/2Dg— 4D§ — 5D;1 — 4D?) —3S,1(11/2Do — 5D; — 4D?)
+S3(61/3Dg— D& —59/3D; — 18D%) +S »(8Dp — 2D +2D§ — 11D; — 4D3)
+S11(317/9Dg — 41/6D§ — 6D3 —313/9D; — 31D7 — 2D3)
+25(17/18Dg—5D& +6DZ — 23/9D1 + 10D+ 6D;) + S; (1195/27D¢
—29/9D& — 11D§ +8D§ — 1595/27D1 — 67/2D% + 3D; + 34D7)

—63(18Dg — 5D¢ —21D; — 10D?) + 69407/288D¢ — 15259/216D3
—701/72D3 +89/6D§ — 4D — 34927/144D; — 36461/216D72 — 3359/36D3

. 1/3Df'+8D15>

+8C2ny <2qug (—3/2S.4+2S31+3S 2 2+2S211+2S-3-2S 21— S13
+6S112+25111+4S112+2S121—-9-2-252+351-5/25%-303S,)
—S 3(104/3Dg — 13D¢ — 115/3D; — 14D#) +4S 54 (2Dg — D§ — 2Dy)
—6S;_2(7Do—5/3D§ —7D;1 —6D7) — S1.1.1(11/6Dg+4DE — 11/3D; — 4D?)
—$1(35/6Dg —23/3D; — 8D7) — $3(106/3Dg — 25/2D¢ — 223/6D; — 17D?)
—S12(157/6Dg — 8D§ — 73/3D; — 24D?) 433 (27Dg — 8DE — 30D; — 16D?)
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—3D2(S2+1)—S »(776/9Dg — 21D§ — D§ — 709/9D; — 69D% — 62D7)
—2S;1(1/9Dg + 7D — 4D§ + 65/18D; — 71/6D7 — 12D3)

—$(36Dg— 12D& —35D; — 61/3D7 — 16D;) + S (2515/54Dg — 91/2D§
+35/2D +9/2D§ — 4555/108D; — 59/9D% + 233/6D; +49D7)

— 16099/36D + 2867/27D3 — 75/2D3 + 82/3D3 — 15D§ + 8227/18D;
+8941/27D2 1 2143/9D3 + 691/3D4 + 15st)

+8/9C: nf <3qug (SL11—2S3) +S1.1 (4D + 3D§ — 14D1) — $(11Do — 16D1)
+S;(14/3Dg — 4D +19/6D1) 4 4193/16Dg — 3217/12D¢ 4 901/4D§
—129D§ 4+ 36D3 —2113/8D1 +97/12D% + 151/2D3 — 42D} — 72D15>

+8/9C,nf <3qug (—253-S111+S12—S91—8) —2S2(2Dg—7Dy) (4.10)
—2S;1(2Dg—7D;1+3D%) +6D?S, — S, (23/3Dg — 4/3D1 — 17D? + 12D3)
+118Dg — 1067/12D& +99/2D8 — 527/4D; — 46/3D7 4 65D3 — 12(D§ + Df)) :

APgE (N) = 8CE <2Apgq(—&4+6&2772+451,73+251,1,1,1+51,1,2+351,2,1
—3S813+2S 2+2911-2S2—9{3+603S1) +4S 3(Do—2D§ —D1)
+8S1_2(2Dg—2D1 — D$) —S111(6Dg— 2D¢ +3/2D1 +5D%)

—28,(4Dg— D1+ D7) +4S,1 (Do — D§ — 7/4D; — D) —6D_1 (S 2+ 1)
+S3(6Dg+2DE —3/2D; + D) +S 5 (26Dg— 4D§ — 24D; — 18DF — 8DJ)
—S11(2Dg+4D3 +6D§ — 7/4D1 +5D% +6D3) + 2 (10Dg — 4D; + 2D?
+D3) +51(8Dg+27/2D& —4D$ —6D§ — 23/4D1 — 39/4D% —23/2D3 - 7D}
+2427/16Dg — 341/8DZ — 39/4D + 23Dy — 8D — 4547/32D1 — 767/8D2
—427/8D3 - 28D% - 12Df)

+8C,CFE <Apgq (—8S4—10S > 2+4S 211—-8S, 3+4S 21+1251 >
—851111+6S112+2521+1053-6S 2+4S11—55 1835 +2703)
+9D 1(S2+1)+2S 3(6Dg—3D;+ D7) —2S 541 (4Dg— D1 +2D?)
—4S; _5(7Do—4D1) +S1.1.1(73/3Do+2D¢ —23/3D;1 + D7)
+S12(35/3Dg +4D§ — 71/6D; — 8D%) — S1(5/3Dg — 8D§ + 13/6D; + 6D?)
— $3(10Dg+ 16D& —3D;1 — 4D?) +S 5 (6Dg—6D& — 4D — D1 + 7D% +2D3)
—S11(31/18Do — 8/3D& 4 2D3 4 137/9D; 4 22D 4 14D3)
—4/3%(10Dg +5/2D§ +6D§ —5/4D1 +67/8D7 +3D3)
+51(293/54Dg — 64/9D§ + 8/3D3 — 8D§ + 613/108D; + D — 39/2D3
— 24D7) —3343/48D¢ + 11093/216D; + 365/36D3 — 89/3Dg + 16Dg
+11273/288D1 — 3197/216D% — 701/72D3 +8/3D7 — 8D15>
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+8CECr (Bpgq(~118 4+16S 51425 5 2~ 4S 211+4S 22+ 248, 3
+453—-205,21-1251 2+45111-8512—-8521+10S >
—-8911+12$,+8%1-3%-9(3+6(35)-6D_1(S3-S21—-S
— S 2+3/2S 243/2)+1/3S 3(133Dg — 114D§ — 137D; — 39D?)
—4/3S 51(10Dg—12D§ — 11D; —3D$) +2/3S;_2(53Dg — 6D§ — 40D;
—15D%) — S111(55/3Dg 4+ 4D& —55/6D1 — 4DF) +7/6S3(35D0 — 18D§
—223/7D1 —9D2) + (Sp2+ S21) (7/3Do+ 12D +41/6D1 + 2D?)
+S 5(124/3Dg—3D& — 2D3 — 173/3D; — 202/3DZ — 31D5)
+S11(25/18Dg + 7D§ + 24D§ +581/36D; +-80/3D7 + 12D3)
+$,(5/9D¢+38/3D& — 32D3 — 148/9D; — 79/2D? — 18D3)
—1/35;(883/9Dg + 152/3D3 — 29/2D§ + 75D — 403/18D1 + 1/4D?
+65D3 +75/2D7) 4+ 1913/6 Do — 5513/54D3 + 776/9D3 — 47D§
+30Dg — 3349/12D; — 17843/108D7 — 7373/36D; — 629/3D; — 79Df)

+8/3CANy (Bpgg(~58111— 4812~ 251+ 35+ 1205) ~6D-_1(S2+1)
—6S (4Dg—4D§ —5D1 —2D?) 4 S11(41/3Dg — 2D§ — 4/3D1 +6D?)
+S(4Dg+4DE + D1 +2D?) —1/9S; (31(Dg+ D1) —48D& — 36D3 — 54D5)
—1685/8Dp + 3371/36D3 — 337/6 D¢ + 50D — 24Dg + 10043/48D;
+3769/36D2 +829/12D3 + 46D% + 1sz>

+8/3C,Cr 1 (Apgq (4S5 3—4S 21-8S) 2455111552551 2%)
—1203Apgq+6D_1(S 241) +2S (10D — 6D — 8Dy — D?)
—S11(80/3Dg +6D§ —37/3D;1 — 4D7) +2/3S(5Do + 6DE 4 5D1 +9/2D?)
+51(91/9Dg +2/3D§ +8D& 4 118/9D; + 55/2D% 4 17D3) + 345/4Dg
—248/9DZ — 41/3D¢ — 643/6D1 — 2671/36DZ — 59/6D; + 14Df)

+8/9C, n? <3Apgqsl,1+sl(—4Do— D1 3D2) —6Dg+5D; — D? —3Df’) . (4.11)
Finally the polarized third-order gluon-gluon splittingiction reads

APZ(N) = 16C3 ( —4S 5+8S 41+4S 3 2+2S32,+4S 5 3-4S 5 51
—4S 21 2+16S5 _4—-16S, _31-4S, 2 2—4S _22—2451 3
+16S1121-8513-852-2-8522-8531+854+185 _3-12S 5
—891 2-8%12-8%21+1093+4% 2—8S11+10S32+8%1-4S
+11/6(2S 2 2—S13—S31) —67/9(S 3+ —25, 2-25,-2S))
11/6S, — 245/24S; +79/32+ 81 (—4S 4 +4S 31 +S 2 2+S 22+ 653
—48 21+253+2S 2+2S2+2S51-2%)—-11v(S3—S 21
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—S1 2+S 2—-S+1)+S 3(33n—16n°—24D§) + S3(86/3n — 612 —24D§)
—S1,2(43n+32n° - 32D§) — (S12+ S21) (32 + 16n* — 32D)

—S 21(23n—16DJ) — S (802/9n —338/3n% - 60n° - 64D§ + 64DJ)
+S11(48n2+16n3) + S (—1745/18n + 173/3n2 4 32n 3+ 64D — 64D3)
+S;(487/18n —17/3n%2—761/3n3— 74n* — 365/9D3 — 76/3D3 +48D§)
—1571/54n — 32503/216n2 + 1493/36n 3+ 1666/3n* + 1561 ° + 638/9D2
—644/9D3 +172D¢ — 128D3)

+8CEny (2/3(S13+S31— 25 2,2) +20/9(S 3~ 251, 2~ 2512 291+ )
—1/3%4209/54S; — 233/144+403(S1—2n+3n2) —Vv(4S 3—4S 53
—4S] 5—2S 45 -2)+S 3(3n+6n%) —4S 21n—2S; 2(n+6n?)
— S(11/6n+3Nn2) +S_5(77/9n — 13/3n%+2n3) +4/3%(23/3n —n?)
—$1(901/36n +166/9n2+43/6n°+3n%—232/9DZ +16/3DJ) — 2662/27n
+4375/5402+169/9n3 — 17/3n% + 2n°% + 716/9DZ — 704/9D3 + 16D§'>

1 8CACe Ny (55/1281 241/144—275(2S1—n+12n2) — S_3(10n +8n?3)
+8V(S3-S21-S, 2-S1-5/4(S24+1)+8S 21n+S._2(4n+32n2)
—(SL11—S12)(2n - 4n?) — S3(n - 14n?) + S11(11/6n +1/3n% - 2n°)
+S 2(330-20(n%2+D&)—16(n3—DJ)) + S (40/3n —29/3n% —4n°—15D¢
+12D3) + S1(89/18n +202/9n2+130/3n°+14n* — 3D + 2D — 2D§)
— 1483/54n + 3845/54n2 + 169/9n 3 — 554/3n* — 56n° +30DZ — 95/6 D3
—3ng+3203)

+8Cn; (1/8+623(n+2n%) +8(S 3~ 25, 2)n?+ (S1a1 - St2) (2n—4n?)
—(N+6n%)+12v(S 2+1)—10S 2N+ S (110 —10n%—4n3—-8D§ +4D§)
—~S11(3/2n-2n%2-2n3% -5 (23/2n +6n%—10n%-2n*—14D§ + 10D$
—2D§) —55n0+12n2— 19/2n3—21n4—4n5+38D§—75/2D3+15D5‘>

+2/27C,n? <87/4+ S1(8—27n+48n2) —3n —16n2—24n 3)

+8/27C: n? (33/8+ (S11—2%) (—9n +18n2) — S, (84n —51n2 — 1803
—81D& +54D3) — 16n +65n2 — 12003 —36n* — 45D3 + 54D§'> . (4.12)

All these results refer to the standard transformationédtB scheme of Ref. [56], see Eq. (2.17).

With the exception of the&€an? part of Eq. (4.12), which was derived in Ref. [73] (see also
Ref. [74]), Egs. (4.9) — (4.12) are new results of the preaetittle.
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The last two equations include the denominatatefined in Eq. (4.1), and are therefore only
valid atN > 3. The first moment of the NNLO quark-gluon splitting functiis

AP (N=1) = 3Cg, (4.13)
71 2
APg(é)(Nzl) = §CF Ca — 9CF — §CF N, (4.14)
2 1607 461 63 41
AP (N=1) = 5 CrCA — 4 CECa+ 5 CE + (3 _7213> CrCan;
- (%ﬂ - 7213) Céng — 133 Cenf . (4.15)

The corresponding results for the gluon-gluon splittingdiion are identical to the coefficients of
the beta function recalled in Eq. (2.16). The NLO and NNLOepsinglet results are related to
Egs. (4.13) and (4.14) by

AP (N=1) = —2n ARGV (N=1) . (4.16)

In the OPE, this relation for the anomalous dimension of tie{singlet axial current together
with Eq. (3.10) for the first moment QNPQ(S) has been shown in Ref. [49] to be a direct consequence
of the requirement that the axial anomaly [82, 83] should@ree the one-loop character of the
operator relation [84]

oM = —2n;asGlGa (4.17)

in dimensional regularization, wheij§ = Tysyp andGY’ (G’ = 1/2eWG, 45) denote the
renormalized axial current and the (dual) gluon field-giteriensor. In this context Egs. (3.10)
and (4.16) are thus consistency requirements ensuringaitiect renormalization of the pure-
singlet axial current with the chosen finite renormalizattonstantZix, see Eq. (2.17). Conse-
quently Eq. (4.16) fon = 3, together with Eq. (4.15) antP,5 ™ (N=1) = AR{J/(N=1) = 0,
fixes the first moments of the upper-row splitting functioneraeraZ.

The quantities given above do not provide the complete s#tiaf-order helicity-difference
splitting functions. Additional eveh! functionsAP,s" exist for the quark-antiquark differences

Afik_ = qui—qui—(quk—quk), (4.18)
N

ATV = Zl{qui_qu_‘} (4.19)
=

that occur in the (so far practically irrelevant) structtuactionsg; andg, in polarized charged-
current DIS which has been analyzed at NLO in Ref. [75]. Theesponding NNLO corrections
may be addressed in a future publication together with theigdization of Refs. [76,77] to aN.

It appears safe to assurxlé’n_s(z) = Pnt(z) as given in Eq. (3.7) of Ref. [12]'.\Pr}’§2) IS unknown
though at this point.
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5 The NNLO splitting functions in x-space

The expressions for thespace splitting functions in Eq. (2.5) in terms of harmopatyloga-
rithms [71] can be obtained from thé\l-space counterparts in terms of harmonic sums [61] by a
completely algebraic procedure [71, 78] based on the fatidtter functions occur as coefficients
of the Taylor expansion of the former. Our notation for thenmanic polylogarithms follows
Ref. [71], with the lowest-weight( = 1) functionsHm(X) given by

Ho(X) = Inx,  Hi1(x) = FIn(1Fx) (5.1)

and the higher-weight(> 2) functions recursively defined as

%Inwx, if m,...,.m,=0,...,0
Hmy,.my,(X) = X ’ (5.2)
dz tn, (2) Hmy,...my(2) , else
0
with 1 1
fo(X) = = f - _
o) = +1(X) T5x (5.3)

For chains of indices zero we employ the abbreviated natatio

Ho,...,0+1,0,...,0+1,..(X) = Him1),+mns1),...(X) - (5.4)
Hrr/]—/ Hﬁ—/

Also here we recall, for completeness, the LO and NLO coutidins

AP (X) = 2C: (quq(x)+3/26(1—x)) ;
AR = 0,

(x)
(X)
AP () = 2n (—142x) |
x) = 2C (2—x) ,
(X) = 4C, (Apgg(x)+11/126(1—x))—2/3 ne 3(1—x) (5.5)

and
ARY(x) = 4G (28pgq(—X) (2+2H 10~ Hoo) +28pgq(X) (H10+Hz — 3/4Ho)
—9(1—x) — (1+X) Hoo — 1/2(7+11x) Ho + 3(1— x) (3/8+ 65 — 312))
+67/18) +26/3(1—x) +2(1+X) Ho+8(1— X) (17/24— 325+ 11/312))

+4/3Cg 1y ( —Apgq(X) (5/3+Ho) —2(1—x) —d(1—X) (1/4+ 212)) ., (5.6)
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AR = 4Ceny (—(1-3x)Ho+1-Xx—2(1+X)Hoo) , (5.7)

ARG () = 4Can; (2(1-2X) Hya +4(1=x)H1 —2(1+2X) (H-10+Hoo)
+(1+8x)H0—2Z2+12—11x)
+2CF N¢ <4(1—2X> (Z2—1/2H070—H170—H171—H2) —8(1—X) Hq
— 9Hy— 22+ 27x> , (5.8)

ARG () = 4C:Ca(2(2—X) (Hyo+Hia+Hz) +2(24X) (H-1.0+ Hoo)
+(4—13X) Ho— 1/3(10+X) H1 +41/9 + 35/9x + 2xz2)
+2C¢ <2(2—X)(Ho,o—2H1,1)+2(2+X)H1—(4—x)H0—17+8x>
+8/3C ng ((2—x)H1—4/3—1/3x> , (5.9)

AP (x) = 4CR <2Apgg(—x) (C2+2H-10—Ho,0) — 2Apgg(X) (C2 —Hoo — 2H10
— 2H,— 67/18) — 19/2(1—X) + 8(1+X) Hoo + 1/3(29— 67x) Ho
+3(1-x) (8/3+3Zs))
+8/3Cany ( —5/38pgg(x) ~ 3(1—X) — (1+X)Ho— 8(1-x))
+2Ce 0y <—10(1—x)—4(1+x) Hoo—2(5—X) H0—6(1—X)> . (5.10)

Here and in Egs. (5.12) — (5.16) we have suppressed the angxmithe polylogarithms and used

Apgg(X) = 2(1—x)"1-1-x,
Apgg(¥) = (1—x)"14+1-2x. (5.11)

Divergences fox — 1 are to be understood as plus-distributions.

The polarized NNLO non-singlet and pure singlet quark-gsafitting functions, obtained by
Mellin-inverting Eqgs. (4.8) and (4.9) are given by

AR (x) = 16 (20pag(—X) (9/443 —7/4L3+3H 50— 16H 28— 4H 2 10
+13H 200+14H 22—-4H 1 20+24H 1 1(>—20H 1 100—24H 1 1>
—20H_1082+11H 1000+2H_120+16H_13+ 7Ho0l2 —3Ho000—3H2{>
—H30—-6H4—3/2H_20—-3H_1{»—3/2H_100+3H_12+3/4Ho{> - 3/2H3
+9/4Ho00—18H 183+ 3/4Ho + 13/2HoT3) 4+ 2Apqq(X) (9/202% —H 30
+3H_2{2+6H_2 _10—-3H_200—Hopo00+4H1-20—2H1000+2H120
+4H13+H200+2H210+2Ho 2 +2H30+2H31+Has—3/4Holo —3H100
—3/2Hp0—3/32Ho+ 1/2Hols + 13/16 Hoo + 6H1 () — (114 31X) Ha
+(1—x)(—25H; —151/8 —4H_200—Ho0l2+3Hg000—6H1{2 —9H1)
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+(14x)(37/1023 —18H 10 +24H 12+ 14H 100+12H 1_10—3Hz200
—2H30—Ha—6H_10)+1/16(—3074437x)Ho+ (1 —5x)H_20+6xHo {3
—2(1—3X)H_30—3(2+5X) Hoo0+3/2(5+11x) {3 — 1/2(5+ 13X) Hz 0

+ (124 31X) Hol2+ 3/4(17+X) {2 — 3/4(25+X) Ha — 1/8(73— 15X) Ho 0

£ 8(1—X) (29/32+9/8Lp +17/475+ 18/57% — 1575 — 20» zg))

+8C2C, <2quq(—x) (—31/43—1/472+67/9%2+134/9H_10— 67/9Ho,
—5H 30+32H 2{2+4H 2 10—21H 200—30H 22+36H 1 100
+4H_1 _50—56H_1 _1{>+56H_1_12+42H_10{>—17H_1000—2H_120
—32H_13—13Hp0lo+5Hp000+ 7H2{2+H30+10Hs +31/6H_2
+31/3H 102+ 31/6H_100—31/3H_12— 13/12Holz — 89/12 Ho g0+ 31/6 Hg
+42 H_113 — 9/4 Ho — 29/2 HoZg) + Zquq(X) (5/6(3 — 69/20(22 — H_3’o
—3H 2{,—14H 5 _10+5H_200—4H_22—4Hg0{2+5Hp000—16H1 20
—2H10{2+11H1000+8H1100—8H13—2H2{2+5H200+ H3z 0+ Hs
+3H_20+41/12Hol> — 23/12Ho00+31/3Hy00+ 11/3Hp0+2/3Hs
—13/4Ho0+67/9Hy0+67/9H, — 151/48 Ho — 17/2Ho s — 24 Hy 5)
F4(1-2X)H_30+2(1—X)(379/12— H_ 20— 2H_5_10+3H 200+ 7H L2
+4Hy 00+ 26/3Hy 0+ 251/6Hy) +2(1+x) (25H 10, — 14H 1 10— 32H_15
—13H 100+ 2H20+H28o+2Hp00—3Hs+19/3H_10) — (64 7X) {3
+2(2—-3X)Hol3 —5(3—7X)H_20+2(5+3X)Hool2+2(9+31x) H3
— (33+62X) Holz + 1/18(157— 557x) Hoo — (39-+ 17x) {2 — 1/2(97+ 39%) {a
+1/2(35+ 13xX) Ho00+ 1/72(2627— 3869x) Ho + (155/3+ 17X) H2 — 8Ho 000
+8(1—x) (151/32— 205/1275 + 211/6 5 — 247/3073 + 15z5+21213))

+8C-C? (2quq(—x) (11/43+ 15 —67/187, — 67/9H_10+67/18Hyo+H 30
—8H_2{o+4H 200+8H _22+16H_1 _1(>,—8H_1_100—16H_1_1>
—11H 1002 +3H_1000+8H_13+3Hg0l2—Ho0,00—2H2{2 —2Hs4
~11/6H_20—11/3H_1{2— 11/6H_100+11/3H_12+1/6Hol2 +31/12Ho g0
—11/6H3— 12H_ 103+ 3/4Ho + 4Hols) + 2Apgq(X) (245/48+ 1/225+ 12/523
—67/18(,+389/72Hypo+H_30+4H_»_10—H_200+2H_22—Hoo00
+6Hy, _20—H10{2—3H1000—4H1100+4H13—2H200+Hs4—3/2H 29
—31/12Hy {2+ 31/12Hy 00— 11/4H1 00+ 11/12H3 +1043/216 Hy+ 4 Ho {3
+9H143) — (1—x) (74/3H1 —391/27+H _30—H 202 —2H 2 10+H 200
+4H1{>+4H100) — (1+X)(16H_1{>—8H_1 10— 6H_100—20H_1>
+10/3H_10+28/3Ha +H20o+1/2Hz00— 3/2Hs) +1/4(3+5%) L5 — 2Ho L3
+9(1+2x)Hol2 —2(1+9x)H3+2/3(3+10x)Hoo—1/2(5+3%)Ho 02
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+(7—15x)H_20+2/3(9+14x) {2+ 1/9(43—21x)Ho+ 1/2(41+ 3x) {3
— 7THoo.0+Ho000— 3(1—X) (1657/288— 55 + 194/975 — 562/275 + 1/4{22))

+8/3C2n <4quq(—x) (3/283—5/3%2— 10/3H_10+5/3Hoo —H-20—2H 102
—H_100+2H-12+1/2Ho{2+Ho00—H3) +2Apqq(X) (—55/16+ 53+ Ho {2
—Ho,00—4H100—2H20—2H3+3/2Hp0—10/3H;1 90— 10/3H2+5/8Hp)

4 (1—X) (34— 8Hy— 4H10) — (1+%) (8H_10— 3Hoo0) +1/3(31+55x) Hoo
+1/12(269+253X) Ho — 8Hp — 8(1—X) (69/8— 5/202 + 17¢s — 29/523) )

+8/3CACe 1y (2quq<—x) (—3/223+5/3%2+10/3H_10—5/3Ho0+H_20
+2H_10+H_100—2H_12—1/2Hol> — Ho 0,0+ H3) +2Apgq(X) (—209/72
—9/203+5/3>—7/2Ho0+Ho{2—Ho00+3/2H100—1/2H3—167/36 Hy)
— (1—X) (440/9—2Hy) + (1+X) (4H_1,0+Ha) + (3—X) L2 — (64 5X) Ho
~2/3(33—X)Ho+ 8(1 —x) (15/2— 167/9z2+25/313+3/10122))

+8/9Ce n? (quq(x) (=1/3+5/3Ho+Hoo) + (1 —x) (13/3+2Ho)
~3(1-x) (17/8—10/3z2+213)) (5.12)

and

ARY (X) = ACACe 1y (4(1 —X) (5/2H182 — 33/4H100+5H11.0+5H111 — 4439/54
—H_20—-2H_> _10—3H_200—1/2Hp0l2+17/2H;1 0+ 65/12H; 1 +266/9H1)
—2(1+x)(H-1{2+10H 1 _10+17H 100+4H_12—2H2{o+7H200—4H210
—AHy11—2Hg1+Ha—37H_10) +1/5(117+107x) {3 — 1/9(427— 1151X) Hoo
—1/27(2257+8899K) Ho— 4(1— 5%) H_30—4(3— 4X) Ho0,00+2(6+X) Hz0
+2(9—19X)H_p0+4(9+13x) Holz +2/3(19— 11x) Hp 1 + 14/3(25— 26x) {3
—4/3(19+37%)Hoo0 — 1/3(29+ 47X) Hoz + 1/3(83+47x) Ha
+1/9(91- 134x) {2+ 1/9(575+ 134x) H2>

+ 4C|§ N; <10(1 — X)(HL0,0 -2 Hl,l,O -2 H1’1,1 — 6/5 — 6/5 Hl,O — 13/10 H1’1
— 25/2 H]_) — 4(1—|— X) (37/10Z22 +7Hpl3—6 HO,O (r+4 H0707070 — H2,0,0 +2 H27170
+2 H2,1,1 +4 H3,0 + H3,1 +6 H4) — 4(2 — 3X) H2’1 + 20(2 — X) (HoZz — H3)
— 4(4— 7X) H270 — 4(5 — 6X) H07070 — 4(11— 21X) (3— (25— 114X) Ho
— (32+25X) Hoo+ (64+ 27x) ({2 — H2)>
+ 2/9C|: nfz <4(1 — X) (86/3+ 2H;+15 H1’1) + 8(5 — 4X)(Zz — Hz) + 4(23—|— 17X)H0’0
+24(1+x) ({3+2Hol2+Hop0+H21—2H3) +4/3(65—43x) Ho) . (5.13)
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Egs. (4.10) and (4.11) result in the third-order gluon-guard quark-gluon splitting functions

AR (¥) = 8CEN; ((1-2x)(3LHhla+6H1, 20+ 10H 082~ SH1000+2H11L2
+2H1100+8H1110—4H1111+4H112+4H120—-6H13—11/6H111)
~1/36(16099- 16346x) + 1/18(733+ 12x+ 54x2) L+ 1/6(273— 4x) Hp
—1/18(675— 2356x+ 54x%) Hoo — (1 — 18X) H_ 50+ (1+X) (8Hz10+4Hz11
—13H 18— 42H 1 10— 8H 12) — (1—14x)H_ Qo+ 1/20(495+ 538x) {3
—4(14+2X)(H22+5/4H 1{3+1/2H 1 20—1/2H 1 1{>—-3H 11 1p0
—H-1-100—H-1-12+3/4H 1000 —H-121+H-13) +4(2+3x)Ha1
—1/9(2+65x) Hy1 — 3/2(3— 2X) Ha+ 4(3 — X) o0+ 12(3+ 4x) HoZa
—2(5-6xX)H_5_10+ (5+6X)Halp+1/2(7—31x) Holp + 2(7— 10x) Ha 1
+3(7—9X)H_p0+1/2(7—6%)Hoolz — (13— 6X) H_20,0 — (15— 16x) Ho0,00
—1/2(25+ 42X) Ho00 + 1/6 (35— 46x) Hy 2+ 1/2(35-+ 31x) Ha + (36— 35x) Hy 0
—2/3(41+40X) Hoo,0+ 1/6(91— 80X) H1Zp — 1/3(104+ 115x)H_1 0,0
+1/6(157— 146x) Hy 10— 1/6(212— 223x) Hy 0,0 — 1/108(11468+ 40643) Ho
+1/2(315— 268x) {3+ 5/108(1006— 911x) Hy + 1/9(776+ 709 4 275) H,170>

+8CACe Ny ( —2(1—2x) (39/2H1ls +3Hy 20+ 9H1082— 3/2H1000
+6H11{+H1100+3H1110—-4H1111—-3H112—-6H121—6Hy3)
—(59/2—31x+3x*)H1Z — 4(1—X)Halo — 3(5+6x+2x*)H_100
—(89/6—65/3x—6X%)Hg 00— (701/72+ 1357/36x — 9%%) Ho o — (11— 35x
—6X°)H3+ (1—14x)H11—2(5+8x+3x*)H_ 12— (84+17x+9%*)H_ 1
—2(1+16x+3x%)H 20— 2(1—6X)H_ 30+ 1/288(69407— 6899(x)
+8(1+X)H_2 10— 1/3(370—293x+45x%) {3 — (101/9+ 85/18x + 9x%) L2
—1/10(101+ 146X) L2 +2(1+2X) (17/2H 143+ 3H 1 20— 9H 1 14
—6H_1_1_10+6H_1_100+6H_1-12+9H_10{2—11/2H_1000
—2H_120—2H 121 —6H_13—2Ho000) —8(1+3X)Hs+6(1+4x)Hool>
—4(3+4X)Hzo+ (14 22X)Hp00—5(2— 7X)Ha0+2(13+ 16x+3x*)H_1 10
—4(14+6X)H_22—2(3+8X) (H_200+Hz1) —3/2(11—10x) (H1,1,0— H1.2)
+(9—35x—12x%)Holo — (17/9—46/9x)H1 0+ (37/3—47/3X)Hy111
+(317/9—313/9x)Hy 1 + (29/9+ 85/18x) Ha + (61/3 — 59/3x) H1 0,0
+ 4(2+ 7X) H_ 2(,—-12 H27170 + (23+ 32X+ 9X2) H_1{>— (41—|— 22X) Hols
+(41/6+46/3X) Hp 1 4 1/27(1195— 1433x) Hy + 1/216(15259+ 25645) Ho)

+8CZn <2 (1-2%)(7/2Ho0l2+7H1{3+2H1 20+ 7H10{2—3H1000
+5H11(>o—-4H1100—H1110—-2H1111—-5H112—-6H120—-6H121—7H33
—2H210— 5/2 Hp11—4Hz2—4H30—5H31— 7/2H4—5 H_20)+ 681/16x
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+2(1—x)(13H1 o — 11H1 00— 5H110—11H1 2+ 4H2Q2) — 4(3/5-2%) 3
—1357/32—2(10+9x—3x*)H_10—4(14+X) (H_1{2+2H 1 _10+2H 100)
+(59/2—18x+65%) Lo +4(1+2X) (H_1_20+2H 1 100—1/2H_1000)
—4(1+4x)H_200—2(3—2X)H200—7/2(5—-2X)H21—3/2(7—8x)H1 11
—2(10—X)Hz,0— 9/2(11— 4X)Ha+ (13— 14x) Ho{3+ 1/2 (15— 4X) Ho 0,0
—2(17—22%)Hy,0+ (23/2— 2X)Ho {2 + (25— 11x) {3 — (29— 36X) H1 1

— (43/2—2X)H3 — 1/8(77—397x) Ho + 1/8(59+ 458x — 48x%) Ho o
—(78—329/4x)H1 —4x(4H_30—Hoppo00—2H_2{>—4 H72,71,0)>

+2/9C,n? (12(1— 2X) (H1Z2+H1.00+H110+H111—Hi2) +24(1+2X)H_100
+48(1—x)Ho00—8(2—7X)H11+8(2+7X)H_10+4(4+3xX) (o +472—527x
— 4/3(23— 4x) Hy +2(99+ 68X) Ho,0 — 3675 + 1067/3 Ho + 200/3xHo — 12xH2)

+2/9Ce nf (12(1 —2x) ({3+2H100—H111—H214+12Ho000) +4(11—16X) H1 o
+1/4(4193—4226x) —8(2—7x) ((2—H1,1 —H2) +2/3(28+19x) Hy
+12(43+10%) Ho0,0 + 17(53+ 14x) Ho 0 + 1/3(3217— 59X) Ho) (5.14)

and

APSZ (x) = BCRCr (4(1—2X) a1 +1/12(3718- 3349) — 1/20(366-+ 193X) 13
+16(1+X)H 22+2(2—11X)H 2 10+ (2—9X)H 30— (106/3+3x*
+173/3X) H_10— 1/54(1442— 403x) H1 — (46/3+3x 1 — 121/6X) H1 {2
+(2—=X%) (7TH1{3—2H1, _20—4H10{2+3H1000—2H11{2+4H1100+8H11>
+8H1110+4H1111+12H120+8H121+8H13+6H210+6H22—55/6H111)
—4(24x)(23/4H_103+5/2H_1 _20—13/2H_1_1{>—3H_1_1_10—4H_13
+6H_1_100+5H_1-12+5H_100>—11/4H_1000—H_120—H-121)
—7/2(2+5X)Ho1 — 1/9(5— 148x) H1o+4(6 — X) Ha1 +4(8+X) Ha
—(3-122/3%) H_20— 2(10+ 7X) Holz — (144 5X) Halo — (14+ 27X) H_202
—1/6(14+41x) (H110+H12) +2(15—-4x)Ho000+1/36(50+ 581x) H1 1
+(13/3—9/x—4/3X)H_102+1/3(38— 139X) Ha0+ (38+ 11x) H_20,0
— (23+13/2X) Ho0lz — 1/6 (47— 419x) Holz + 1/6(245— 223x) Hy.00
+(25+13/2x)Ha+2/9(49+ 73x) Ho + (214 13/2X) Ho 00+ (47— 5/3X) Ho0.0
+(40/3+6x 1+ 44/3x) H_15— 1/3(161— 194X) 3 — 2/9(208+ 73X) {2
+(133/3+6x 14+ 137/3x)H_100+ (106/3—6x 1 +80/3x)H_1_10
+1/6(29— 419x) Hz + 1/18(1444— 2351x) Ho o+ 1/108(11998+ 1864%) Ho)

+8C,C2 (8/3(1+ X)Hz + (2~ 7X) (2H_30— Ha1.1) — 1/216(13037— 4423x) Ho
—1/5(46+49%) 22— (69X 1+ X)H_10— 1/48(2911— 11273/6X)
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+(2—x)(8H1{3+10H1 _20+2H1002+5H1000—4H11{2+10H1 100
—6H1110-8H1111—2H112—4H1214+2H10+4H22+4H30)
+(2+x)(11H_1{3+6H_1 20—10H_1 1{>—12H 3 3 10+8H_1_100

+4H 1 12—2H 1002 +3H 1000—-4H 121+6H 100) —3(2-3X)H 20
—(2+7x)H31—2(4—-5x)H2{2+4(4—x)Ho{3+2(4+X) (H_12+2Ho,000)
—2/3(5—X)Ho0— 4(7+4X)H_1 10— 1/3(8— 43%)Ha1 +2(8— 7X) Ha00
+5/3(8—x)H10—(10—3X)H100+1/6(10+13x)H1 2 —2(114+5x)H_1(»
—2/3(13+4%) Holo — 1/18(31+ 274x) Hy 1 +2/9(32— 73%) Hy
17/6(32—25%) {5 +1/3(89— 88x) Ho 00— 1/6(70— 71x)Hy 10+ 8Ha
+1/3(73—23%) Hy11 +1/6(74— 61x) H1lz — 6X(H_200— H_202— 2H_2_10)
—2/9(59—78X) o+ 1/108(586+ 613X) Hy + 1/72(730— 821x) Hoo — 4Hoo o

+ 8C,§ <8(1—|— X)(H-1{o+2H_1_10+1/2H_100+H_200) +2331/16— 4547/32x
—12(1-X)Holz —2(13+3x 1+ 12x)H_ 10+ (3+93/10x) {5 — (2—5X) Hz00
+2(2—-3x)H282—2(2—x) (3/2Ho00l2+8H1{3+6H1 _20+2H1 002 —3H11{>
+3H1100+H1110—2H1111+3H112+2H120+2H121+1/2H11+H22
+3/2H31—3/2Hs+H_20) —4(2+X)(H-1-20+2H-1-100—H-1002
—1/2H_1000) —(4—7X)H12—4(5—-2X)H10—2(4+X) (Ho000+3/4H111)

— (4— X) (lez — 3/2 Hl,O,O -2 Hl,l,O) — 1/2(8— X) H3 — 1/4(8— 7X) H1,1
+1/2(8+7x) Haa — (23+3%) Ho00 — 1/2(25+ 23x) {2 — 3/8(26+ 31x) Hoo
—1/2(27— 23xX) Hp + 1/4(32— 23x) Hy — (52— 21x) {5 + 1/8(389+ 721x) Ho
—X(8H.,-1,0+4H 2{2+1/2Holz — 2Hp0— 16H.30) )

+8/3CACe 1y (369/4— 643/6X—2(10— 3x > +8X)H_10—10/3(1+X)Hyo
+3(2-3X)Ha1 — (2—X) (H1l2+2H100—5Hy10—5Hy11 — 5Hyz — 2Ha0)
—4(2+x)(2H-1{2+2H_1-10—H-100—H-12—H3) —1/6(44+91x)H,
—4(5+X)Holo — 2(6—5X)H_p0— 2(23— 14x) {3 — 1/3(41+ 74X) Hoyo
+(194/9+ 3143/36X) Hg — 1/3(80— 37x) Hy1 + 1/9(91+ 118) Hy + 2xHo,00
— (58/3—91/6x) zz)

+8/3C2n, (2(2— X) (31/223+6H_00—H1Zo+3/2H100+2H110—5/2H111
+H12+Ha0+1/2Ha1 + Hz — 6Ho000) — 1/36(3155+ 3893) Ho — 1733/8
+10043/48x—31/9(1+x)H1 — (4+x) (Hi0+4/3H2) +2(10+x) Ho {2
+4/3(224X) Lo+ 1/3(41—4x)Hy 1 — (504 29x) Ho00-+6(4—x 1 +5x)H 10
—1/12(674— 457X) Ho’o>

+8/3C-n? ((2— X)Hy1—1/3(4+X) Hy — 2+5/3x) . (5.15)
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Finally thex-space expression corresponding to Eq. (4.12) for the igeldNNLO gluon-gluon
splitting function reads

AR5 (¥) = 16CF (4Apgg(—X) (~11/8L3+H 50— 4H 20z~ 2H 5 10+ 3H 2,
+9/2H_200—3H_1{3—2H_1 _20+4H_1_1{o—6H_1 _100—4H_1_12
—9/2H_10{2+4H_1000+H-120+4H_13+5/4Hgl3+2Ho 02 —Ho,00,0
—1/2H{2—1/2H30—2Hs+11/24Hy {2 +67/36({2+2H_10—Hop))
+4Apgg(X) (245/96— 3/40(22 —H_ 30+3/2H 2 +H 2 _10—H_200—H_2>
—7/4Ho (3 —2Ho0l2+Ho,000—3/2H1{3—H1,_20—3/2H1002+2H1000
+2H1100+2H120+2H13—H2{2+5/2Hz00+2H210+2H22+5/2H3
4 2Ha1+2Hg +11/125+ 11/12H 20+ 11/24 Hy 00+ 11/24 Hg
—67/36(L2— Hoo— 2H1o— 2Ha) +1/24Ho) — 1/3(72— 185x — 225) Ho Lz
—1/3(32—161x— 11x*)H_20+4(1—5x)H 30— 1/6(312—393x— 55x°) {3
+ (1) (5579/18+4H_50o+8H_p_10+12H_500—21/2H1 2o+ 37 Hy 00
+1/18H; — 19/2Hy0) — 1/5(43+ 33x) 22 — 8(1+3X) Hols — 2(11+ 13%) Ho0 L2
+(1+X)(21H-1,-10—25/2H_1{2+65H_100+23H_12—4H2{2+10Hx 0
+16Hg0+26Hs — 215/3H_19) — 1/9(74— 97%) Ho+ 1/3(77— 115x) Ha
+1/3(40—185x — 11x?) H3 — 1/9(5714 97x) L + 1/3(158— 87x— 11x*) Ho 0.0
+1/12(1019— 1489K) Hoo+ 1/216(24625+ 4006%K) Ho — 11/6 (x X —x2) H1 2
+28Ho000—11/2(x 1 +x3) (H_182+2/3H_1_10—2/3H_100—2/3H_12)
+8(1-) (79/32— 525+ 67/6%5 +1/6%2 — (203 +11/2423)

+8C2n <2/3Apgg(x) (10/3%2 — 10/3Ho0 — 20/3Hy 0 — 20/3H, — 209/36— 83
-2 H_2’o — Hl,O,O —Hs— 1/2 Ho) + 2/9Apgg(—x) (10 Hop — 1012 - 20 H_1’o
—3Hol2) —1/6(51—61x— 16x*) Holp — 1/18(146+ 227x+36x%) Ho 0
—1/3(23+43x—4x*)H_20—1/3(1— 12x+4x*)Ho00—2(1—5X)H_30
+2(1-x)(512/9+3H 28 +6H 2 10—3H 200—11/2H; >+ 11/4H; 00
+1087/72H; —2H10) + (1+X) (7TH_1{2+22H_1 _10—9H_100+4H_12
—4/3Hp0—6Hpla+3Hp00+3Hs— 19H 10) — 2/39(507— 195x — 65%%) {3
—1/18(499+ 301x— 36x%) {2+ 3/10(13+23X) {5+ 1/6(5— 61x— 8x%) H3
— (5+3%)Ho0{2 +1/18(157+ 301x) Hp + 1/108(2422+ 7609x) Hg — 12 Hy L3
—2/3(x 1) H1G—2(x 1 +x%) (H 12 +2/3H_1_10—-2/3H 100
- 2/3 H_1’2 — H—l,O) +2 HO,O,O,O - 1/35(1 - X) (233/48+ 1043+ (o + 1/2&22)>

+ 8/3CAC|: N; <4Apgg(x) (3Z3 — 55/16) +3 (1 — X) (8 H,27070 — 7507/27— 16 H,2Z2
—32H_2_10+30H1{o—29H100—10Hy 10— 10H; 11— 26/3 Hio— 65/6 Hi1
— 1127/18 Hj_) + 6(1—|— X) (61/6 H_]_’o —11H_1¢>,—-30 H_1’_1’0 +3 H_]_’o’o
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—4H_12+6Ho0lo+8H2{o—7Hz00—2Hp10—2Hp11—4Hzo—H3z1—6Hy)
+ (1254 38x— 20x?) {3+ 1/6/(848+ 341x — 108x?) {» — 1/18(8363+ 3362X) Ho
— (181+88x—8x%)Ho 00— 1/6(1723— 692x — 108x?) Hp o — 3/5(43+-83x) {2
— (32— 43x—8x%)Hz — 24(3—2X)Ho,000+ 6(9—X)Hol3 — (19— 11x)Hz 1
+8(3412x—x2)H_ 20+ (56— 43x — 16x%) Ho {2 — 1/6(482+ 341x) H,
—(38—=37X)Hao+4(x 1= x®)H1 o +4(x 1 +x%) (BH 12+ 2H 1 10

—2H 100—2H 12—9/2H 1) —48xH_30—241/485(1— x))

+8C2n, <8(1—x) (H_aZo+1+2H_2_10—H_200—2H1Z2+11/8Hy00
+5/4(H110+H111) — 7/8H10+13/16Hy 1 +41/16 Hy) +4(1+X) (4H 105
+8H_110—4H 100+Ho00{2—Ho000—2H202+3/2Hz00+Hz10+H211
+1/2Ha1 —Ha+5/2H_10) + (8—19/2x+4%%) Lo — (23+ 3/2x+4x%) Ho o
+(9+13x)¢% —2(1—7X)Hol3+2(2—3X)Ha1+2(4—X) (Ho 2 — Ha3)
— 2(344X)Hao+ (2+19/2X) Hy — 5/2(5— 2X) Ho — 2(7 — 3X) Ho,00
—2(54+21X) L3+ 4(X 1+ X®)H_ 10— 16X(2H 20— H_30) + 1/86(1—x)>

+2/27CAn? (— 8APgy(X) +48(1+X) (L2 — 1/2Hoo — Ha) — 3(1—x) (33+41Hy)
— (56— 67x)Ho+ 87/46(1—x))

+2/27C: n? (-4(1—x) (146+ 90 Hy o+ 45Hy 1 + 78 Hy) — 72(1+X) (33— 2Ho L2
+Hoo00+2H20+H21+2Hz) +24(13—-8x) ({2 —H2) —12(7 —23x)Ho0
—52(5-x) Ho+33/26(1—x)) . (5.16)

The functions (5.12) — (5.16) are shown in Figs. 5 — 8ot 3 effectively massless quark flavours.
For the numerical evaluation of the harmonic polylogarishme have made use of Ref. [79].

Except for the case diPyq, the respective first two terms in the expansion of the esofehe
matrix (2.7) powers of1—x) are identical to their unpolarized counterparts, i.e.,(®2) holds

also for the differenceéigf) (x) defined in Eq. (2.20). The NNLO counterpart to Eq. (2.23) is
2
34 (¥) = In3(1-x) 8C (Cp—Cr)?

2 28

+In(1-x) {—18970& C2— —2296OCF2 Ca+54C3
424 304 8
—8Z2CF (CA_CF> (5CA—2C|:) - ?CF CAnf + ?Cénf + éCF nfz}
2068 154 466 52 40
A et 2 B 3, Y52 oY 2
+CFCA< = Zz) CFCA< . 3oz2)+24cp+ ey + 5 Ce
632 28
+803Cr (Co—Cr) (5CA+4Cg) — Ce Cary <? ~3 ZZ)

30



+(1—x) In3(1—x) 8Cg (Co—Cr)?

2 28
+(1-%) In?(1-x) [écF (Cpo—Cp) (41C+ 15CF) -5 Ceni (Ca—Cr)

1690 1504 16 8
9 CF CA 9 CF CA 22C|: + — 9 CF N; + = 3 CF nf
208

~8L2Ce (Ca—Cr) (5G4 —2C¢) — ~5-C cAnf] (5.17)

+(1-x) In(1—x) {

- ){CFCA(M—%@) +C2Cu (21 a22,) ~CR(16-320,)

3
280 28 4 8
+803Cr (Co—Cr) (5CA+4Cr ) — G Cary <T__Z2) —§CF ng — 9CF nf
+0((1-x)?) .

All terms shown in this equations are removed by includirgydadditional contribution (2.19) to
the transformation (3.7) from the Larin scheme.

At smallx the polarized splitting functions are double-logarithaliy enhanced, i.e., terms up
to In®"x occur at NLO. Using the notation

AP (x) = D2 In*x + DM In3x + D In?x + D¥ Inx + 0(1) (5.18)

for the leading logarithmic (LL), next-to-leading logdmic (NLL) contributions etc at NNLO,
the smallx terms of the non-singlet and pure-singlet splitting fuoctare given by

10

DY = —CpCZ+4C2C,— ?CF
~ 143210,
4 14 2 1
ol — Oc 2 1coc yczy P2 ¢ cin
9 9 9 9
~ 355556 3.16049 ,
2) o (152 3
D2 — <81+ 14z2> C-C2— (7 v 96(2) C2C, — (60— 104Z,)CE
196 80 4
— ?CFCAnf —|—§C,§nf +§C|: nf2

112

399205 39.7037n; + 0.5925917 ,

3442 100 1850 680
DY = (— o+ 112z3) C-C2+ ( 5 G- 33613) c2c,

27 9
2252 8 568 32\ .,
(2861920, — 22403)CE — (7 - zz) CrCan; + ( 5+t zz) C2n;
88
57 Cent
~ 146593 172693 + 4345682 (5.19)
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and
© 8
Dps = —2niCeCp— 3nfCF
>~ 127407n;

. 152 40
Dés) = _? fCFCA 3

>~ _91.2593n +1.1851:M7,

854 92
D = —( =5 +4%2) nCrCa— (64— 48L2) m CF+ =

>~ _379285n +13.6296n7 ,

9028 116
Die = (S + 5%z~ 144%s ) 0y Ce Cy — (100 1602, + 11203) Ny CF

(520 ot

>~ _848741n; +49.0736n? (5.20)

8
—nsz,:

nfCF2+9

n?Cr

where the respective last lines provide the QCD values redihal six significant figures.
The corresponding coefficients fAPq(é) andAPég) read

0 4 4
DC(]Q) — —5nfCA2—§nfCFCA+§nf2CF
~ 503333+ 1.7777&?,
328 178 16 172
Dy = — = C2— =" CrCp+10n CZ + —n?Cp+ —-n?C;
9 9 9 9
>~ _389334n; +30.8148n?,
701 59
D& = —(150-14Z,)nCZ— (1—8 - 24Z2) n; Ce Ca + ( >+ 2812) ng C#
901
+22n?Cp+ 5 n?Cr
>~ _100628n; +199481n?,
3 _ (22936 o, 2 (15259 _
DY) = ( 2802 288{3) neC2+ ( S+ 7202 32813) N Ce Cy
2134 , 6434 ,
—(77—9225 — 104Z3) n; CZ + ——— 57N Cat —=NFCe
>~ - 260345n; +554.840n? (5.21)

and

1
Dy = 10C-CZ+ 36CFCA gc 2 n CE
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I

142123—-4.74074n; ,

1 188 356 92 200
Déq) - ?CFCA 9 CFC —ECF—TnfCE
= 890272—39.5062n; ,
3104 365
D = ( 5 92(2) C-Ca+ < 16Z2> CECh— (39+2402)CF
164 674
——9 MCrCa— Tnfclg
=~ 221257—-206025n ,
22052 188 11093 208
Dg = (57— 5 L2~ 160%s) Cr CR — (oo + - L2 — 12803) CAC,
1984 160 6742 160
+ (341—9623)CE + (7 — —Zz) N Ce Cp — (7 - —Zz) ne C#
>~ 481185—344947n; . (5.22)

Finally the smallx coefficients (5.18) of the polarized NNLO gluon-gluon gpiigj function are

56 2

0 4
DY = SR+ 5MCR 8N CeCp— 51y C2

= 504-—-283704n; ,

1 1264 4 724 56 8
Dgg = TCA 9nfC§ 5 MCrCam 3nfCF2—§

>~ 3792—358963n; —1.1851M?

2126 244 3542
D = (5 -176%) CR— (5~ +2022) ny G — (2=~ 4822 ) 0y G Ca
8 28

g Ca— g 07

113173 —191525n; — 6.81481n7 ,

47810 976 4844 236
DQ(]:S]) — <7——12—19213> (7_—12_9613> nfCK

34172 448
_ ( -t 14413) Nt Cg C — (68— 642 +1673) n; CZ

12, 520 32, »
o7 MCa <27 ZZ) "t Cr

>~ 271294—394401n; — 14.7288n? . (5.23)

n?Cr

—(92—168,)n; C# — Cr

I

The coefficientD)2, D,§,2> and Dg(,g), which are identical to the coefficients of the correspogdin

physical kernels, agree directly with Refs. [64,67], m&%} and Dég) agreement with Ref. [64] is
obtained after taking into account Eq. (2.26).
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Figure 5: The polarized NNLO quark-quark splitting functim the standar1S scheme (M), as
given by the sum of equations (5.12) and (5.13) for three flesianultiplied by(1—x) for display
purposes. Also shown are the non-singlet contribution]egbding-logarithmic smalbkpart [64],
and the splitting function in the alternative scheme (A)wig. (3.7), see also Appendix A.

2 T I'.I T T T I T T T I T T T T T T 50 TTTTTT T |||||||| T T T TTTTT T

AP (%)

I — M , ]

i - - - . In"x part .
1k A -100 : P -

i - unpol i i

i i =3 (J1/2000) ]
_2 e e by by _150 |||||||.'.3 1 1 ||||||| 2 1 Ll 1

o 02 04_ 06 08 1 ] ] *

X 10 10 X 10

Figure 6: As Figure 5, but for the gluon-quark splitting ftina (5.14) and its A-scheme analogue.
The multiplication with 2000~ 1/(4m)® approximately converts the results to a seriesdn
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Figure 7: The polarized NNLO quark-gluon splitting functi¢s.15) for the standard (M) trans-
formation (2.17) [56] from the Larin scheme and an altex@a{A) which also includes Eq. (3.7).

As for APq(é)(X) shown in the previous figure, the leading smaltoefficient is different from
Ref. [64], which provides the ftx terms of the physical kernelg;g andKgz in these cases.
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Figure 8: As Figure 5, including the multiplication wi¢th—x), but for the second diagonal NNLO
entry of the splitting-function matrix (2.7) given by Eq.{8) in the standartMS scheme.
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The smallx behaviour in the right parts of Figs. 5 — 8 is due to the abowdrdmutions, which
exhibit the usual pattern of alternating LL, NLL etc termgiwcoefficients strongly increasing
towards lower logarithms. Consequently the leading lalgars alone do not provide a good ap-
proximation for any practically relevant values)aés illustrated in the figures. Yet it is also clear,
from the scale of the ordinates in those right panels and®&80) — (5.23), that these logarithms
lead to a huge smak-enhancement that can potentially spoil the stability ofek@ansion iros at
x-values that would be accessible to an electron-protoideoivith polarized beams.

Given the length and complexity of the exact expressiori2{5- (5.16), it may be useful to
also have at one’s disposal compact and accurate appr@xerptessions for the case of QCD,
i.e.,Ca = 3 andCg = 4/3. Such approximations can be build up, besides powexsfodm the
non-logarithmic plus distribution and end-point logamith

Do = 1/(1-x)., L1 =In(1-x), Lo = Inx. (5.24)
Due toAPrE(Z) = Pn_s(z), the result (4.23) of Ref. [12] can be used also here; it ismivy

AP (x) = 1174898+ 12954705(1 — x) + 71411, + 18602 — 3505x
+297.0%% — 43323+ LoL1(684+2512L¢) +14652Lg+399.2L3
+320/9L3 +116/81L¢
+n; (—1831870—1739335(1 —x) — 5120/81L1 — 21662+ 4065X + 77.89%
+34.76x% — 1.136xL3 — 65.43LoLy — 17269Lo — 3216/81L5 — 256/81L3)
+nf (—Do — (51/16+ 373 — 522) 8(1—X) +X(1 —x) 'Lo(3/2Lo+5) +1
+(1-x)(6+11/2Lo+3/4Lf)) 64/81. (5.25)

The polarized pure-singlet NNLO splitting function (5.X3n be parametrized as

APSE (x) = g (1—x) (—344/27L4 — (90.9198+ 8150%)L3
— (3686 —3499x)L3— (739.0—23257L1)Lo— 13626+ 16174x
—6748%°+167.41x3 — 20476L; — 12.61L — 6.541L3)
+nf (1—x) ((1.1741- 0.8253x)L3 + (13.287+ 10.657x)L§ + 45.482L,
+49.13—30.77x — 4.307x% — 0.5094x> +-9.517L1 + 1.7805L%) . (5.26)

Sufficiently accurate parametrizations of the correspomdiff-diagonal quantities in Egs. (5.14)
and (5.15) are given by

AP (X) = ny (—151/3L4 — (38564 73.30x)L3 — (8948 — 11453x)L2
—(14612—8254L1)Lg— 29724+ 4672x— 12216x> — 18.0x°
+27832L1 —90.26L — 5.30L3 +3.784L7)
+nf (16/9LF+ (30.739+10.186x)L3 + (19696 + 179.1X)LJ
+(5263—47.30L1)Lo+49965— 43218x— 14163x% — 11.34x°
—6.256L1 +7.32L% 4 0.7374L3) (5.27)
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and
AP (x) = 11512/81L4+ (888003+ 1751x)L3+ (2140— 850.7x)L2
+ (40466 — 142481 1)Lo+ 6159— 38259x+ 19422 — 7421x°
+18437L1+ 4515512 +59.3L3 +5.143L7
+1; (—128/27L5 — (39.3872+ 30.023x)L3 — (20246+ 126.53x)L3
— (30898+16.18L1)Lo— 30107 — 2960x+406.13x* — 10162x°
—17178L, —47.86L% — 4.963L3)
+n? (16/27(—12+10x+ (8+2x)L1 + (6 — 3x)L)) . (5.28)
Finally the gluon-gluon splitting function (5.16) can bgpapximately represented by

APD (x) = 2643521T+ 4427.7625(1 — X) + 5048 + (37775+ 1167x)L3
+ (10902— 863x)L3 + (23091— 12292 1)Lo + 30988— 39925x + 1344 7x?
— 4576x3 — 13247(1— X)L +3801L,
+n; (41217290 —5285368(1 — X) — 766/27L5 — (357.798— 131x)L3
— (18772 —6131x)L3 — (3524+ 7932L1)Lo — 11735+ 26486 x — 21608 X2
+12517x3 — 6746(1— X)Ly — 2957 L,)
+nf (—16/9 Dy +6.46075(1 — x) — 1.1809L3 — (6.679— 15.764x)L
—(13.29+16.944L1)Lo — 16.606+ 32.905x — 18.30%% + 2.637x° — 0.210L1) . (5.29)
These expressions can be readily transformed to MellinesfrlacanyN = —n, n=0,1, 2, ...;
the most complex objects needed there are the logarithmicatiges of Euler's -function.

Then? contributions in Egs. (5.25) and (5.28) are exact. The savtastor all coefficients of

In*x and, up to the truncation of irrational numbers, those/gfl1-x), in Egs. (5.25) and (5.29).
The other terms ax < 1 have fitted to the exact results, evaluated by th&®&FRAN code of
Ref. [79], at 10° < x < 1—107° using the MNuUIT package [80, 81]. Except forvalues very
close to zeros of the splitting functions, the above paramations deviate from the exact results
by less than one part in thousand, which should be sufficerarfy foreseeable phenomenological
application. As in the unpolarized case [12, 13], the coeffits ofd(1 — x) have been adjusted in
Eqg. (5.29) using low integer moments in order to achieve aimabaccuracy of the parametriza-
tion and its convolutions with the polarized gluon disttiba. For a brief discussion of this slightly
subtle point the reader is referred to Ref. [13] (penulter@dragraph of section 4).

The effect of the new results (5.13) — (5.16) on the evolugbpolarized parton densities is
briefly illustrated in Figs. 9 and 10, where the respectiv& &ind second lines of Eq. (2.7) have
been evaluated for the schematic, but sufficiently reallstv-scale distributions

Afg(xpg) = 0.8x%7(1-x)°(1+3x+2.5x%) — 0.25x%7 (1-x)" ,
Afg(xpg) = 1.5x%5(1-x)° (5.30)
used for the evolution benchmarks in Refs. [85, 86],0‘5@5) = 0.3 andn; = 3. After the convo-

lution with the distributions (5.30), the NNLO correctioase fairly small down to smak.
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Figure 9: The perturbative expansion of the scale derigatof the polarized singlet-quark and
gluon distributions in the standaMS scheme (M) [56], for the low-scale input distributions in
Eq. (5.30) and a rather large value of the strong coupdigdrlhe results have been multiplied by
powers of(1—Xx) suitable to clearly display the NLO and NNLO effects up tdeatlargex.
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6 Summary

We have extended the determination of the helicity-diffieee(polarized) splitting function8Py,
which were only known at the first [1,6,7] and second [23—28poin the strong coupling constant
O So far, to the third order (next-to-next-to-leading orddéLO) in massless perturbative QCD.
These corrections are relevant to the structure fundgioim polarized deep-inelastic scattering
(DIS), for which we also confirm the results of Ref. [44] foetNNLO coefficient functions, and
all other observables that are sensitive to the polarizedigand gluon distributionAfy + Afg
andAfg. The so far practically irrelevant polarized quark-anéidudifferences have not been
addressed here; the corresponding splitting functionsbeanalculated, e.g., by extending the
analysis of weak-interaction structure functions in Rék][to NNLO accuracy.

The calculation of the upper row of the matrix of NNLO flavainglet splitting functions,
ie., ofAPq(é) (X) andAPq(é) (x), was carried out via the structure functignas a direct extension
of our previous calculations of the helicity-averaged @apzed) case [12, 13], for an earlier
brief account see Ref. [26]. The corresponding Iower-rowrmiﬁesAPg(g) (x) andAPg(é) (x) have
been determined in a different manner from graviton-exgbddlS, see Ref. [28], which includes

structure functions sensitive to the polarized gluon diatron at the Born level.

We have first calculated the relevant structure functiorxatifodd moments thl = 25, using a
largeN optimized version [35] of the MiCER program [33,34] in (T)BRM [31, 32]. Exploiting
in particular the close relation between the polarized amgblarized splitting functions for the
highest-weight harmonic sums [61] and for the thresholdt)iof. Ref. [58] — which includes the
so-called supersymmetric relation, see Refs. [3,87], masét can be addressedMS — we have

then been able to determine the lllexpressions odkPg(g) andAPg(é). It was crucial for this step
that the coefficients of the harmonic sums are integer, upwogowers of 2 and 3 that can be
removed by a suitable normalization, which allows the usadvfinced tools [39-41] for systems
of Diophantine equations; this was observed and exploiggdrb in a comparable but somewhat
simpler situation in Ref. [38]. Finally the results have be@alidated by comparing the next two
moments of allN expressions to additional results calculated using®&R up toN = 29.

Our results have been presented abovalispace anc-space, using the transformation of
Ref. [56] from the so-called Larin scheme f@r[48,49] in dimensional regularization MS. This
scheme shows an unphysical feature in the threshold limih@fguark-gluon splitting function
APyq already at NLO, which can be removed to NNLO by simple addalderms in the scheme
transformation. Yet this situation does not appear to retade a change of the factorization
scheme in practical calculations after almost two decatiBd @ analyses in QCD spin physics.

The new functionﬁsP”(f) (x) are consistent with all known limits and partial results, gfor the

leading largen; terms [73], and expectations. In particular, the first monmeg(gz) (x), which
is not directly accessible in graviton-exchange DIS [28] dan be determined from thespace
results in terms of harmonic polylogarithms [71], is ideatito the NNLO coefficient of the beta
function of QCD [54,55] as theoretically required. We halieacked our calculations of graviton-

exchange DIS also by re-calculating, and obtaining fulkagrent forAPq(g) andAPq(é) to fairly
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high values odd oN and all unpolarized flavour-singlet NNLO splitting funat®at everN < 10.
As those results, the present polarized splitting funati@ad to fairly small NNLO corrections,
down to low values ox, after the convolution with realistic polarized quark ahaog distributions,
despite a double-logarithmic smalenhancement that dwarfs that of the non-singlet cases.

Our results allow NNLO analyses of spin-dependent harttestiag observables, provided that
the corresponding coefficient functions are known to th@iaacy as for the structure functiop
in DIS [44], for a fixed number of effectively massless flavony. The extension to analyses in the
so-called variable flavour-number scheme, where effettigeries for different values of; are
used together, requires non-trivial matching coefficiémtshe strong coupling [88] and the parton
densities at this order. The latter coefficients have beknleged in Ref. [89] for the unpolarized
case. As far as we know, the corresponding results for theityetlifference parton distributions
are not yet available in the literature though.

FORM and FORTRAN files of our main analytical results M-space ana-space, and compact

high-accuracy parametrizations of the functidmﬂiz) (x), can be obtained by downloading the
source of this article fromt t p: / / arxi v. or g/ or from the authors upon request.
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Appendix A Transformation to the MS scheme

Here we collect, for completeness, the functions enteifegttansformation of the splitting and
coefficient functions from the Larin schemeMs as discussed in Section 2, Egs. (2.11) — (2.14)
and Egs. (2.17) — (2.19), and Section 3, see Eq. (3.7).

The NLO and NNLO quark-quark elements (2.17) of the tramafiion matrixZ(x, u?) read
Z(x) = —8Ce(1-x), (A.2)
22(x) = 8C2 ((1—x)(5—2H170—2H2) —2(14x%) (2H_10— Hoo+Z2) + (1+2X) Ho)

+4CCa (4(1+X) H 10— 4(Hoo — {2) — (29+7%)/3Ho — 211/9 (1))

+8/9Cn; (1—x) (3Ho+5> , (A.2)
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22(x) = ACen, <(2+x) Hoo+ (3—X) Ho+2(1— x)) (A.3)

for the standard transformation, above denoted by ‘M’ wheired for clarity, of Ref. [56]
where the critical last line has been calculated.

In the alternative (‘A’) form of the transformation, whiclestores the(l—x)2 suppression
for x — 1 of the difference or the unpolarized and polarized spttfunctions forAPg(é) (x) and
APg(g)(x), there are additional quark-gluon entries (3.7) given by

Zgaal) = —2Ce(2-X) (A4)
ZéaA(X) = —%APQJ%)(X)—SCFZ <3(1—x)+(2+x)H0>, (A.5)

where the last line has been expressed in term of the NLQtisglitunction (5.8) for brevity.
Furthermore Eq. (A.3) is replaced by

@ (%) = 22 (X) + 12Cng (1—X) (A.6)

Zps A

which ensures that Eq. (4.16) holds also in the A-scheme.

B NLO coefficient functions in graviton-exchange DIS

The (un-) polarized graviton DIS structure functidnof Ref. [28] have been introduced briefly in
Section 2. We have defined combinations of thidsevhich, at Born level, are either given by the
flavour-singlet (un-)polarized quark distributi(h) fqor by the gluon densityA) fg cf. Egs. (2.1),
(2.2) and (2.8). Their quark and gluon coefficient functiGpgandC; g can be expanded in powers
of as, see Eq. (2.6).

In the unpolarized case, using the definiti¢hs= Hi1 —Hz andH;=Hz —4Hjs, cf. Eq. (2.24),
the leading-order results for the corresponding non-vamgscoefficient functions are

(X) = cé—oé(x) = cg?é(x) = §(1-x) . (B.1)

)

The normalization of the structure functions is chosen sbahall dependence dd =4 —2¢ is
removed from the structure functiok at Born level, i.e., the results in Eq. (B.1) are exact.

The NLO results for the unpolarized graviton-exchangefaent functions read, a@? = p?,

P = 2¢ (- Daq(X)(3/4+ Ho + H1) +1/4(25— x) — 5(1—x)(13/2+212)) ,
c(X) = 2/3C(TPag(x) +9) — 21 Pag(x)(29/6-+ Ho+ H1) ~5/2) , (B.2)
c(z—z(x) = c(f;(x)—9xCF,

c(z—?é(x) = c%&(x) —(2C5 + ) 6x(1—X) (B.3)
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C5q00 = 2Ce (= Pgq)(3/4-+Ho+H1) +1/4(6+X)) .
Cha(X) = 4CA< — Pyg(¥)(11/124 Ho+H1) +11/12(2— x+2) (B.4)
—8(1-X)(34/9+22) ) + 2/3n (pgg(x) — 2+ XX+ 25/68(1-X) ) ,

where we have used the abbreviations

Pgg®) = 2(1-x) "—1-x,

Pgg(X) = 1—2x+2x2,

Pgg(X) = 2x1—24x,

Pgg(X) = (1—x)t4xt-24x—x%. (B.5)

The NLO QCD corrections for unpolarized gravition-exchamyS at NLO have been presented
before in Ref. [29] in terms of the bare structure functiehisH, andH3 as a Laurent series 8)
i.e., before mass factorization. The results for the caefiidfunctions in Eq. (B.2) can be used to
construct the corresponding expressions to be comparadieit [29]. Accounting, of course, for
the different normalization we find agreement except fordseilt of the coefficient functiocngjr)q
as given in Eqg. (3.3) of Ref. [29].

In the polarized case we similarly usg; = 2(H4—Hs) and Hg, recall Eq. (2.25) with

Again the structure functions are normalized such thattieeno dependence mat this order.
The NLO results for the polarized graviton DIS coefficiemdtions in the standalS scheme,
i.e., with the transformation (2.17), are given by

C%é(X) = 2CF(—quq(X)(3/4+Ho+H1)—1/4(11—17x)—5(1—x)(13/2+212)),
Cha(¥) = 32/3Ca(2x—1)—2n; ((2x—1)(Ho+Hy) ~1/3(13-20%)) , (B.7)

Cha¥) = Cr(—2(2-X)(Ho+Hy) — (10-3/x~7x)) .
Chg¥) = 4Ca( —Bpgg(X)(11/12+ Ho+Hy) — 1/12(35- 11/x— 46X) (B.8)
—5(1-%)(34/9+Cz) ) +2/3n; (Apgg(x) +1— 1/x— 2x+25/63(1-X) )

in terms ofApgq(X) andApgg(x) defined in Eq. (5.11).

Analogous to our discussion of relations between the umeldand polarized splitting func-
tions in N-space in Section 3, is may be interesting to note thaitigland Hy contributions to
Egs. (B.7) and (B.8) are related to those in Egs. (B.2) — (ByAeplacingp, (x) by their polarized
counterparté\p, (x) with, cf. Eq. (3.6) Apgg(X) = 2x— 1 andApgq(x) = 2—X.
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C Calculation of graviton-exchange DIS

Here we present some core ingredients of our diagram célmoga starting with the Feynman
rules as used for graviton-exchange DIS. They have been fed various sources [90,91]. We
assume all momenta of the gluons and the graviton to be mggehile the momenta of the quarks
and ghosts follow the arrows on the lines. The color indiogté fundamental representation are
i and j; color indices in the adjoint representation are represkbly the letters a,b,c,d,e; the
Lorentz indices of the graviton ae and3 and those of the gluons agev,p,o. We also use a
gauge parameter which is indicated gy

For completeness we start with the QCD propagators andcestrti

Q
A TTTETO™ by ~i8ap (8w & %“'Q)/QQ (€.1)
. P .
] ——i i &ij (yuP")/P-P (C.2)
Q
a---»---p i 8ap/Q-Q (C.3)

ap .
g Tif" Vi (C.4)

i D,
. Py
J
a’
H P,
P3
cp —gfabc(5uv(p1— P2)p
P, +Bvp(P2— P3)u+dpou(Ps—P1)v)  (C.5)
byv
apl
by mmémm
Cp

_i92 ( + fabedee(éupévc o 6}106\)p)
+ faCEfdbe(aucapV . 6HV6PO)
+ FAP( B Bop — BpBov) ) (C.6)

do
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b\\ P2

w

N

"¥TO000 CH

{/
a// L

The additional vertices involving the gravition are givan b

P>
a,p
) P1
J
[
J é a,p
au
a,
H b,
a,B
)
byv
au
P1
P2
bv a,B
P3
c,p

—gf¥py, (C.7)
K
—ig0i ( Ya(PLtP2)p+Yp(PL+P2)a
— 284 Yu(Pr+P2)" ) (C.8)
. K
9 Tii ( apYp + OpuYa — 20apYu ) (C.9)
K _ab
-3 &% ( pr- P2 Copw + Dap v (P15 P2)
1
+1TE Eap,w(P1,P2) ) (C.10)
K cabc
=95 7 ( +Cap(P1—P2)o
+CaB,up(p3 - pl)v
+CGB,vp(p2 - pS)H
+Fagp(P1; P2, P3) ) (C.11)

44

. oK
_|92§ ( + fabedeeGaB,upvc+ facefbdchxB,uvpo
+ fadefbcchx&uvop )

(C.12)



. P2
‘\ -
0000000000 . B i gaabcaw Py (C.13)
4
o P
a 7’
a
AP1
b Ifi_z : a,B K
) -5 faPCy g P1” (C.14)
C,u

The tensor€, D, E,F andG in Egs. (C.10) — (C.14) are defined by

Capw = Oapdpy + avdpy — Sopdy

Dop (P P2) = 8upPryPoy — BavP1pP2y — SapPiy Pop + O Prg Pog
— Oy P1¢ P2y — OppP1y Pog + O P1p P2y

Eapw(P1,P2) = Bup(PryPry + PoyPay + P1yPoy)
— Opy P1g Py — OpuPaq P2y — Oav P1gP1y — SauP2gPay

Fopwp(P1, P2, P3) = 4 Baudup(P2 — P3)p+ dav Qyp(Ps— P1)p
+Oup O (P1 — P2)p + Opudup(P2 — P3)a
+ 3y O (P3 — P1)a + Opp O (P1 — P2)a
GaB,uvpo = 60([3 (6uv 6pc: - 5u0 a}p)

+ Oy OB Qup + Bap Oy Sy — Barp Oy Gpo — daip S Oy
+ 8,180 Bup + 3o Sarw o — By Baw Sps — Bpp S By - (C.15)

In addition we need a ghost contribution in the graviton feg tinpolarized calculations. We

call this particle the g-ghost and we need the vertices=( ﬁ):

P,

. 3
1 WK 6” Zyu(p1+ pz)u (C16)
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i —-=z=z==z==z .3
= é —i S GOk TRy, (C.17)

ay!
a!
H P1
—zzz=z== . 1
Q i ok 37 1t (P Qv + P2y Qu) (C.18)
P2
bv
ay!
b i )
V1000005777227 0 (C.19)
Ps
Cp
ay!
bv
—_--Z=-Z-=: O (CZO)
C,p
do

Vertices involving both the standard ghost and the g-gheséwot required in our calculation.

We now turn to the projection operators for which we somesitma/e more than one choice.
The physical operator for the unpolarized gluon is giveh by

N (QP) = &n—QP/Q-P—Q\P/Q-P+PP,Q-Q/Q-P? (C.21)

in whichP-P = 0. One can replace this @, and a ghost contribution in the regular way. This
gives more diagrams, but they are easier to compute. Folheized gluon we use

M (Q.P) = €pan/Q-P. (C.22)
For the unpolarized and polarized quark the projectionaipes are
MP) = YR, (C.23)

'Here we usd for the momentum of the probe. Ofteris used after whicl)? = —q-g. In the following part
Q- Qis just the square of the 4-vectQr which keeps the notation in line with the computer programs
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and

1
NP) = ysy'Py = éeKAvvavAvV- (C.24)

The last form of the operator is necessary to deal with theeisdys in D dimensions. At a later
stage we then contract the Levi-Civita tensors in terms @Diddimensional metric.

For the graviton the situation is more complicated as thezesaveral possible currents. We
follow Ref. [28], assuming a target mass of zero, and add tligniensional effects as given in
Ref. [29]. Then for unpolarized scattering we have

_ (1) 2 (3)
WasprooBs = FLAG 0.8, T F2 A0 proop T 30,1008, 2 (C.25)
and for polarized scattering
_ (4) (6)
WoiBranp, = FaA 131a2[32+F6AG1[31a2[32 (C.26)
with
(1) o= =
aiprooBy - NouBr Mooy o
(2) 5 B ~ = = = - - = o
Aa1[3102[32 - PalpazGﬁlﬁz + PalpﬁzGﬁldz + PI31 PGZGale + PI31 PBze‘Gle
4 - - — 4 —
I —D — 1 (PGJ‘PB]_GBZGZ + PGZPBZGB].GJ.) + (D — 1)2 GGlBlGGZBZP. P
A — Gay0,0m0, + CouupCaspy — =2 Gayp, G
a1 B0 01022B132 01B2Pa2p1 D_1 a1 PazBs
4 — J— — J— — J— J— J—
Aél)ﬁldsz = €a;0,QPPp, Pg, + €a,,0PPp, P, 1 €8,0,0PPa: Pp, 1 €p,8,0PPa; P
6 — — — R
AExl)Blasz = €a,0,QPGp, B, +€ay8,QPCP, a, + €610,0PCay B, + €6,8,0PC0s a1 - (C.27)
Here we have used
- = = 1 - _ _
= P
Pa = R Qa 8 Q’
= QuQp
Gap = Oup — : (C.28)
“w T T QaQ

When we construct the projection operators we denfaydl, = jj, and after also using the
symmetry in the graviton indices we have for the unpolarizeerators

(D+1)(D+3) 1
M = 25655 5 PuPhPuPl oo
D+1 Q-P? Q-P*
+1024m P P, 08,8, =z Q- +5128q,a,0g,p, Q- Q5
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(D+1) 1 1 Q-P*

|_|2 = 64 (D 2) PGlPBlF)GZPBZQ QS +32 (D 3) 601(126[31[32Q.Q5
D2-D-4 Q-P?
4 Pa, P =~
+6 D(D—2)(D_ 3) aq 0(2681[52 Q- Q4
1 1 1 Q- P?
Ma = 1655 PP PeaPs, o5 + 3255 3 PosPecdu
p4
16— QP (C.29)

D3 QG

For the polarized projection operators the situation ighgly more complicated. In principle
we could work withl'4 andlMg but we notice that, if both projections are needed, it isexasi
work with the linear combinationSp andlMg. These are defined by

D+1 1
4+ = 5o-2bd-3 ° " BO-2Dd-3 *
Mg = D(D—Z:I;(D—?)) (Mp+Mg) . (C.30)

In any case we have a Levi-Civita tensor in the operator, amdamtract this with the Levi-Civita
tensor of the quark or the gluon. For the quark we obtain

4 PesP 40 Q P2
q _ o1 ap q _ 0(10(2
Mp = Q Q3 Rl3132 Mg = RBlBZ (C.31)

with

ngle = W P.Qu (yBl PBz — VB, PBl) + VHP“(VBlyBZ - 6I31I32)Q' P

and for the gluon we find
P P 6 Q =2
g _ aiFas g 0(10(2
8 =45 i R, NP = R (©33)
with
Q-P?

Rig, = (Bcp,Onp, —Ocp,Onp,) 0o " (Bkp, P, Pr — B, P, Pa)
—(92,Pp, Pic — O, P,Px)
_ P
B, — QKS 5 (C.34)

where we have again used the symmetry in the graviton indicsisnplify the expressions.

In the polarized case we do not need a ghost contributiothereior the graviton nor for the
gluon. Propagators for the graviton and the correspondmogtgare not required since we do not
consider internal gravitons.
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