
Simulation of ion trajectories through the mass filter 
of a quadrupole mass spectrometer 

F.M.Ma 
S. Tay1 o r 

Indexing terms: Quadrupole muss spectrometer, Ion trajectory simulation 

Abstract: The paper describes the development of 
a computer program designed to simulate the 
performance of the mass filter in an ideal 
quadrupole mass spectrometer (QMS). The 
simulation program provides flexible input 
parameters to allow the user to investigate the ion 
trajectories and transmission efficiency for 
different operating conditions. The program is 
used to analyse the change in QMS resolution 
with the number of RF  cycles, DC voltage, RF  
voltage magnitude and phase angle. The angle at 
which ions enter the mass filter is shown to be 
significant and the effect of R F  phase on 
transmission probability through the filter is seen 
to be critical. A comparison of the simulation 
with experimental QMS results shows excellent 
agreement. 

1 Introduction 

Quadrupole mass spectrometers are widely used both 
in research laboratories and in industry, where accurate 
scientific data can be obtained for many surface studies 
in vacuum systems. An example is residual gas analysis 
(RGA) in a semiconductor device fabrication plant. 
There are also many important uses for the QMS in the 
chemical industry for the analysis of simple and com- 
plex molecules, particularly when used in conjunction 
with gas chromatography. These varied applications 
have many different requirements for resolution, sensi- 
tivity, stability etc. 

A description of quadrupole mass spectrometer 
(QMS) construction and operation is available in the 
scientific literature [1,2] and will not be repeated here. 
The QMS consists primarily of the following three sep- 
arate components: (i) ion source, (ii) mass filter and 
(iii) ion detector. Although much experimental work is 
reported in the literature [3], detailed models of the 
QMS mass filter are lacking. The theoretical analysis of 
the mass filter involves the solution of the Mathieu 
equation under special boundary conditions. The most 
comprehensive treatment available is that of Dawson 
[2], who solved the Mathieu equation in two dimen- 
sions for an infinitely long mass filter. This work was 
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further developed by Batey [3]  to include a presentation 
of the ion stability diagram. In an earlier work [4], 
Dawson used matrix methods to calculate ion transmis- 
sion based on maximum ion displacements for mass fil- 
ters of both infinite and finite length. However, due to 
the time consuming nature of the numerical calcula- 
tions involved, a real time simulation of ion trajectories 
for large numbers of ions successively admitted into the 
filter has not seriously been attempted before. The need 
remains therefore for such a theoretical model to simu- 
late QMS performance for a range of operating condi- 
tions. An important advantage of such a numerical 
approach over earlier analytical techniques is that it 
becomes possible to consider the effects of changes in 
filter length on performance. This is most important in 
practice, since in so many applications relatively short 
filters are used and the operation is very far from the 
ideal. The data obtained in this analysis are presented 
in terms of the number of R F  cycles (N) to which ions 
are subject in the filter rather than the actual length. 
Thus the effect of increasing N from 50 to 100 (say) 
can be achieved by either (a) increasing the length of 
the filter by a factor of 2 or (b) increasing the RF  fre- 
quency by a factor of 2 or (e) reducing the velocity of 
the ions in the axial (2-) direction by a factor of 2. 

2 Theory 

The mass filter in a QMS operates as a dynamic mass 
analyser by causing ions of different charge to mass 
ratio to follow different trajectories by the application 
of alternating and direct electromagnetic fields. 

Following Dawson [2], the potential distribution 
inside an ideal mass filter with hyperbolic electrodes is 
given by 

where ro is the radius of the filter. This distribution 
may be set up to a good approximation by the use of 
cylindrical electrodes, which is the usual case in prac- 
tice. The distribution satisfies the Laplace equation and 
is invariant in the z-direction. 

Consider the motion of an ion of mass m and charge 
e subject to the electric field E defined by eqn. 1. The 
motion of an ion in the x- and y-directions depends on 
the variation with time of the potential q&. For the 
ideal mass filter operation, a combination of direct (U) 
and alternating voltages (V) is chosen and applied to 
opposite rods such that: 

40 = U - V c o s ( 2 T f t )  (2) 
where f is the frequency and t is the time. Hence, three 
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independent differential equations of motion are 
obtained: 
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E, = 0 (5) 
Considering only the x- and y-directions, by substi- 

tuting the terms m, ro, f ,  U and V by a and q, the fol- 
lowing equations are obtained: 

If time is expressed in terms of the parameter 6,  
where 5 = 0x12, eqns. 6 and 7 can be expressed as an 
equation of motion in the general form of the Mathieu 
equation: 

d 2 u  
- + (a ,  - 
dE2 

2q, cos 2t)u = 0 (8) 

where U represents either x or y. 
From eqn. 8, it can be seen that the trajectory 

depends on the phase angle at which the ion enters the 
field. Solving the equation, the position of the ion at 
any time instant can be determined. If the ion experi- 
ences an obstruction-free path over the defined N, it is 
said to be stable within this length. Conversely an 
unstable ion can be described as an ion which makes 
contact with either of the electrode rods. This estab- 
lishes the fundamental principle of the analysis. 
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Fig. 1 Tree diagram for simulation program 

3 Software details 

3. I Program structure 
The program was written in turbo-PASCAL and runs 
under DOS on any PC with a VGA monitor. The pro- 
gram is fully menu driven with a menu breadth of six 
and maximum menu depth of three. The entire pro- 
gram suite is over 2000 lines long including error han- 
dling and data handling routines, and a tree diagram 
showing the organisation is given in Fig. 1. The suite 
can be divided into three parts, as follows: 
(i) ion trajectory determination 
(ii) generation of Mathieu stability diagram 

Each of the above options can be accessed independ- 
ently and data files generated. The program allows the 
reproduction of graphs using data already in files. Sep- 
arate filenames can be used to keep a record of results 
obtained, and thus allow the construction of a database 
for a particular QMS design andlor mode of operation. 

3.2 Ion trajectory simulation 
The program uses a fourth-order Runge-Kutta numer- 
ical approximation to solve eqn. 8 and the algorithm 
for this calculation is given in the Appendix. The input 
operating conditions which may be varied by the user 
include ion mass, ion velocity and position in the x-4’ 
plane at the entrance to the mass filter, RF  phase angle 
and frequency, direct voltage (U) and alternating volt- 
age (V) magnitudes, number of R F  cycles and F O .  Fig. 2 
shows the trajectory in the x-direction for an ion of 
mass 28 atomic mass units (a.m.u), over 50 cycles of 
the R F  waveform. The radius of the mass filter is 2.75 
mm and is shown as a dotted line on the diagram. 
Clearly the displacement in x at no point exceeds 2mm 
and thus the ion is said to be stable in x. Similarly, 
Fig. 3 shows an example of a stable ion trajectory in 
the y-direction over 100 R F  cycles. 

2 4  

-3 
Fig.2 Ion displacement as a function of number of RF cycles showing 
stable ion trajectories through mass filter in x-direction 
Initial values of x (xo) and y bo) = 0.3mm; initial entrance velocity (uo) = 0; 
phase = 45”; U = 20 V; V = 123.5V 

3.3 Stability diagram 
The ideal stability diagram, also known as the Mathieu 
diagram, is used to show the conditions for simultane- 
ous stability in both x- and y-directions for an infi- 
nitely long filter. The area bounded by the curves is 
called the ‘stability triangle’ and represents the values 
of U and V (or a and (I) for which the ion displacement 

(iii) transmission analysis. in x and y is less than-ro. 
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After Dawson [2], it is possible to use the tip of 
the stability region to obtain mass resolution for an 
infinitely long filter. All ions of the same mass to 
charge ratio have the same operating point on the sta- 
bility diagram for fixed values of ro, phase, U and V. In 
order to generate a mass spectrum, V is scanned, with 
U following it, so that U and V follow a locus or mass 
scan line. This line represents ions of constant U to V 
ratio and passes through the origin of the stability dia- 
gram. A particular mass is transmitted through the fil- 
ter only if U and V lie within the stability region for 
that particular mass. Ions of lower mass will be unsta- 
ble in the x-direction while ions of higher mass unsta- 
ble in the y-direction. Fig. 4 shows the stability 
diagram and scan line for critical mass 28 a.m.u. (i.e. 
the ion is a singly charged nitrogen molecule). Also 
shown dotted is the stability diagram for mass 14 (i.e. a 
singly charged nitrogen atom). 

25 > 

l o /  5 // 
V W ) ,  V 

Fig.4 
= 20 V and V = 123.5 V 
Filter radius ( y o )  = 2.75 mm and frequency (f) = 2 MHz 

Stability diagram showing peak condition for nitrogen (Nz+) at U 

Two of the attractive features of the QMS are thus 
seen: 
(i) the resolution can be varied electronically by adjust- 
ment of the UIV ratio 
(ii) there is a simple linear relationship between the 
mass number of the species transmitted and the magni- 
tude of the applied voltages U or V. The mass scale is 
linearly related to V. This enables the identification of 
unknown peaks and allows selective multipeak moni- 
toring. 

Using the program the stability of a particular ion 
entering the mass filter can be determined and the 
QMS resolution for a particular set of operating 
parameters easily determined. QMS design for a partic- 
ular application is thus greatly facilitated. 

3.4 Transmission analysis 

3.4.1 The effect of RF magnitude, phase and 
entrance angle on ion transmission through 
the mass filter: This analysis forms the main part of 
the whole program since no previous calculations of 
ion transmission by successive determination of ion tra- 
jectories has been reported to the authors' knowledge 
to date. This is achieved by injecting a relatively large 
number of ions (e.g 100 - 5000) into the mass filter and 
calculating the ion trajectories in x and y in each case 
as one of the operating conditions is continuously var- 
ied. For example Figs. 5-7 show the transmission anal- 
ysis for 360 ions of mass 28 injected into the mass filter 
described in Section 3.2 (f = 2MHz, r0 = 2.75mm) 
under the same RF  and direct voltage magnitudes. The 
difference is that for successive ions the RF phase angle 
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(i.e. point-on-wave at ion injection) was increased by 1" 
in each case. Fig. 5 shows the percentage of the dis- 
tance travelled along the mass filter in the x-direction 
as ions are injected with different values of phase angle, 
Fig. 6 shows the same information for ion trajectories 
in the y-direction and Fig. 7 shows the total number of 
ions transmitted (i.e. successfully travelling through the 
filter, for both x- and y-directions). 

e f f lnv  0 0 40 80 120 160 200 2LO 280 320 360 

phase angle, deg 
Fia.5 Ion transmission throuxh filter in x-direction as RF phase varies 

I "  

fro;;? 0 to 360" 
xo = y o  = 0.3mm; uo = O d s ;  U = 20V; V = 123.SV; and number of R F  cycles 
N =  100 

$ .c_ 100 
e l  
aJ z 50 
2 F  0 

- a J  
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.X7 2 0 40 80 120 160 200 240 280 320 360 770 

phase angle, deg 
Fig.6 Ion transmission through filter in y-direction as RF phase varies 
from 0" to 360 
xo = yo = 0.3mm; uo = Om/s; U = 20V; V = 123.SV; and number of R F  cycles 
N =  100 

- 
c yes 3 

0 40 80 120 160 200 240 280 320 360 ._ 

phase angle, deg. 
Fig.7 Ion transmission through filter in x- and y-direction as RFphase 
varies from 0" to 360" 
xo = yo = 0.3mm; uo = Om/s; U = 20V; V = 123.5V; and number of R F  cycles 
N =  100 

These Figures reveal a number of interesting features: 
(i) clearly the ion transmission probability and hence 
QMS perfonnance depends critically upon the phase of 
the RF  waveform at the point of injection of the ions 
into the mass filter 
(ii) the RF  phase has a greater effect upon the ion tra- 
jectory in one direction than in the other 
(iii) ions injected at different values of RF  phase which 
are unstable and not transmitted through the mass fil- 
ter are not all equally unstable, i.e. ions at phase angle 
50" (Fig. 5) travel further down the mass filter than 
ions injected at a phase angle of 100". The implication 
of this is that shorter mass filters may allow ions to be 
transmitted which are outside the stability region dis- 
cussed earlier (Section 3.3) .  

This last feature is more easily seen if the phase 
increment is reduced to 0.5" expanding the x-axis on 
Figs. 5-7 at the regions of interest. Fig. 8 shows the 
transmission analysis for the mass filter for three values 
of U and V as the phase angle varies between 80" and 
100". For Fig. Sa all ions travel completely (100%) 
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through the filter in the x-direction whilst in the y- may be conveniently simulated using the program by 
direction ions travel increasing distances through the altering the input velocity in the x-direction with 
filter before becoming unstable until injected at a phase respect to the y-direction. Fig. 9 shows ion trajectories 
angle of 88" at which point ions are successfully trans- in the x-direction as the phase angle changes from 88" 
mitted. to 92" for two values of ion entrance angle into the fil- 

ter; in Fig. 9a for an input angle of 1.6" to the filter 8 3  axis and in Fig. 9b parallel to the filter axis (i.e. zero = x' 100 100 
F c  e ;  80 80 

60 - 60 

40 Q J ?  u c 40 

20 ble. This effect clearly has implications for the design 
of the optics in the ion source and entrance to the mass 
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SO" to 1000 
xo = yo = 0.3mm; uo = O d s ;  N = 25 
a V = 121V, U = 20.281V 
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The effect of changes in U and V are also seen. Com- 
paring Fig. 8b with Fig. 8c, as V increases more ions 
are successfully transmitted in the y-direction and fewer 
in the x-direction. The stability thus changes from sta- 
ble in x to stable in y as the operating point moves up 
the scan line. 

For each of the simulations described above ions 
enter the mass filter normal to the x-y plane, i.e. having 
zero entrance angle. The effect of altering this angle 

filter and merits further investigation. 

3.4.2 Effect of operating conditions on the 
simulated mass spectrum: By varying V for a 
fixed UIV ratio a mass spectrum may be generated 
using the program, as shown in Fig. 10. Here 100 ions 
of mass 28 having zero entrance angle and velocity and 
a fixed spatial location in the x-y plane were injected 
into the mass filter at the same RF phase but with V 
varying between 120 to 124V in 200mV increments. 
The direct voltage U was kept in a constant ratio to V 
so that a line passing through the origin on the stability 
diagram shown in Fig. 4 and a point below the tip of 
the stability peak for mass 28 was effectively scanned. 
As V increases from 120V the percentage of injected 
ions successfully transmitted through the mass filter 
increases rising to a peak at V = 122V and then falling 
sharply as V increases further. The simulation is thus 
generating a mass spectrum for ions injected under 
those conditions. Furthermore the simulation is also 
predicting a 'long tail' (i.e. higher transmission proba- 
bility) on the low mass side of the spectrum, a condi- 
tion frequently observed in practice [l]. This confirms 
that the experimental long tail feature is a function of 
the mass filter operation and not a measurement arte- 
fact. Ion transmission is also a function of entrance 
aperture [4] but this effect has not been considered in 
these simulations. 

20 

16 

V(RF), V 
Fig. 10 
for filter of Fig. 4 
100 ions injected with initial conditions no = yo = 0.3mm, uo = 0, N = 100 

Simulated mass spectrum for  operating conditions and scan line 

The data presented in Fig. 10 for one value of U may 
be displayed using three dimensional axes for a range 
of U as shown in Fig. 11. Here the percentage of ions 
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transmitted, V, and the direct voltage drop below the 
tip of the stability diagram 6U, form mutually perpen- 
dicular axes. The result that the transmission probabil- 
ity decreases as FU decreases (i.e. as the direct voltage 
is closer to the tip of the stability diagram) is clearly 
seen. The long tails on the low mass side of the spec- 
trum are also apparent. The simulated spectra are 
broad, indicating that the resolution of the filter for 
these operating conditions is not particularly high, due 
to the low number of RF cycles experienced by the 
ions. 

s 100 

.6 80 

60 

E LO e - 20 
o n  c 

particularly important as it allows the design and/or 
operating conditions of a mass filter to be tuned to a 
particular application, with consequent reduction in 
manufacturing costs. 

I 
-. * 
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N U a  

.i - 
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Fi .11 Three-dimensional transmission analysis showing combined effect 
o f8V  and V on mass spectra 
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1 I 1 I '  
21.8 27.9 28.0 28.1 

mass ,  AMU 
Effect of number of RF cycles ( N )  on the mass spectra Fig. 12 

(i) 25 cycles; (ii) 50 cycles; (iii) 100 cycles; (iv) 200 and 400 cycles 

3.4.3 Simulation of different length mass 
filters: Fig. 12 shows the effect of altering the length 
of the mass filter. This is achieved by obtaining mass 
spectra for different numbers of RF cycles (N) experi- 
enced by the ions whilst keeping the frequency of oper- 
ation constant, thus effectively altering the time for 
which ions are subject to the filter field. These data 
were obtained when the operating point was taken 
along the scan line shown in Fig. 4. The curves illus- 
trate graphically the importance of N in determining 
filter performance showing a dramatic improvement in 
resolution by increasing N from 25 to 50 and to 100. 
However the simulation showed no measurable 
improvement when increasing N beyond 200. Thus 
under these particular operating conditions N = 200 
effectively represents an infinitely long filter. This is 
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Comparison between experimental and simulated QMS perform- 

4 Comparison with experimental results 

Fig. 13 shows the results obtained from a series of 
experiments on a real QMS, of length 125mm, con- 
structed using circular rods 6.25mm in diameter. The 
results are referenced to AT++ (mass 20 a.m.u.). Since 
the percentage of ions transmitted through a real filter 
cannot easily be measured the ordinate scale (?h trans- 
mission) has to be normalised in a quite arbitrary fash- 
ion. The normalisation is such as to make the 
experimental and simulated measurements of percent- 
age transmitted agree at approximately AM = 1.0 
a.m.u. The simulated curves for N = 25 and N = 50 
cycles refer to ions injected into the filter parallel to the 
major axis. The results for N = 100 show curves for 
ions injected at 30" to the major axis (lower curve) as 
well as for ions injected parallel to the major axis 
(upper curve). The results show that: 
(i) the minimum AM achievable (maximum resolution 
Rmax) increases as the number of cycles N is increased 
following (approximately) the relationship Rma, 00 
(ii) the experimental observation that AM passes 
through a minimum as the transmission through the fil- 
ter is decreased at a given N is fundamental to the 
quadrupole operation and is not a measurement arte- 
fact 
(iii) the entrance angle of the ions affects the overall 
transmission efficiency. 

5 Conclusions 

A flexible computer model of the mass filter in a QMS 
has been formulated and shown to give valuable insight 
into the actual behaviour of an ion under the field 
within the mass filter. The main original feature of the 
program is the ability to study the ion trajectories and 
thus study transmission efficiency for a finitely long 
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QMS under a range of operating conditions and for 
different design dimensions. The program accurately 
simulates the stability and how applied voltages affect 
the mass spectrum. The effect of RF  phase is seen to be 
very critical to QMS performance. Indications that the 
entrance angle has a significant effect on ion transmis- 
sion also have important implications for QMS design. 
The program accurately predicts the long tail on the 
low mass side of the mass spectrum observed in prac- 
tice. Good agreement between simulation results and 
those obtained experimentally is demonstrated. 
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8 Appendix: Algorithm for Runge-Kutta 
calculation 

Considering the general first-order differential equation 
dyidx = Ax, y) with y(x0) = yo, the algorithm is based 
on the widely used formula: 

yo + (ki + 2k2 + 2k3 + k4)/6 
where h is the step (time) interval, kl = hf(xo, yo), k2 = 
hf(xo + h/2, yo + k1/2), k3 = hflx, + h/2, yo + k2/2), and 

~1 

k4 = hJTxo + h, yo + k3). This approach applied to 
eqn. 8 is coded as shown below: 
Procedure Runge-Kutta (Var Vl,VZl,A,Q,Sign: Real); 
Var K11 ,K12,K21 ,K22,K3 1 ,K32,K41 ,K42,T2,T3,T4, 
V2,V3,V4,VZ2,VZ3,VZ4: Real; 
begin 
K11 := TimeInterval*VZl; 
K12 := Sign*(A+2*Sign*Q*COS(2*(NewTime+Phase- 
Value*PI/ 1 80))) *V 1 *TimeInterval; 
T2 := NewTime+TimeInterval12; 
V2 := Vl+K11/2; 
VZ2 := VZl+K12/2; 
K21 := TimeInterval"VZ2; 
K22 := Sign*(A+2*Sign*Q*COS(2*(T2+PhaseValue* 
PI11 80)))*V2*TimeInterval; 
T3 := NewTime+TimeInterval/2; 
v3 := VI+!s21/2; 
v z 3  := VZl+K22/2; 
K31 := TimeInterval*VZ3; 
K32 := Sign*(A+2*Sign*Q*COS(2*(T3+PhaseValue* 
PI11 80)))*V3*TimeInterval; 
T4 := NewTime+TimeInterval; 
V4 :=Vl+K31; 
VZ4 := VZl+K32; 
K41 := TimeInterval"VZ4; 
K42 := Sign*(A+2*SignsQ*C0S(2*(T4+PhaseValue* 
PI/ 1 80))) *V4*TimeInterval; 
Newtime := T4; 
V1 := Vl+(K11+2*K21+2*K31+K41)/6; 
VZ1 : = VZl+(Kl2+2*K22+2*K32+K42)/6; 
end; 
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